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ABSTRACT
The aim of this article is to construct a class of binary Darboux 
transformations for a skew-symmetric matrix integrable nonlinear 
Schrödinger equation. The associated AKNS-type Lax pairs, corre-
sponding to the orthogonal Lie algebra so(2m), provide the frame-
work necessary for systematically building these binary Darboux 
transformations. Direct, single-step applications of the transforma-
tions produce explicit soliton solutions. In particular, the M-matrix, 
central to the formulation of the binary Darboux transformations, 
is constructed within an extended framework that accommodates 
cases in which eigenvalues coincide with adjoint eigenvalues, thus 
incorporating the generalized Darboux transformations.
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1. Introduction

Integrable models provide an essential framework for the study of important coherent 
structures, such as solitons, breathers, lump waves, and rogue waves. These systems are 
typically associated with Lax pairs, which consist of spatial and temporal matrix spec-
tral problems [1]. Building on such Lax pairs, numerous analytical methods have been 
developed for solving integrable models, including Darboux transformations, the inverse 
scattering transform, and the Riemann–Hilbert approach [2–4].

Let u = u(x, t) denote the potential and λ the spectral parameter. For an integrable 
model, suppose that two linear spectral problems define its Lax pair:

φx = Uφ = U(u, λ)φ,φt = Vφ = V(u, λ)φ, (1)

where U and V are square matrices. The Lax pair determines an integrable model via the 
compatibility condition φxt = φtx, which is equivalent to the zero-curvature equation [5,6]:

Ut − Vx + [U,V] = 0. (2)
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From the adjoint point of view, the corresponding adjoint matrix spectral problems are 
given by

ψx = −ψU, ψt = −ψV , (3)

whose compatibility condition ψxt = ψtx leads to the same zero-curvature equation, and 
hence the same integrable model.

This paper considers an integrable nonlinear Schrödinger (NLS) equation with two 
skew-symmetric matrix potentials p and q:

pt =
1
2
(pxx − 2pqp), qt = −

1
2
(qxx − 2qpq), pT = −p, qT = −q. (4)

This system is generated form the following Lax pair associated with the orthogonal Lie 
algebra so(2m):

U =

[︃
λIm p
q −λIm

]︃
, V = λ2

[︃
Im 0
0 −Im

]︃
+ λ

[︃
0 p
q 0

]︃
−

1
2

[︃
pq −px
qx −qp

]︃
, (5)

where p and q are m × m skew-symmetric matrices, and Im denotes the m × m identity 
matrix.

We focus on constructing binary Darboux transformations (DTs) for this skew-
symmetric matrix integrable NLS equation. A binary DT is implemented via a gauge 
transformation (see, e.g. [7]):

φ′
= S+φ, ψ ′

= ψS−, S+
= S+(u, λ), S−

= S−(u, λ), (6)

where S+ and S− are mutual inverses and can be derived from a so-called M-matrix 
formulation (see, e.g. [7] for a general framework). The transformation conditions are
given by {︄

S+
x (S+)−1

+ S+U(S+)−1
= U(u′, λ),

S+

t (S+)−1
+ S+V(S+)−1

= V(u′, λ),
(7)

where the transformed potential u′ is defined by

u′
= f (u). (8)

Accordingly, φ′ and ψ ′ form a new pair of eigenfunction and adjoint eigenfunction 
satisfying

φ′
x = U ′φ′, φ′

t = V ′φ′, (9)

and

ψ ′
x = −ψ ′U ′, ψ ′

t = −ψ ′V ′, (10)

where

U ′
= U(u′, λ), V ′

= V(u′, λ). (11)
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Thus, the transformed Lax pair (U ′,V ′) satisfies a zero-curvature equation of the same 
structure as the original one, with u replaced by u′. Consequently, the transformed 
potential u′ provides a new solution to the integrable model determined by (U,V).

