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Abstract: This work examines the unstable nonlinear Schrödinger equation, which characterizes the temporal evolution of

disturbances in marginally stable or unstable media. The ðG0

G ; 1
GÞ-expansion method is employed to derive new exact soliton

solutions, explicitly represented through exponential, trigonometric, and rational functions. These exact solutions are then

compared with results obtained from the Levenberg–Marquardt artificial neural network and the split-step Fourier

numerical method. Statistical analyses, presented through tables and graphs, show strong agreement between the exact

solutions and those obtained using these methods. Furthermore, 2-D, contour, and 3-D plots are utilized to visually

represent and validate the behavior of the solutions. The results demonstrate that the combination of the ðG0

G ; 1
GÞ-expansion

method, the Levenberg–Marquardt artificial neural network, and the split-step Fourier numerical method provides a robust

and complementary framework for solving and analyzing the unstable nonlinear Schrödinger equation, offering reliable

insights into its dynamic behavior.

Keywords: Unstable nonlinear Schrödinger’s equation; Soliton solutions; ðG0

G ; 1
GÞ-expansion method; Levenberg-

Marquardt algorithm; Split-step Fourier numerical method.

1. Introduction

Nonlinear ordinary and partial differential equations

encompass a range of important problems across disci-

plines such as physics, chemistry, engineering, biology,

and finance. Notable examples include environmental

modeling, aircraft design, genetic motion, drug develop-

ment, deep learning neural networks, and mean-field games

in financial modeling. Nonlinear partial differential equa-

tions provide a fundamental mathematical framework for

analyzing the behavior of complex physical phenomena

characterized by nonlinear properties. They enable

researchers to investigate intricate systems that would be

difficult to understand otherwise. One significant area of

focus is the investigation of optical solitons in nonlinear

media [1]. Optical solitons, which are stable wave packets,

play a crucial role in enabling high-speed data transfer in

optical fibers and all-optical switches. Modern telecom-

munication systems benefit from their remarkable ability to

maintain shape and intensity over long distances. This field

of study aims to enhance our understanding of soliton

dynamics and its applications, ultimately contributing to

advancements in communication technology.

The utilization of various methodologies for finding

exact solutions to nonlinear evolution equations and partial

differential equations has demonstrated significant benefits
*Corresponding author, E-mail: aamirf@zjnu.edu.cn

Indian J Phys (December 2025) 99(14):5645–5658

https://doi.org/10.1007/s12648-025-03750-6

� 2025 IACS

http://crossmark.crossref.org/dialog/?doi=10.1007/s12648-025-03750-6&amp;domain=pdf
https://doi.org/10.1007/s12648-025-03750-6


and effectiveness. For a deeper understanding of nonlinear

phenomena and realistic challenges, it is essential to dis-

cover closed-form soliton solutions of nonlinear partial

differential equations. The study of such solutions has

attracted considerable attention from contemporary math-

ematicians and physicists. In recent years, significant pro-

gress in nonlinear science has led to the development of

numerous efficient methods for obtaining closed-form

solutions to nonlinear partial differential equations. Some

of the most widely used techniques include the ðG0

G ; 1
GÞ-

expansion method [2], the F-expansion method [3], the

tanh–coth scheme [4], the Bessel collocation method [5],

the trial solution method [6], the Tau method [7], the Hirota

method [8], the simple equation method [9], the modified

auxiliary equation method [10], the Riccati transformation

approach [11], the Bernoulli sub-equation method [12], the

Haar functions method [13], the Lie symmetry analysis

[14], the Sardar sub-equation technique [15], the general-

ized ðG0

G ; 1
GÞ-expansion method [16], the Painlevé analysis

method [17, 18], the ð G0

G0þGþAÞ-expansion method [19], the

reductive perturbation method [20], the variational itera-

tion method [21], the r?mEDAM method [22], the sub-

equation method [23], the advanced algebraic method [24],

the modified Exp-function method [25], the modified ðG0

G2Þ-
expansion method [26], among others.

One of the most recently developed methods in this area

is the ðG0

G ; 1
GÞ-expansion technique. This innovative

approach enables the efficient and straightforward solution

of many nonlinear partial differential equations and is

regarded as one of the most modern and comprehensive

methods in the field. Despite its potential, the method has

seen relatively limited application in recent years; how-

ever, several notable findings have emerged. Initially, Li

et al. [27] introduced a novel extension known as the two-

variable ðG0

G ; 1
GÞ-expansion method, which produced

numerous new traveling wave solutions for the Zakharov

equations, solutions that have proven valuable for analyt-

ical studies. Various characteristics of the system have

been examined in these investigations, supporting a wide

range of applications. In our recent work, we derived

rational, complex trigonometric, hyperbolic, and trigono-

metric traveling wave solutions to the Jimbo–Miwa equa-

tion in three spatial dimensions and one additional

dimension using the ðG0

G ; 1
GÞ-expansion method. Moreover,

recent studies such as [28] have employed similar

approaches to obtain closed-form soliton solutions of

nonlinear differential equations.

In the 1990 s, artificial neural networks (ANNs) were

applied to solve ordinary and partial differential equations

[29]. However, due to technological limitations at the time,

this line of research did not attract widespread attention.

