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Within the framework of the Madelung fluid description, we will derive bright and dark
(including gray- and black-soliton) envelope solutions for a generalized derivative nonlin-
ear Schrodinger model i 38—‘%’ = 3(,27‘3’ +ia %(lllllz\ll) + b |W|2W, by virtue of the corresponding
solitary wave solutions for the stationary Gardner equations. Note that we only consider the
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motion with stationary-profile current velocity case and exclude the motion with constant

Keywords: current velocity case for a # 0; on the other hand, our results are derived under suitable as-
Generalized derivative nonlinear sumptions for the current velocity associated with corresponding boundary conditions of the
Schrédinger equation fluid density, and under corresponding parametric constraints.

Mafielung fluid description © 2015 Elsevier B.V. All rights reserved.
Solitary wave

Envelope soliton

1. Introduction

The Madelung fluid description theory [1-3] has been successfully used to discuss families of generalized one-dimensional
nonlinear Schrédinger equations [4-10]. The outline of this approach can be summarized as: (i) derive the basic equations in the
Madelung fluid description, among which one is a continuity equation for the fluid density, and the other is an Euler equation (or
equation of motion) for the fluid velocity; (ii) under suitable hypothesis for the current velocity, transform the motion equation
into solvable stationary nonlinear ordinary differential equation, and (iii) discuss the solitary wave solutions for the stationary
nonlinear ordinary differential equation and construct the corresponding envelope solitons for the original nonlinear Schrédinger
equations. Moreover, the types of the obtained solitary waves and the associated envelope solitons are usually fruitful, e.g., bright-
, black- and gray-soliton-types [5-10].

Within the framework of the Madelung fluid description, the complex wave function (say W) is represented in terms of
modulus and phase. Substitution of W (x, t) = /p(x,t) en9® into the one-dimensional Schrédinger equation
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leads to the following pair of coupled Madelung fluid equations
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where p = |W|? is the fluid density and v = % % is the current velocity. Eq. (2a) is a continuity equation for the fluid density,
while Eq. (2b) is the equation of motion for the fluid velocity and contains a force term proportional to the gradient of the

“quantum potential”, 2;2 3X( 75 ax2 ) Under suitable hypothesis for the current velocity, Eq. (2b) may be transformed into
the stationary Korteweg-de Vries, modified Korteweg-de Vries or Gardner equations, which are directly solvable and possess
abundant types of solitary wave solutions. Correspondingly, a number of envelope solitons can be constructed for the original
equations.

Applications of the Madelung fluid description in studying families of generalized one-dimensional nonlinear Schrédinger
equations include the following:

¢ An investigation to deepen the connection between the families of nonlinear Schrédinger equations and the Korteweg-de
Vries equations is carried out in Ref. [5], and the cubic nonlinear Schrédinger equation,
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has been put in correspondence with the standard Korteweg-de Vries equation.
A modified nonlinear Schrédinger equation with a quartic nonlinear potential in the modulus of the wave function, as fol-
lows:
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with g, and g, as real constants, has been studied within the framework of the Madelung fluid description in Ref. [6] and put
in correspondence with a modified Korteweg-de Vries equation (see Eq. (48) in Ref. [6]). By considering different boundary
conditions, up-shifted-bright-, upper-shifted-bright-, gray- and dark-type solitary waves are finally found for the modified
Korteweg-de Vries equation, which can be cast into envelope solitons for Eq. (4) conversely.
Within the context of the Madelung fluid description, a nonlinear Schrédinger equation containing a sum of cubic, anti-cubic
and quintic nonlinearities as
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R R R AT LI R A a ©
with qg, q; and ¢, as real constants has been studied with the achievement of upper-shifted bright envelope soliton-like
solution [7].
Similar discussions have been given for a class of derivative nonlinear Schrédinger-type equations (see Egs. (1.8) and (1.9)
in Ref. [8]). For a motion with stationary-profile current velocity, the fluid density satisfies a generalized stationary Gard-
ner equation, and solitary wave solutions are found. For the completely integrable cases, they are compared with existing
solutions in literatures.
Summarily, Ref. [9] gives a review on the results of investigations dealing with a connection between the envelope soliton-like
solutions of a wide family of nonlinear Schrédinger equations and the soliton-like solutions of a wide family of Korteweg-
de Vries equations. In two different fluid motion regimes (uniform current velocity and stationary-profile current velocity
variation, respectively), bright- and gray-/dark- soliton-like solutions of those equations are found.
Under suitable hypothesis for the current velocity, the Gerdjikov-Ivanov envelope solitons are similarly discussed [10]. For a
motion with stationary-profile current velocity, the fluid density satisfies a generalized stationary Gardner equation, which
possesses bright-, gray- and dark-type solitary waves due to corresponding parametric constraints, and finally associated
envelope solitons are found for the Gerdjikov-Ivanov model.