In modern soliton theory, binary DTs have been widely applied to a variety of integrable 
models, including the NLS equation and the modified Korteweg–de Vries equation (see, 
e.g. [8–10]), particularly for generating N-soliton solutions, which include breather, rogue, 
and lump wave solutions as special cases. In many situations involving Lax pairs with spe-
cific structures, it is necessary to impose orthogonality conditions between eigenfunctions 
and adjoint eigenfunctions (see, e.g. [8]), especially when eigenvalues coincide with adjoint 
eigenvalues.

The aim of this paper is to establish a class of binary DTs for the skew-symmetric 
matrix integrable NLS equation introduced above. The resulting transformations are con-
structed via an extended M-matrix generating procedure, which accommodates cases 
where eigenvalues coincide with adjoint eigenvalues. Single applications of the proposed 
transformations yield explicit soliton solutions. The paper concludes with a summary of 
the main results and final remarks.

2. A skew-symmetric matrix integrable NLS equation

Let m be an arbitrary natural number. We consider the following coupled system of 
integrable NLS equations: ⎧⎪⎪⎨⎪⎪⎩

pt =
1
2
pxx − pqp,

qt = −
1
2
qxx + qpq,

(12)

where p and q are two m × m skew-symmetric matrices. This system is generated from the 
Lax pair of matrix spectral problems:

φx = Uφ, φt = Vφ, (13)

where U and V are associated with the orthogonal Lie algebra so(2m) and are given by (5), 
namely,

U = U(u, λ) = λ3+ P, (14)

and

V = V(u, λ) = λ23+ λP −
1
2
3(P2 − Px), (15)

where

3 =

[︃
Im 0
0 −Im

]︃
, P =

[︃
0 p
q 0

]︃
, (16)

and u = u(p, q). The skew-symmetric conditions

pT = −p, qT = −q, (17)
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are equivalent to the reduction

6P6−1
= −PT , 6 =

[︃
0 Im
Im 0

]︃
, (18)

which ensures that P, and hence U and V , belong to the orthogonal Lie algebra so(2m).
Associated with the above spatial spectral matrix U, there exists an infinite number of 

commuting flows:

ut = X[k]
= X[k](u) =

[︃
2b[k+1]

−2c[k+1]

]︃
, k ≥ 0, (19)

which are generated from the Lax operators V[k]):

V[k]
=

k∑︂
l=0

λk−lW[l], W[l]
=

[︃
a[l] b[l]

c[l] d[l]

]︃
. (20)

Here, the Laurent series

W =

∑︂
l≥0

W[l]λ−l, W[0]
= 3, (21)

is assumed to solve the stationary zero-curvature equation (see, e.g. [11]):

Wx = [U,W]. (22)

The hierarchy is uniquely determined by imposing the normalization condition

W[l]
|u=0 = 0, l ≥ 1. (23)

In particular, the member corresponding to k=2 coincides with the matrix integrable NLS 
model (12), since

V = λ2W[0]
+ λW[1]

+ W[2]. (24)

The commutativity of these flows,

[[X[k],X[l]]] := X[k]′(u)[X[l]] − X[l]′(u)[X[k]] = 0, k, l ≥ 0, (25)

can be verified using the iso-spectral Lax operator algebra (see, e.g. [12,13]):

[[V[k],V[l]]] := V[k]′(u)[X[l]] − V[l]′(u)[X[k]] + [V[k],V[l]] = 0, k, l ≥ 0, (26)

By imposing suitable reductions, the integrable NLS model (12) can be reduced to several 
typical coupled integrable models, thereby extending the class of multi-component NLS-
type systems studied in the literature (see, e.g. [14–19]). In particular, under the reduction

p(t, x) =

√
2
2

v
(︃
1
2
it, ix

)︃
, q(t, x) = ±

√
2
2

v†
(︃
1
2
it, ix

)︃
, (27)
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where † denotes the Hermitian conjugate, the model (12) reduces to the matrix focusing 
or defocusing NLS equation:

ivt + vxx ± vv†v = 0, (28)

where v is a square matrix. Furthermore, when

v =

[︃
0 w

−w 0

]︃
,

with w being a scalar function, the matrix NLS equation further reduces to the standard 
scalar focusing and defocusing NLS equation:

iwt + wxx ± |w|
2w = 0, (29)

which exhibits significant applications in areas such as nonlinear optics [20].