The recent explosion of data and advances in computa-

tional power have driven remarkable progress in machine

learning, especially in deep learning, leading to break-

throughs in areas such as image recognition [30], natural

language processing [31], and equation solving [32].

Machine learning has demonstrated substantial potential in

diverse applications, including simulation, predictive

modeling, and the representation of physical processes

across multiple scales [33]. A major advancement in this

context was the introduction of physics-informed neural

networks (PINNs) by Raissi et al. [34]. These networks are

specifically designed to solve supervised learning problems

while respecting physical laws formulated through general

nonlinear partial differential equations. Their framework

addressed two primary challenges: (1) data-driven solu-

tions of PDEs and (2) data-driven discovery of governing

PDEs. They proposed two algorithmic strategies, continu-

ous-time and discrete-time models, depending on the nat-

ure and structure of the available data. Among the various

training algorithms for ANNs, the Levenberg–Marquardt

and Newton methods stand out due to their use of second-

order partial derivatives of the cost function to optimize

weights during training and testing. These algorithms have

demonstrated novel applicability in numerous studies and

are considered promising alternatives for ANN training.

For example, in [35], the authors employed intelligent

computing techniques alongside Levenberg–Marquardt

ANNs to model the nonlinear dynamics of COVID-19

epidemics, with the aim of supporting future disease

management. In another study [36], the Levenberg–Mar-

quardt ANN successfully recovered peakon and solitary

wave solutions of the Lax equation.

There is no study in the existing literature that combines

the ðG0

G ; 1
GÞ-expansion approach with the Levenberg–Mar-

quardt artificial neural network and the split-step Fourier

numerical method to solve the unstable nonlinear

Schr€odinger equation. Motivated by this gap, we are the

first to address this challenge by integrating these methods

to provide a robust and flexible framework for solving such

nonlinear partial differential equations. The ðG0

G ; 1
GÞ-expan-

sion approach efficiently derives exact soliton solutions

with explicit analytical expressions, but its complexity

increases with more intricate models. The Levenberg–

Marquardt artificial neural network and the split-step

Fourier numerical methods are used to validate solutions,

check convergence, and reduce errors, especially when

analytical methods have limitations. This integrated

approach improves precision and adaptability, outper-

forming traditional methods like the Hirota bilinear method

[37] or inverse scattering transform [38], which are often

limited to specific cases. The proposed methodology is

applied to derive new exact solutions for the
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unstable nonlinear Schr€odinger equation, which are further

refined and validated using the Levenberg–Marquardt

artificial neural network and the split-step Fourier numer-

ical method [39].

The remainder of the manuscript is organized as fol-

lows. Section 2 presents the complete methodology of the

ðG0

G ; 1
GÞ-expansion approach and the Levenberg–Marquardt

artificial neural network. In Sect. 3, explicit expressions for

the exact solutions of the unstable nonlinear Schr€odinger

equation are derived using the ðG0

G ; 1
GÞ-expansion method,

followed by the application of the Levenberg–Marquardt

artificial neural network and the split-step Fourier numer-

ical method. Section 4 provides a graphical representation

of the solutions obtained using the ðG0

G ; 1
GÞ-expansion

method, the Levenberg–Marquardt artificial neural net-

work, and the split-step Fourier numerical method. Finally,

Sect. 5 concludes the paper.

2. Formulation for the ðG0

G ; 1
GÞ-expansion approach

and the Levenberg-Marquardt artificial neural

network

To begin, we present the complete procedure for solving

the unstable nonlinear Schr€odinger equation using the

ðG0

G ; 1
GÞ-expansion approach. Additionally, we provide a

concise overview of how the Levenberg–Marquardt artifi-

cial neural network algorithm can be applied to examine

the solutions produced by the ðG0

G ; 1
GÞ-expansion technique.

2.1. Methodology of the ðG0

G ; 1
GÞ-expansion method

In this section, we examine the primary formulation pro-

cedures of the two-variable ðG0

G ; 1
GÞ-expansion method to

derive novel optical soliton solutions for the unstable non-

linear Schr€odinger equation. The auxiliary linear ODE is

defined as follows:

d2G

dj2
þ kG ¼ m; ð1Þ

where k and m are the constant parameters, and the

following expression represents two parameters:

# ¼ G0ðjÞ
GðjÞ ;X ¼ 1

GðjÞ : ð2Þ

Thus, we obtained

#0 ¼ �#2 þ mX� k;X0 ¼ �#X: ð3Þ

The solution to (1) varies with (1) depending on k and is

categorized into three scenarios:

Case a For k\0, the typical solution to (1) is,

G ¼ S1 sinh ð
ffiffiffiffiffiffiffi

�k
p

jÞ þ S2 cosh ð
ffiffiffiffiffiffiffi

�k
p

jÞ þ m
k
; ð4Þ

where S1 and S2 represent two arbitrary constants.