+ VPV gVt W (4)

In the present paper, we will investigate a generalized derivative nonlinear Schrédinger equation (or named mixed nonlinear
Schrodinger equation) enjoying the following form [11-14]:
ov 92w
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with a (# 0) and b (# 0) as arbitrary real constants. Eq. (6) describes nonlinear propagation of Alfvén wave with a small but
non-vanishing wave number [11], and its inverse scattering scheme is proposed [12]. It is a generalization of the cubic nonlinear
Schrodinger equation, the Kaup-Newell equation [15], the Chen-Lee-Liu equation [16] or Eq. (1.8) in Ref. [8], and its Lax pair and
Darboux transformation with soliton-like solutions have been given in Ref. [13], while infinitely many conservation laws have
been derived in Ref. [14]. Note that Eq. (6) is an integrable reduction of the coupled AKNS-Kaup-Newell hierarchy, therefore, it
is integrable for whatever constants a and b [17].
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Setting W (x,t) =/ p(x,t) e%(")(“) with k # 0 in Eq. (6), we obtain the continuity equation for the fluid density p as

and the equation of motion for the fluid velocity v =

2
31’_2,,3”+ka(1 8f>+3(apu+bkp):o. (7b)
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In the sense of Refs. [5-10], Eq. (7b) is transformed into

8,0 ov op ap ov  k d3p dp [Jv
at+,054-(5¢1+k),ov—+3bk,o8—+a,o ﬁ+7ﬁ+2§ i

+ 2¢0(b) Tﬁ —0, (70)

dx

where cy(t) is an arbitrary function of t.
Egs. (7a) and (7c) constitute the basic equations for the subsequent discussion, based on which we will discuss envelope
solitons for Eq. (6) within the framework of the Madelung fluid description.

2. Motion with stationary-profile current velocity

Under the assumption that both the quantities p and v involved in Eqs. (7a) and (7b) are functions of the combined variable
& = x — ug t with ug being a real constant, we cast Eq. (7a) into

&+ a(irr300)-
u v + a 0, (8)
and integrate once of Eq. (8) with respect to &, by taking the integration constant as Ag to obtain
k 3 Ao
v_2<—u0—2a,0+p>. (9)

Substitution of Eq. (9) into Eq. (7c) leads to

2 2
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Remarks:

(a) Attention should be paid to the expression of the fluid velocity v, nemaly, Eq. (9). In the case of a = 0 with Ay = 0, Eq. (6)
reduces to the cubic nonlinear Schrédinger equation, and we can consider the motion with constant current velocity case
for the nonlinear stationary states. When a = 0 and Ag # 0, we can consider the motion with stationary-profile current
velocity, which has been given in Ref. [5].

(b) When a # 0, Eq. (6) denotes a mixed nonlinear Schrédinger equation [12], and we study the motion with stationary-profile
current velocity for the nonlinear stationary states, no matter Ay = 0 or not. This is our goal in the subsequent section.

(c) Note that the fluid density p satisfies a generalized stationary Gardner equation, i.e., Eq. (10), which is not the Korteweg-de
Vries or modified Korteweg-de Vries equation.