3. Binary Darboux transformations

We consider the skew-symmetric matrix integrable NLS equation (12), together with its 
associated Lax pair defined in (13), where the matrices U and V are given by (14) and (15), 
respectively.

The aim of this section is to construct a class of binary DTs based on this Lax pair 
formulation. To incorporate both eigenfunctions and adjoint eigenfunctions, we develop 
an extended M-matrix framework for generating DTs for the matrix integrable NLS 
equation (12).

In the first subsection, we establish a binary DT formulation for the general linear Lie 
algebra gl(2m). In the second subsection, we extend this construction to the orthogonal 
Lie algebra so(2m).

3.1. The unreduced case associated with gl(2m)

Let u be a given solution of the integrable NLS model (12), with two unreduced matrix 
potentials p and q. Suppose that N is an arbitrary natural number, and that we construct a 
class of binary DTs based on N pairs of eigenfunctions and adjoint eigenfunctions.

Assume that λi and λ̂i (1 ≤ i ≤ N) are eigenvalues and adjoint eigenvalues, respectively, 
and that vi and v̂i are the corresponding eigenfunctions and adjoint eigenfunctions. Then, 
we have

vi,x = U(u, λi)vi, vi,t = V(u, λi)vi, 1 ≤ i ≤ N, (30)

v̂i,x = −v̂iU(u, λ̂i), v̂i,t = −v̂iV(u, λ̂i), 1 ≤ i ≤ N. (31)

We will use these eigenfunctions and adjoint eigenfunctions to establish a formulation for 
N-fold binary DTs. This framework enables the generation of new solutions to the matrix 
integrable NLS equation (12) from known ones.
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To construct binary DTs, we consider⎧⎪⎪⎪⎨⎪⎪⎪⎩
2ij :=

U(u, λj)− U(u, λ̂i)

λj − λ̂i
= 3,

4ij :=
V(u, λj)− V(u, λ̂i)

λj − λ̂i
= (λj + λ̂i)3+ P.

(32)

A crucial step in constructing the N-fold binary DTs is the introduction of an N × N
matrix M = (mij), based on these quantities. To encode the interactions between the 
eigenfunctions and adjoint eigenfunctions (see, e.g. [10]), we define

M = (mij)N×N , mij =

⎧⎪⎨⎪⎩
v̂ivj

λj − λ̂i
, if λj ̸= λ̂i,

mc
ij(x, t), if λj = λ̂i,

where 1 ≤ i, j ≤ N, (33)

where vi and v̂i are the eigenfunctions and adjoint eigenfunctions introduced in (30) and 
(31). The entries mc

ij(x, t) correspond to the coinciding-eigenvalue case λj = λ̂i, and are 
defined by

mc
ij,x = v̂i2ijvj, if λj = λ̂i, (34)

and

mc
ij,t = v̂i4ijvj, if λj = λ̂i, (35)

for 1 ≤ i, j ≤ N. This M-matrix plays a central role in constructing the higher-rank pro-
jector that defines the binary Darboux matrices. In particular, it encompasses generalized 
DTs in which eigenvalues may coincide with adjoint eigenvalues.

As soon as the N × N matrix M defined in (33) is invertible, we can formulate the N-fold 
binary DTs as follows. More precisely, the Darboux matrices are defined by

S+
= S+(λ) = I2m −

N∑︂
i,j=1

vi(M−1)ijv̂j
λ− λ̂j

, S−
= S−(λ) = I2m +

N∑︂
i,j=1

vi(M−1)ijv̂j
λ− λi

, (36)

together with their leading-order terms at infinity:

S±

1 = lim
λ→∞

[λ(S±(λ)− I2m)]. (37)

In the above formulation, vi and v̂j are the eigenfunctions and adjoint eigenfunctions 
defined in (30) and (31), respectively.