Following this, we obtain

X2 ¼ �kð#2 � 2mXþ kÞ
k2x1 þ m2

and x1 ¼ S2
1 � S2

2: ð5Þ

Case bFor k[ 0, the typical solution to (1) is,

G ¼ S1 sin ð
ffiffiffi

k
p

jÞ þ S2 cos ð
ffiffiffi

k
p

jÞ þ m
k
; ð6Þ

hence, we have

X2 ¼ kð#2 � 2mXþ kÞ
k2x2 � m2

and x2 ¼ S2
1 þ S2

2: ð7Þ

Case c. For k ¼ 0, the typical solution to (1) is,

G ¼ m
2
j2 þ S1jþ S2; ð8Þ

Thus, we have

X2 ¼ ð#2 � 2mXÞ
S2

1 � 2m2S2

: ð9Þ

Take the non-linear evolution equation in four independent

constraints x, y, z and t in the below polynomial

Kðu; ut; ux; uy; uz; utt; uxx; uyy; uzz; uxy; uxt; :::Þ ¼ 0; ð10Þ

Here, we utilized the subscripts to describe the partial

derivatives (for instance: ut ¼ ou
ot ; utt ¼ o2u

ot2 , etc.) and

substituted a new wave parameter j that coincided with

the independent constraints as follows:

uðx; y; z; tÞ ¼ uðjÞ; j ¼ xþ yþ z� at: ð11Þ

Considering (11) into (10), an ODE for uðjÞ transfer as,

Qðu;�au0; u0; u0; u0; a2u00; u00; u00; u00; :::Þ ¼ 0: ð12Þ

where, a denotes the velocity of wave and Q stands for the

polynomial of uðjÞ and its corresponding derivatives.

Suppose that, by the help of two constraints, ðG0

G ; 1
GÞ-

expansion method, the solution of the ODE (12) has the

following form:

uðjÞ ¼
X

J

i¼0

di/
iðjÞ þ

X

J

i¼1

ei/
i�1ðjÞnðjÞ: ð13Þ

In this expression, di; ei are constants, while the positive

integer J is defined as the homogeneous balance number.

We determined the arbitrary constants by applying the two

constraints of the ðG0

G ; 1
GÞ-expansion method. Additional

procedural details are in the reference [27].
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2.2. Methodology of the Levenberg-Marquardt

artificial neural network algorithm

This subsection employs MATLAB’s Neural Fitting Tool

(nftool) to explore an effective setup for solving an input–

output fitting problem using an artificial neural network

(ANN), where the target output is derived from the solution

obtained via the ðG0

G ; 1
GÞ-expansion method. The tool pro-

vides a user-friendly interface for importing data, config-

uring the network architecture, training, and evaluating

performance. To ensure adaptability to the specific char-

acteristics of our dataset and to enhance fitting accuracy,

we further developed a custom algorithm using

MATLAB’s scripting environment. Although MATLAB

was used for implementation, the core training process is

based on the Levenberg–Marquardt backpropagation

algorithm. For the complete mathematical steps and theo-

retical formulation of the LM-ANN approach, please refer

to [40].

We outlined two cases for deploying the Levenberg–

Marquardt artificial neural network. In the first case, the

variable x was varied while keeping t constant in the

solutions obtained from the ðG0

G ; 1
GÞ-expansion method. In

the second case, we manipulated the value of t while

keeping x constant for the same set of equations. To

implement the data division strategy, we allocated 70% of

the dataset for training, 15% for validation, and 15% for

testing. This partitioning was carried out using MATLAB’s

dividerand function, which randomly separates the data

according to the specified ratios. Such a partitioning

strategy is essential, as it enables the model to learn from a

substantial portion of the data (training set), tune its

parameters using a smaller subset (validation set), and

evaluate its performance on unseen data (testing set). The

Levenberg–Marquardt backpropagation method (trainlm)

was selected for training due to its effectiveness and effi-

ciency in networks of medium size. This approach is par-

ticularly advantageous when fast training is required and

memory resources are not severely limited. The network

architecture was defined with a single hidden layer con-

taining ten neurons. This configuration was chosen to

minimize the risk of overfitting while maintaining suffi-

cient complexity to capture the underlying patterns in the

data. To improve convergence during training, constant

rows were removed to eliminate duplicate data, and map-

minmax was used to normalize the input and output values.

3. Application of analytical and Levenberg-Marquardt

artificial neural network algorithm

In this section, we apply the ðG0

G ; 1
GÞ-expansion method and

the Levenberg-Marquardt artificial neural network algo-

rithm to solve the unstable nonlinear Schr€odinger equation.

3.1. Unstable non-linear Schr€odinger equation

In this sub-section, we analyze the optical soliton solutions

of the unstable nonlinear Schr€odinger equation, which is

widely used to model the propagation and evolution of

deep-sea internal waves due to its detailed representation of

ocean dispersion and nonlinearity [41]. The unstable non-

linear Schr€odinger equation, a variation of the nonlinear

Schr€odinger equation where the roles of space and time are

reversed, plays a key role in plasma dynamics and

describes two-layer baroclinic instabilities [42]. In [42], it

was shown that equilibrated finite-amplitude states induce

oscillations in both mean flow and baroclinic waves in the

absence of dissipation. Additionally, [43] proposed a

nonlinear theory for acoustic wave propagation in piezo-

electric semiconductors using asymptotic expansions.