3. Solitary waves versus envelope solitons

In this section, with the constraint p > 0 and under suitable assumptions for the current velocity associated with correspond-
ing boundary conditions of p, we will investigate different types of solitary waves for Eq. (10). Then, fruitful envelope solitons
can be correspondingly given for the generalized derivative nonlinear Schrédinger equation, our Eq. (6).

Case I: Assume p satisfies the boundary conditions in the §-space as limg._, , ., p(§) = 0, and it follows from Eq. (9) that Ag = 0
andv = &(~ug—3ap).

Consequently, Eq. (10) becomes

k do (3 5.9, 5\ ,do  kdp
<2c0 )dé <3bk zuo—alcu())pdg—(‘lak +§ka>p d$+§@_0’ (11)
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which can be integrated twice with respect to £ and take the integration constant as zero to give

2
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With the constraint % Co— u0 > 0and 3 a? + < a > 0, the positive solitary wave solution of Eq. (10) can be written as

Qo

= , (13)
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withag = $co—ud. o1 = $aug + § ug — 2b, @y = 3 a® + % aand &, as an integration constant.
Therefore,
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W(x,t) = /p(x, t) er®*0, (16)

where ©j is an initial phase (integration constant).

In this case, the solitary wave solution of the stationary Gardner equation [i.e., Eq. (10)] possesses a bright-soliton-type profile
[see expression (13) above]. When «; = 0, expression (13) reduces to the standard sech-type bright soliton. Finally, the bright-
soliton-type envelope solution of the generalized derivative nonlinear Schrédinger equation [see Eq. (6) above] can be derived
via expression (16) with p(x, t) and ®O(x, t) listed in Eqgs. (13) and (15), respectively.

Case II: For the case of limg_, , p(S) # 0, we express p(&) = po + p1(§) with limg_, ., 01(§) = 0and pg > 0 as a constant,
which determines that v = ’%[—uo 2 a(po+p1(8)) + p0+p] i ® I

According to Eq. (10) with p(§) = pg + p1(€), we have

2
|:2Clk/'\0— gug-‘r%Ao-FZCo— (al(llo+ 12 UO—3kb)

2
—(zakz—l—gkaz)pg}i{?+[3kb—akuo—k2uo—(gak2+9ka2>po:|p1cll?
3 2.9, 2 dp kd3,01_
—(Zak +§ka))0] d& 2?:‘33_0’ (17)

which is also a generalized stationary Gardner equation and can be similarly solved as Eq. (11) in Case L. The key point lies in that
the sign of p1, which can be negative or positive, is different from the sign of p in Case I. Just this point inspires us to study other types
of solutions.

Integrating twice of Eq. (17) with respect to & and taking the integration constants as zero, we obtain

2
dp 3, 1 2 k
(dél) - p12|:p12 <§a2+zak>+p1 (au0+ 3uo—2b-|—6a2,00—|—akp0)
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Case II-I: Under the constraint u3 —4aAg —kAg — % co+2augpo+kugpg—6bpg+9a?p3 + 3 akp3 <0 and 3a®+
% ak > 0, the positive solution of Eq. (18) is taken as

28 o
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pP1 = (19)



44 X. Lii et al. / Commun Nonlinear Sci Numer Simulat 31 (2016) 40-46

with By =4aAy —ud +kAg+ % co—2aug po — kug po+6bpg —9a% p2 — 3 akp3. By =3aug+ % ug—2b+6a% py+ak p.
B2 = 3 a® + }akand &y, as an integration constant.
Therefore, the solitary wave solution of Eq. (10) is in the form of

28
B+ +4Po P cosh[\/E &+ soo] ’

and subsequently,
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W(x, t) = /p(x t) er®x0, (22)
Br+y/ B2 +4 B0 B B1—/B3+4B0 B
where A = 121#0“ and B = % with ®g; and £; as two integration constants.