On the basis of the general binary DT theory, we need to verify the following two key 
conditions:

S+
x = U ′S+

− S+U, (38)

and

S+

t = V ′S+
− S+V . (39)
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Here, the new Lax pair (U ′,V ′) is defined by

U ′
= λ3+ P′, V ′

= λ23+ λP′
−

1
2
3(P′2

− P′
x), (40)

where P′ is given by

P′
=

[︃
0 p′

q′ 0

]︃
= P + S+

1 3+3S−

1 . (41)

Thus, the formulation of a class of binary DTs for the matrix integrable NLS equation (12) 
reduces to verifying the two conditions (38) and (39).

We point out that when the eigenvalues satisfy the following non-degeneracy condi-
tions: ⎧⎪⎨⎪⎩

{λi | 1 ≤ i ≤ N} ∩ {λ̂i | 1 ≤ i ≤ N} = ∅;

λi ̸= λj, 1 ≤ i ̸= j ≤ N;

λ̂i ̸= λ̂j, 1 ≤ i ̸= j ≤ N;

(42)

then (36) reduces to Darboux matrices in the standard N-fold DT formulation, which has 
been extensively studied in the literature (see, e.g.[3,4,21–25]). If some eigenvalues coin-
cide with adjoint eigenvalues, then the matrix M must be constructed with care, and the 
resulting formulation yields more intricate solutions [10]. Such situations arise naturally 
in the context of spectral matrices associated with reductions, for example, in the case of 
orthogonal Lie algebras.

We can now establish the following two propositions, as has been done in many related 
contexts (see, e.g. [8,10]).

Employing the formulas for the Darboux matrices S+ and S− in (36), one can derive 
their partial fraction decompositions, as summarized below.

Proposition 3.1: Let S+ and S− be the Darboux matrices defined by (36). Then their partial 
fraction decompositions are given by

S+
= I2m −

N∑︂
i=1

vMi v̂i
λ− λ̂i

, S−
= I2m +

N∑︂
i=1

viv̂Mi
λ− λi

(43)

where the vectors vMi  and v̂Mi  are defined via the N × N matrix M by{︄
(vM1 , vM2 , . . . , vMN )M = (v1, v2, . . . , vN),

M((v̂M1 )
T , (v̂M2 )

T , . . . , (v̂MN )
T)T = (v̂T1 , v̂

T
2 , . . . , v̂

T
N)

T .
(44)

From the above proposition, we deduce the following result.

Proposition 3.2: For the Darboux matrices S+ and S− defined in (36), the following 
properties hold:

S+(λi)vi = 0, v̂iS−(λ̂i) = 0, 1 ≤ i ≤ N, (45)
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provided that S+(λi) and S−(λ̂i) are well-defined, and

S+(λ)S−(λ) = I2m, S+

1 = −S−

1 , (46)

provided the orthogonality condition

v̂ivj = 0, if λj = λ̂i, where 1 ≤ i, j ≤ N, (47)

is satisfied.

The condition (47) is required when eigenvalues coincide with adjoint eigenvalues. In 
particular, the first identity in (46) guarantees that S+(λ) and S−(λ) are mutual inverses.

For brevity, we introduce the block vectors:

v = (v1, v2, . . . , vN), v̂ = (v̂T1 , v̂
T
2 , . . . , v̂

T
N)

T , (48)

and the diagonal matrices

F = diag
(︃

1
λ− λ1

,
1

λ− λ2
, . . . ,

1
λ− λN

)︃
, F̂ = diag

(︃
1

λ− λ̂1
,

1
λ− λ̂2

, . . . ,
1

λ− λ̂N

)︃
.

(49)

Then the Darboux matrices admit the compact form:{︄
S+

= I2m − vM−1F̂v̂,

S−
= I2m + vFM−1v̂.

(50)

One can verify the identity

v̂v = F̂−1M − MF−1, (51)

which holds entrywise. Using this, a direct computation yields

S+S−
= I2m − vM−1F̂v̂ + vFM−1v̂ − vM−1F̂v̂vFM−1v̂ = I2m.