Several researchers, including Lu et al. [44], have devel-

oped dark and bright solitons, solitary waves, and periodic

solutions for the unstable nonlinear Schr€odinger equation,

which describe the temporal evolution of disturbances in

moderately stable or unstable media. Recently, more

closed-form solutions have been proposed [45], further

advancing the understanding of this equation. The unsta-

ble nonlinear Schr€odinger equation [43] is represented in

the following form:

i
oH
ot

þ o2H
ox2

þ 2ujHðx; tÞj2Hðx; tÞ � 2bH ¼ 0; ð14Þ

where the wave outline function is denoted by Hðx; tÞ; i ¼
ffiffiffiffiffiffiffi

�1
p

;u and b are arbitrary constants. To obtain the new

closed-form traveling wave solutions of the system in (14),

we must convert (14) into a nonlinear ODE using the

complex transformation outlined below:

Hðx; tÞ ¼ TðjÞ exp ðihðx; tÞÞ; ð15Þ

where, j ¼ xþ at, and x is stands for space variable, a

portrays velocity of wave and t demonstrates time variable.

For hðx; tÞ ¼ cxþ vt, hðx; tÞ represents phase component, c
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is the wave number and v is the frequency. After

introducing (15)) into (14), one can obtain the complex

Eq. and then separate the real and imaginary parts. So, the

real parts are as follows:

T 00 � ðc2 þ vþ 2bÞT þ 2uT3 ¼ 0; ð16Þ

here, the coefficient of the imaginary term is a ¼ �2c: To

acquire the estimation of a positive integer J, utilize the

homogeneous balance principle, i.e., by balancing the

highest-order derivative and the nonlinear terms in (16).

So, J þ 2 ¼ 3J ) J ¼ 1: By our declaration, let us

consider the solution of (16) as follows:

TðjÞ ¼ d0 þ d1#ðjÞ þ e1XðjÞ; ð17Þ

where d0; d1 and e1 are constants to consider, and we

explore three types:

Type 1 For hyperbolic function (k\0)

Inserting (17) with (3) and (5) into (16), by equating all

the coefficients of the polynomial in # and X, to zero, we

obtain a system of algebraic equations. Upon solving these

equations using Mathematica software, we determine the

following estimates for the constants:

d0 ¼ 0; d1 ¼ � 1

2
ffiffiffiffiffiffiffi�u

p ; e1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx1k
2 þ m2Þ

q

2
ffiffiffiffiffiffi

uk
p ;

v ¼ �2c2 � 4bþ kÞ
2

;

when introducing the above values in (17), then we

acquired

TðjÞ ¼ � 1

2
ffiffiffiffiffiffiffi�u

p #ðjÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx1k
2 þ m2Þ

q

2
ffiffiffiffiffiffi

uk
p XðjÞ; ð18Þ

Utilizing (2) and (4)), then we have

TðjÞ ¼ �
ffiffiffi

k
p

ðS1 cosh ð
ffiffiffiffiffiffiffi

�k
p

jÞ þ S2 sinh ð
ffiffiffiffiffiffiffi

�k
p

jÞÞ
2

ffiffiffiffi

u
p ðS1 sinh ð

ffiffiffiffiffiffiffi

�k
p

jÞ þ S2 cosh ð
ffiffiffiffiffiffiffi

�k
p

jÞ þ m
kÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1k
2 þ m2

p

2
ffiffiffiffiffiffi

uk
p

ðS1 sinh ð
ffiffiffiffiffiffiffi

�k
p

jÞ þ S2 cosh ð
ffiffiffiffiffiffiffi

�k
p

jÞ þ m
kÞ
;

ð19Þ

then the closed-form solution of (14) as follows

As a special case, we consider S2 ¼ 0; S1 6¼ 0 and m ¼ 0,

then we obtain

Hðx; tÞ ¼
�

�
ffiffiffi

k
p

ðcoth ð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞ
2

ffiffiffiffi

u
p

�
ffiffiffi

k
p

ðcschð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞÞ
2

ffiffiffiffi

u
p

�

exp ðiðcxþ vtÞÞ
ð21Þ

Here, u\0; and v ¼ 2c2þ4b�kÞ
2

:
Type 2 For trigonometric function (k[ 0)

Introducing (17)) along with (3) and (7) into (16) and

setting the entire coefficients of # and X equal to zero and

solving the system of equations, we acquire the following

unknown constants,

d0 ¼ 0; d1 ¼ � 1

2
ffiffiffiffiffiffiffi�u

p ; e1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2k
2 � m2Þ

q

2
ffiffiffiffiffiffiffiffiffiffi

�uk
p ;

v ¼ �2c2 � 4bþ kÞ
2

;

Substituting the above estimations in (17), we have

TðjÞ ¼ � 1

2
ffiffiffiffiffiffiffi�u

p #ðjÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2k
2 � m2Þ

q

2
ffiffiffiffiffiffiffiffiffiffi

�uk
p XðjÞ; ð22Þ

Using (2) and (6) in (22), then we achieved

Hðx; tÞ ¼
�

�
ffiffiffi

k
p

ðS1 cosh ð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞ þ S2 sinh ð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞÞÞ
2

ffiffiffiffi

u
p ðS1 sinh ð

ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞÞ þ S2 cosh ð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞÞ þ m
kÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1k
2 þ m2

p

2
ffiffiffiffiffiffi

uk
p

ðS1 sinh ð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞÞ þ S2 cosh ð
ffiffiffiffiffiffiffi