It is shown in expression (20) that the solution p enjoys a bright-soliton profile. By means of expressions (21) and (22), we can
correspondingly discuss different solution cases for Eq. (6).
Under the condition % aug + % Uug —2b+6a pg +ak py = 0, expression (20) reduces to

,o:,oo{l+8sech[J;?O(x—uot—$01)]}, (23)

with
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o With 0 < € < 1, expression (23) represents a up-shifted bright-soliton, whose maximum amplitude is po(1 + ¢) and up-shifted
by the quantity pg.

o With € = 1, expression (23) represents a upper-shifted bright-soliton, whose maximum amplitude is 2 py and up-shifted by
the quantity pg.

Having obtained different forms and types of the solitary waves for stationary Gardner equation via expression (23), we can
correspondingly investigate the associated different types of envelope solitons for the original generalized derivative nonlinear
Schrodinger model, i.e., Eq. (6) by means of expression (22) (details ignored here).

Case II-II: With the constraint u2 — 4aAg — kAg — 4 ¢o +2aug po + kug pg — 6b pg +9a% p2 + 3akp2 <O0and 3 a® + Jak >
0, the negative solution of Eq. (18) can be taken as

_ —2fo
P1 = <0, (24)
VBT 4P Brcosh| /B & + ) | - B
Thus,
p=po+ 250 (25)
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Table 1
Solitary wave types.

Solitary wave types for stationary Gardner Eq. (10) ~ Parametric constraints

Bright-soliton-type Ap=0;
;l—{ co—u3 > 0;
El a?+-a>0;
2 P '
Bright-soliton-type po > 0;

%a2+%ak>0;
u§—4aAg—kAo—éco+2au0p0+ku0,og

~6bpo +9a* pZ + iak,og <0;

Up-shifted-bright-type po > 0;
0<e<1;

3,1 .
ga +Zak>0,

§au0-¢—gug—2b+6¢12/oo+akpo=0;
4
ud —4ahy —kAg — — co+2aug po + kg po

—6bpo+9a*p3 + jak,og <0;

Upper-shifted-bright-type po > 0;
=1,
3,1 .
5 a + i ak > 0;

§au0+§u0—2b+6a2p0+akp0:0;
ug—4aAg—kAo—éco+2auop0+ku0,og

—~6bpo +9a% pZ + Eak,og <0;

Gray-soliton-type 0<d6<T1;
Expression (28);
% a® + % ak > 0;
4
u3 —4ahAy —kAg — — o +2auo po + kg po

—6bpo+9a*p3 + iak,og <0;

Black-soliton-type §=1;
Expression (28);
% a® + % ak > 0;
4
ud —4ahy — kAo — — Co +2aug po + kg po

~6bpo+9a%pd + jakpg <0;

W(x, t) = /p(x t) er®x0, (27)

where ®g, and &, are two integration constants.

Notice that the solution p; in expression (24) enjoys a non-bright-soliton profile. By virtue of expressions (25) and (26), we
can discuss different solution cases for Eq. (10), correspondingly for the original Eq. (6) via expression (27).

Under the following condition

%auo-k§u0—2b+6a2po+akp0=0,

(28)
Po > 4/ %2
expression (25) reduces to
) 4 1
p=poy1—3sech|, /ud —As+ 7 Co— 3o po - 7/oo<x—uot—§m> ) (29)

with

16akAg —4kud +4k>Ag+16co — 8kaug po — 4k ug po + 24 kb po — 36 ka? p2 — 6ak? ,og‘
6ka? p¢ +ak? p?
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e With 0 < § < 1, expression (29) represents a gray-soliton, whose minimum amplitude is pq(1 — §) and reaches asymptotically
the upper limit pg.

o With § = 1, expression (29) represents a black-soliton, whose minimum amplitude is zero and reaches asymptotically the
upper limit pg.

Different forms and types of the solitary waves for stationary Gardner equation can be obtained via expression (29), and as
a result, we can investigate the associated different types of envelope solitons for the original generalized derivative nonlinear
Schrodinger model, i.e., Eq. (6) by means of expression (27) (details ignored here).