Taking the limits at infinity, we obtain⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
S+

1 = −

N∑︂
i,j=1

(M−1)ijviv̂j = −vM−1v̂,

S−

1 =

N∑︂
i,j=1

(M−1)ijviv̂j = vM−1v̂,

(52)

which immediately implies S+

1 = −S−

1 .
We are ready to present a class of general binary DTs for the matrix integrable NLS 

equation (12), without imposing the skew-symmetric reductions on p and q.

Theorem 3.1: Let vi and v̂i (1 ≤ i ≤ N) be defined by (30) and (31), respectively, and let 
the M-matrix be given by (33), with the entries mc

ij defined via (34), (35), and (32). If the 
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orthogonality condition (47) holds, then the matrix integrable NLS equation (12) admits the 
following binary DT:

φ′
= S+φ, ψ ′

= ψS−, P′
= P + S+

1 3+3S−

1 , (53)

where S± and S±

1  are defined by (36) and (37), or equivalently by (50) and (52).

 Proof: Assume that U ′ and V ′ are defined as in (40), with P′ given by (41). The proof then 
reduces to verifying the two key conditions (38) and (39).

We first verify the spatial condition (38). From the spectral problems, we have

vx = 3vD + Pv, v̂x = −(D̂v̂3+ v̂P), (54)

where

D = diag(λ1, λ2, . . . , λN), D̂ = diag(λ̂1, λ̂2, . . . , λ̂N). (55)

Applying the definition of M in (33) together with (34) and (35), we obtain

Mx = v̂2v, 2 = (2ij)N×N = (3)N×N . (56)

Using the compact forms (50) and (52) for S+ and S±

1 , together with the derivative formulas 
above, a straightforward calculation gives the spatial condition (38), where we have used 
the identities

D̂ = −F̂−1
+ λIN , D = −F−1

+ λIN , (57)

and (51). Thus, the spatial condition is satisfied.
Next, for the temporal condition (39), we similarly have

vt = 3vD2
+ PvD + W[2]v, v̂t = −(D̂2v̂3+ D̂v̂P + v̂W[2]), (58)

with

W[2]
= V − λ23− λP = −

1
2
3(P2 − Px), (59)

and

Mt = v̂4v, 4 = (4ij)N×N = ((λj + λ̂i)3+ P)N×N = D̂3+3D + (P)N×N . (60)

A direct, though lengthier, computation using the compact forms of S+ and S+

1 , together 
with

P′
= P + S+

1 3−3S+

1 = P − vM−1v̂3+3vM−1v̂,

and the identities (57) and (51), shows that the temporal condition (39) also holds.
Hence, both spatial and temporal condition are satisfied, which completes the verifica-

tion of the binary Darboux transformation. ■
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3.2. The reduced case associated with so(2m)

The transformed potential P′ defined by (41) must satisfy the orthogonal symmetry 
condition associated with so(2m):

6P′6−1
= −(P′)T , (61)

where 6 is defined in (18). Equivalently, in terms of the binary DT in (53) and using (46), 
this reduction condition can be expressed as

6[S+

1 ,3]6
−1

= [(S+

1 )
T ,3], (62)

where S+

1  is given explicitly by (52).
To this end, we choose the adjoint eigenvalues

λ̂i = λi, 1 ≤ i ≤ N, (63)

and define the corresponding adjoint eigenfunctions, according to the symmetry of U and 
V , by

v̂i = vTi 6
T

= vTi 6, 1 ≤ i ≤ N, (64)

where we have used the fact that 6T
= 6.

Furthermore, we impose the orthogonality condition

v̂jvi = 0, whenever λ̂j = λi, 1 ≤ i, j ≤ N, (65)

to ensure that the two Darboux matrices S+ and S− are inverses of each other.
Now, for λ̂j ̸= λi, one can verify that

mij =
v̂ivj

λj − λ̂i
=

vTi 6vj
λj − λ̂i

= −
vTi 6vj
λi − λ̂j

= −
v̂jvi

λi − λ̂j
= −mji.