�k
p

ðx� 2ctÞÞ þ m
kÞ

�

exp ðiðcxþ vtÞÞ;
ð20Þ
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TðjÞ ¼ �
ffiffiffi

k
p

ðS1 cos ð
ffiffiffi

k
p

jÞ � S2 sin ð
ffiffiffi

k
p

jÞÞ
2

ffiffiffiffiffiffiffi�u
p ðS1 sin ð

ffiffiffi

k
p

jÞ þ S2 cos ð
ffiffiffi

k
p

jÞ þ m
kÞ

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2k
2 � m2Þ

q

2
ffiffiffiffiffiffiffiffiffiffi

�uk
p

ðS1 sin ð
ffiffiffi

k
p

jÞ þ S2 cos ð
ffiffiffi

k
p

jÞ þ m
kÞ
;

ð23Þ

Then the exact soliton solution of (14) is given as

For special case, we take S1 6¼ 0; S2 ¼ 0 and m ¼ 0, so we

have

Hðx; tÞ ¼
�

�
ffiffiffi

k
p

ðcot ð
ffiffiffi

k
p

ðx� 2ctÞÞÞ
2

ffiffiffiffiffiffiffi�u
p

�
ffiffiffi

k
p

ðcsc ð
ffiffiffi

k
p

ðx� 2ctÞÞÞ
2

ffiffiffiffiffiffiffi�u
p

�

exp ðiðcxþ vtÞÞ;

ð25Þ

For u\0 and v ¼ �2c2�4bþkÞ
2

:

Type 3 Rational function (k ¼ 0)

Similarly, put (17)) with (3) and (8)) into (16), for all the

coefficients of # and X is equal to zero, then we have the

constant like below

d0 ¼ 0; d1 ¼ � 1

2
ffiffiffiffiffiffiffi�u

p ; e1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S2
1 � 2mS2

p

2
ffiffiffiffiffiffiffi�u

p ; v ¼ �c2 � 2b;

The closed-form solution of (14), using the above constants

and (3) and (8)), then we have

Hðx; tÞ ¼
�

� ðmðx� 2ctÞ þ S1Þ
2

ffiffiffiffiffiffiffi�u
p ðm

2
ðx� 2ctÞ2 þ S1ðx� 2ctÞ þ S2Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðS2
1 � 2S2mÞ

p

2
ffiffiffiffiffiffiffi�u

p ðm
2
ðx� 2ctÞ2 þ S1ðx� 2ctÞ þ S2Þ

�

exp ðiðcxþ vtÞÞ:

ð26Þ

where u\0 and v ¼ �c2 � 2b:

3.2. Levenberg-Marquardt artificial neural network

analysis for the (14)

This subsection demonstrates the application of the

Levenberg-Marquardt artificial neural network algorithm to

the soliton solutions derived from the (14). The Levenberg-

Marquardt artificial neural network’s performance is

assessed by analyzing necessary statistical measures like

regression curves, fitting, error curves, and mean square

error analysis. These analyses validate the solutions’

dependability and precision, showcasing the Levenberg-

Marquardt artificial neural network’s efficacy in repre-

senting the nonlinear dynamics of both equations.

The first three tables (1, 2, 3) evaluate the performance

of Levenberg-Marquardt artificial neural network simula-

tions for solving the (14) as outlined in (20), (24), and (26).

In Table 1, Case I achieves efficient convergence with

relatively low MSE across all phases, whereas Case II,

despite more extended training, shows higher MSE and

slightly lower performance. Table 2 highlights that Case I,

though taking longer to compute, delivers moderate accu-

racy, while Case II offers improved accuracy and faster

convergence, albeit with a lower performance metric. In

Table 3, Case II outshines Case I with significantly lower

MSE but at the cost of greater computational demands,

striking a balance between precision and resource

consumption.

3.3. Statistical analysis for the Levenberg-Marquardt

algorithm and the numerical results

The performance of the results obtained by the Levenberg-

Marquardt algorithm and the split-step Fourier numerical

method [39] was assessed using various statistical mea-

sures for (20), (24), and (26). This array includes the

Correlation Coefficient (R), the Coefficient of Determina-

tion (R2), the Mean Absolute Error (MAE), the Mean

Squared Error (MSE), the Root Mean Squared Error

(RMSE), as well as the minimum (Min), maximum (Max),

mean, standard deviation (SD), and median (MD). Addi-

tionally, it includes the mathematical formulations of sta-

tistical operators such as the Semi-Interquartile Range

(SIR) and Theil’s Inequality Coefficients (TIC). We pro-

vide further details on these metrics, as they are essential

for examining the effectiveness of the methods.