4. Concluding remarks

Within the context of the Madelung fluid description, investigations on the connection between the family of nonlinear
Schrodinger equations and the one of Korteweg-de Vries equations, modified Korteweg-de Vries equations or Gardner equations
has been carried out (see Refs. [4-10] for details). Under suitable hypothesis for the current velocity, the nonlinear Schrédinger-
type equations can be put in correspondence with the Korteweg-de Vries equation, modified Korteweg-de Vries equation or
Gardner equation in such a manner that the soliton solutions of the latter are the squared modulus of the envelope soliton
solutions of the former. This method provides new insights and represents an alternative key of reading of the bright-, dark- and
gray-soliton-type envelope solutions based on the fluid language.

In the present paper, we have derived bright and dark (including gray- and black-soliton) envelope solutions for the general-
ized derivative nonlinear Schrédinger model [see Eq. (6) above], by solving corresponding stationary Gardner equations. Note
that we have only considered the motion with stationary-profile current velocity case and excluded the motion with constant
current velocity case for a # 0 in Eq. (9); on the other hand, our results are derived under suitable assumptions for the current
velocity associated with corresponding boundary conditions of p, and under corresponding parametric constraints. The types of
the solitary waves with associated parametric constraints have been given in Table 1. As an application of the Madelung fluid
description approach, we hope that our work in this paper is helpful for the study of other nonlinear Schrédinger-type models
[18,19].

Acknowledgments

This work is supported by the National Natural Science Foundation of China under Grant no. 61308018, China Postdoctoral
Science Foundation under Grant no. 2014770031, and the Fundamental Research Funds for the Central Universities of China
(2014RC019 and 2015JBM111).

References

[1] Madelung E.Z Phys 1926;40:332; Korn A. Z Phys 1927;44:745; Auletta, G. Foundation and Interpretation of Quantum Mechanics, World Scientific, Singapore,
2000.
[2] Fedele R, Anderson D, Lisak M. Eur Phys ] B 2006;49:275.
[3] Shukla PK, Fedele R, Onorato M, Tsintsadze NL. Eur Phys J B 2002;29:613.
[4] Li X. Nonlinear Dyn 2015;81:239.
[5] Fedele R, Schamel H. Eur Phys ] B 2002;27:313.
[6] Fedele R. Phys Scr 2002;65:502.
[7] Fedele R, Schamel H, Karpman VI, Shukla PK. ] Phys A 2003;36:1169.
[8] Grecu D, Grecu AT, Visinescu A, Fedele R, de Nicola S. ] Non-Linear Math Phys 2008;15:209.
[9] Fedele R, Schamel H, Shukla PK. Phys Scr 2002;T98:18.
[10] Li X, Ma WX, Yu J, Lin FH, Khalique CM. Envelope bright- and dark-soliton solutions for the Gerdjikov-Ivanov model. Nonlinear Dyn 2015.
doi:10.1007/s11071-015-2227-6.
[11] Wadati M, Sanuki H, Konno K, Ichikawa YH. Rocky Mt Math ] 1978;8:323.
[12] Wadati M, Konno K, Ichikawa YH. J Phys Soc Jpn 1979;46:1965.
[13] Xia TC, Chen XH, Chen DY. Chaos Solitons Fractals 2005;26:889.
[14] Lii X. Commun Nonlinear Sci Numer Simul 2013;18:2304.
[15] Kaup DJ, Newell AC. ] Math Phys 1978;19:798.
[16] Chen HH, Lee YC, Liu CS. Phys Scr 1979;20:490.
[17] Ma WX, Zhou RG. ] Math Phys 1999;40:4419.
[18] Lii X, Peng MS. Chaos 2013;23:013122; Lii X. Chaos 2013;23:033137; Lt X. Commun Nonlinear Sci Numer Simul 2014;19:3969.
[19] Ma WX, Chen M. Appl Math Comput 2009;215:2835.