Hðx; tÞ ¼
�

�
ffiffiffi

k
p

ðS1 cos ð
ffiffiffi

k
p

ðx� 2ctÞÞ � S2 sin ð
ffiffiffi

k
p

ðx� 2ctÞÞÞ
2

ffiffiffiffiffiffiffi�u
p ðS1 sin ð

ffiffiffi

k
p

ðx� 2ctÞÞ þ S2 cos ð
ffiffiffi

k
p

ðx� 2ctÞÞ þ m
kÞ

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2k
2 � m2Þ

q

2
ffiffiffiffiffiffiffiffiffiffi

�uk
p

ðS1 sin ð
ffiffiffi

k
p

ðx� 2ctÞÞ þ S2 cos ð
ffiffiffi

k
p

ðx� 2ctÞÞ þ m
kÞ

�

exp ðiðcxþ vtÞÞ;

ð24Þ
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Table 1 Approximation of (20) using Levenberg-Marquardt artificial neural network

Case MSE Performance Grad Mu Epochs Time

Training Testing Validation

I 2.40E-07 1.20E-05 6.40E-05 2.54E-07 8.70E-08 1.00E-09 205 0 m 50 s

II 6.60E-07 3.00E-05 1.70E-05 1.61E-08 9.94e�08 1.00E-08 701 1 m 47 s

Table 2 Approximation of (24) using Levenberg-Marquardt artificial neural network

Case MSE Performance Grad Mu Epochs Time

Training Testing Validation

I 1.00E-03 5.80E-03 4.00E-03 5.12E-06 3.09E-03 1.00E-08 445 1 m 10 s

II 1.90E-04 9.50E-05 3.10E-04 1.21E-05 1.67E-04 1.00E-08 38 0 m 7 s

Table 3 Approximation of (26) using Levenberg-Marquardt artificial neural network

Case MSE Performance Grad Mu Epochs Time

Training Testing Validation

I 4.80E-03 2.60E-02 6.70E-03 8.61E-05 5.97E-06 1.00E-09 238 1 m 0 s

II 6.70E-05 3.70E-03 3.30E-04 4.06E-06 9.00E-06 1.00E-07 274 1 m 17 s

Table 4 Statistical measures for exact, numerical, and predicted values by Levenberg-Marquardt artificial neural network of (20) for t ¼ 1

Statistical measure Exact values Numerical values Predicted values

Min 0.069339 0.069341 0.06979

SIR 0.0054804 0.0055914 0.0054044

MD 0.49997 0.49996 0.49993

SD 0.10384 0.10384 0.10384

Mean 0.49188 0.49188 0.49188

Max 0.71258 0.71258 0.7127

RMSE – 0.00042404 0.00013302

MAE – 2.7286e�05 8.489e�05

MAPE – 0.0055657 0.00030393

MSE – 1.7981e�07 1.7693e�08

R – 0.99999 0.99999

R2 – 0.99998 1

TIC – 0.00042176 0.0001323
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RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

n

X

n

i¼1

Yexact
i � Yestimated

ið Þ2

s

;

MAE ¼ 1

n

X

n

i¼1

Yexact
i � Yestimated

i

�

�

�

�;

MAPE ¼ 1

n

X

n

i¼1

Yexact
i � Yestimated

i

Yactual
i

�

�

�

�

�

�

�

�

;

MSE ¼ 1

n

X

n

i¼1

Yexact
i � Yestimated

i

� �2
;

R2-score ¼ 1 �
Pn

i¼1 Yexact
i � Yestimated

i

� �2

Pn
i¼1 Yexact

i � lð Þ2
;

R-score ¼
Pn

i¼1 Yexact
i � �Y

� �

Yexact
i � Yestimated

i

� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pn
i¼1 Yexact

i � �Yð Þ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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i¼1 Yexact

i � Yestimated
ið Þ2

q ;

SIR ¼ � 1

2

�

Quartile 1 � Quartile 3
�

;

TIC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
n

Pn
i¼1 ðYexact

i � Yestimated
ið Þ2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
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i¼1ðYexact

i Þ2
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
n

Pn
i¼1ðYestimated

i Þ2
q ;

where n is the number of observations.

Algorithm 1 MATLAB Implementation for the Numerical Soliton Solutions of Eq. (14)

Table 5 Statistical measures for exact, numerical, and predicted

values of by Levenberg-Marquardt artificial neural network of (24)

Statistical

measure

Exact

values

Numerical

values

Predicted

values

Min 0.005153 0.0033814 0.053515

SIR 0.062223 1.4683 1.4394

MD 1.4004 1.6193 1.4406

SD 4.2303 4.1997 4.2266

Mean 3.0725 3.1673 3.0719

Max 19.9833 19.9593 19.8616

RMSE – 0.003788 0.0023134

MAE – 0.00096414 0.0010472

MAPE – 0.0085656 0.0075218

MSE – 1.4349e�05 5.3519e�06

R – 0.99918 1

R2 – 1 0.99987

TIC – 0.00036012 0.0011
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The presented results in Tables 4, 5, and 6 provide a

comprehensive comparison of the exact, numerical, and

predicted values generated by the Levenberg-Marquardt

artificial neural network for three distinct solutions of the

(14). These tables utilize several key statistical measures to

assess the accuracy and performance of the Levenberg-

Marquardt artificial neural network in approximating the

exact solutions, making it a crucial component for vali-

dating the neural network and numerical results.

In Table 4, corresponding to the solution of (14) by (20)

at t ¼ 1, various statistical measures, including Min, SIR,

MID, SD, Mean, and Max, demonstrate that both the

numerical and Levenberg-Marquardt artificial neural net-

work-predicted values closely align with the exact values.

The Levenberg-Marquardt artificial neural network

achieves an exceptional regression coefficient

R ¼ 0:99999, R2 ¼ 1, indicating a near-perfect approxi-

mation. Moreover, error metrics such as RMSE, MAE,

MAPE, MSE, and TIC are remarkably low, confirming that

the neural network produces highly accurate predictions

with minimal error.

Table 5, which relates to the solution of (14) by (24),

further reinforces the effectiveness of the Levenberg-

Marquardt artificial neural network. The statistical mea-

sures for this solution show minimal differences between

exact, numerical, and predicted values for critical metrics

such as SIR, SD, and Mean, reflecting the precision of the

Levenberg-Marquardt artificial neural network in capturing

the dynamics of the (20). The regression results from

R ¼ 1, R2 ¼ 0:99987 again demonstrate excellent perfor-

mance, with low RMSE, MAE, MAPE, and MSE error

values. Although minor deviations are present in the error

measures, particularly with RMSE and MAE, the ANN

exhibits robust predictive capabilities.

Finally, in Table 6, corresponding to another solution of

the (14), the Levenberg-Marquardt artificial neural network

accuracy is highlighted by the statistical measures, where

Min, SIR, MD, SD, Mean, and Max from the predicted

values match closely with the exact and numerical results.

The regression metrics R ¼ 1, R2 ¼ 1 confirm a perfect fit,

and the error measures (RMSE, MAE, MAPE, MSE, TIC)

are extremely low, reinforcing the model’s precision in

predicting the solution with negligible error.

Across all the Tables 4, 5, and 6, the Levenberg-Mar-

quardt artificial neural network and the Split-Step Fourier

numerical method consistently demonstrate high precision

and reliability in approximating complex nonlinear (14).

The consistently low error values and near-perfect regres-

sion results affirm the network’s robustness and effective-

ness in capturing the dynamics of the (14). These findings

illustrate the strength of the Levenberg-Marquardt artificial

neural network in solving soliton-based problems and

validate its potential application for broader nonlinear

wave dynamics, making this approach highly attractive to

both researchers and reviewers in the field of computa-

tional mathematics and soliton theory.

4. Graphical discussion

In this section, we present a detailed graphical analysis to

validate the theoretical results derived in previous sections.

All computations were performed using MATLAB

R2023a.

Figures 1, 2, 3, 4, 5, 6, 7, 8, 9 visualize soliton solutions

of the (14). These include exact solutions from equations

(20), (24), and (26), numerical solutions generated by

Algorithm 1, and results from Levenberg-Marquardt

Table 6 Statistical measures for exact, numerical, and predicted values by Levenberg-Marquardt artificial neural network of (20)

Statistical measure Exact values Numerical values Predicted values

Min 0.26726 0.26743 0.239794

SIR 0.14946 0.14946 0.14531

MD 0.45428 0.45428 0.45671

SD 0.19557 0.19557 0.19523

Mean 0.51479 0.51479 0.51479

Max 0.97349 0.97349 0.97434

RMSE – 4.6078e�05 0.00013302

MAE – 4.6697e�06 8.489e�05

MAPE – 0.0011424 0.00030393

MSE – 2.1232e�09 1.7693e�08

R – 1 1

R2 – 1 1

TIC – 4.184e�05 0.0000323
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Fig. 1 Figures of (20) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 2; k ¼ �1; m ¼ 1; u ¼ �1; c ¼ 1; b ¼ 1; x1 ¼ 1; and t ¼ 1:0
(for 3D)

Fig. 2 Figures of Eq. (20) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 2; k ¼ �1; m ¼ 1; u ¼ �1; c ¼ 1; b ¼ 1; x1 ¼ 1; and

t ¼ 1:0 (for 3D)

Fig. 3 Figures of Eq. (20) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 2; k ¼ �1; m ¼ 1; u ¼ �1; c ¼ 1; b ¼ 1; x1 ¼ 1; and t ¼ 1:

5654 A. Farooq et al.



artificial neural network training. Figure 1 depicts the

oscillatory soliton solution of Eq. (20), with the 3D plot in

1(a) and the contour plot in 1(b) illustrating the exact

solution juðx; tÞj over space and time. Figure 1(a) high-

lights the localized nature of the soliton and its stability as

it propagates over time without changing shape. In

Fig. 1(b), the color gradient indicates the amplitude

intensity, with warmer colors (yellow) representing higher

values and cooler colors (black/green) representing lower

values. It demonstrates the consistent and localized prop-

agation of the soliton. Figure 3(a) and (b) further demon-

strate the effectiveness of the Levenberg-Marquardt

artificial neural network in approximating this solution,

achieving a remarkably high regression coefficient of R ¼
0:99998 with minimal error (see Fig. 3(c), (d), and 3(e).

Figure 2 compares exact and numerical solutions of (14) at

different time steps (t ¼ 0; 0:5; 1:0; 1:5; 2:0). In Fig. 2(a),

soliton peaks for both exact (solid lines) and numerical

(dashed lines) solutions are plotted across a range of x-

values. The close alignment of these solutions over time

highlights the robustness of the numerical approach,

although slight variations in amplitude and phase emerge at

later time steps. Figure 2(b) presents the error distribution

across the x-domain, with dynamic fluctuations in error

profiles as time progresses, revealing subtle challenges in

maintaining numerical precision. Figures 4, 5, 6 illustrate

the periodic soliton solution of (24) with specific parameter

values, emphasizing its stable and repeating structure.

Figure 4(a) shows the periodic oscillation, while Fig. 5(a)

highlights the solitons’ stability during propagation. Fig-

ure 4(b), the contour plot, provides a detailed view of the

intensity variations, with yellow representing peaks and

Fig. 4 Figures of Eq. (24) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 0:1; k ¼ 1; m ¼ 0:1; u ¼ 0:1; c ¼ 1; b ¼ 1; x1 ¼ 1; and

t ¼ 1:

Fig. 5 Figures of Eq. (24) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 0:1; k ¼ 1; m ¼ 0:1; u ¼ 0:1; c ¼ 1; b ¼ 1; x1 ¼ 1; and

t ¼ 1:
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Fig. 6 Figures of Eq. (24) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 0:1; k ¼ 1; m ¼ 0:1; u ¼ 0:1; c ¼ 1; b ¼ 1; x1 ¼ 1; and

t ¼ 1

Fig. 7 Figures of Eq. (26) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 2; k ¼ 1; m ¼ 1; u ¼ �1; c ¼ 1; b ¼ 1; and t ¼ 1:

Fig. 8 Figures of Eq. (26) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 2; k ¼ 1; m ¼ 1; u ¼ �1; c ¼ 1; b ¼ 1; and t ¼ 1:
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black representing troughs. Physically, this reflects stable,

periodic localization in nonlinear systems, such as fluid

dynamics or plasma oscillations. Figure 5(b) quantifies the

error between exact and numerical solutions, showing

minor variations indicative of the complexity in simulating

dynamic multi-peakon behavior. The precision of the

Levenberg-Marquardt artificial neural network in capturing

these dynamics is confirmed in Fig. 6, which attains an

impressive accuracy of R ¼ 0:99999 (see Fig. 6(a), (b), (c),

(d), and (e). Finally, Fig. 7 represents the soliton solution

for (26), showcasing its dynamic behavior for specific

parameter values. In Fig. 7(a), the 3D plot illustrates the

gradual evolution of the soliton with localized distribution

over x and t. Figure 7(b), the contour plot, highlights the

intensity variations, where yellow indicates regions of

higher amplitude and black represents lower amplitude

regions. Physically, this solution reflects the interaction and

stability of wave structures in nonlinear systems, such as

fluid flows or plasma oscillations. Figure 8 provides a

comparative analysis of exact and numerical solutions for a

solitonic wave equation. In Fig. 8(a), soliton profiles are

plotted at different time values t ¼ 0 to t ¼ 2, capturing the

evolution of soliton amplitude over space x. Solid lines

represent the exact solutions, while the numerical results

appear as dashed lines. Figure 8(b) highlights the error

between these solutions, with the error increasing in

regions of soliton interaction or pronounced oscillations.

This panel underscores the accuracy of the numerical

method in simulating soliton dynamics over time. The

performance of the Levenberg-Marquardt artificial neural

network in approximating this solution is further validated

in Fig. 9, where regression and fitness graphs demonstrate

excellent agreement, with R values ranging from 0.99959

to 0.99999, (see Fig. 9(a), (b), (c), (d), and (e)).

These results collectively affirm the robustness and

precision of the Levenberg-Marquardt artificial neural

network and split-step Fourier numerical method in

approximating a wide range of soliton solutions, further

validating the theoretical models presented.

5. Conclusion

In this study, we successfully explored exponential,

hyperbolic, trigonometric, and rational function solutions

for (14) using the ðG0

G ; 1
GÞ-expansion method. By employing

three distinct methods–exact solutions, the numerical split-

step Fourier method, and the Levenberg-Marquardt artifi-

cial neural network we verified the accuracy of our results

through detailed graphical analysis and statistical metrics.

The combination of tables, graphs, and statistical measures

like regression and error curves validated the precision of

the numerical and artificial neural network approaches. An

essential contribution of this work is integrating the

Levenberg-Marquardt artificial neural network, which

effectively captured the soliton solutions, providing

enhanced accuracy through data-driven techniques. The

Levenberg-Marquardt artificial neural network perfor-

mance, evaluated through fitness plots and statistical

comparisons, demonstrated its reliability in approximating

complex dynamical behaviors beyond traditional methods.

Future research should incorporate advanced physics-in-

formed neural networks to enhance solution accuracy and

computational efficiency for nonlinear partial differential

equations, making these methods more applicable to real-

world complex systems.

Fig. 9 Figures of Eq. (26) are provided for the constants as follows, S1 ¼ 1; S2 ¼ 2; k ¼ 1; m ¼ 1; u ¼ �1; c ¼ 1; b ¼ 1; and t ¼ 1:
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