For λ̂j = λi, 1 ≤ i, j ≤ N, we have

(mc
ij + mc

ji)x = (mc
ij + mc

ji)t = 0, (66)

so that we can have MT
= −M. Then, from (52), it follows that

6S+

1 6
−1

= −(S+

1 )
T , (67)

and together with

636−1
= −3, (68)

this guarantees (62) and hence the reduction property (61) for the transformed potential 
matrix P′.

The result can be summarized as the following theorem.

Theorem 3.2: Let the adjoint eigenvalues {λ̂i | 1 ≤ i ≤ N} and the adjoint eigenfunctions 
{v̂i | 1 ≤ i ≤ N} be defined by (63) and (64), respectively. Assume that M is defined by (33), 
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and that whenever ̂λj = λi for 1 ≤ i, j ≤ N, the corresponding entries mc
ij of M are determined 

by (34) and (35), satisfying

mc
ij = −mc

ji, when λ̂j = λi, 1 ≤ i, j ≤ N, (69)

so that MT
= −M. If, in addition, the orthogonality conditions (65) hold, then the transfor-

mation (53) defines a binary DT for the skew-symmetric matrix integrable NLS model (12).

3.3. An illustrative example

We note that N must be even in order for M to be skew-symmetric and invertible. We now 
illustrate the construction with an example for m=3 and N=2, starting from the zero 
seed potential. At this moment, the eigenfunctions are

vi = (eλix+λ
2
i tµ

[i]T
1 , e−λix−λ

2
i tµ

[i]T
2 )T , 1 ≤ i ≤ 2, (70)

and the adjoint eigenfunctions are

v̂i = vTi 6, 1 ≤ i ≤ 2. (71)

Here µ[i]
j ∈ C3, 1 ≤ i, j ≤ 2, are constant column vectors.

Since λ̂i = λi, 1 ≤ i ≤ 2, the orthogonality conditions

v̂ivi = vTi 6vi = 0, 1 ≤ i ≤ 2, (72)

must be satisfied. These are equivalent to

µ
[i]T
1 µ

[i]
2 = 0, 1 ≤ i ≤ 2. (73)

If we take mc
11 = mc

22 = 0, two more sets of orthogonality conditions must also be 
considered. The first set,

v̂i3vi = 0, 1 ≤ i ≤ 2, (74)

is automatically satisfied. The second set,

2λiv̂i3vi = 0, 1 ≤ i ≤ 2, (75)

which follows directly from (74). Consequently, the only the conditions in (73) need to be 
imposed.

It is then straightforward to compute from

p′
= [S+

1 ,3]12 = −2(S+

1 )12,

that ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

p′
12 = −p′

21 =
2(λ1 − λ2)(µ1,1,1µ2,1,2 − µ1,1,2µ2,1,1)

µ
[1]T
2 µ

[2]
1 e−2(λ1x+λ21t) + µ

[1]T
1 µ

[2]
2 e−2(λ2x+λ22t)

,

p′
13 = −p′

31 =
2(λ1 − λ2)(µ1,1,1µ2,1,3 − µ1,1,3µ2,1,1)

µ
[1]T
2 µ

[2]
1 e−2(λ1x+λ21t) + µ

[1]T
1 µ

[2]
2 e−2(λ2x+λ22t)

,

p′
23 = −p′

32 =
2(λ1 − λ2)(µ1,1,2µ2,1,3 − µ1,1,3µ2,1,2)

µ
[1]T
2 µ

[2]
1 e−2(λ1x+λ21t) + µ

[1]T
1 µ

[2]
2 e−2(λ2x+λ22t)

.

(76)
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Similarly, from

q′
= [S+

1 ,3]21 = 2(S+

1 )21,

we have ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

q′
12 = −q′

21 = −
2(λ1 − λ2)(µ1,2,1µ2,2,2 − µ1,2,2µ2,2,1)

µ
[1]T
2 µ

[2]
1 e2(λ2x+λ

2
2t) + µ

[1]T
1 µ

[2]
2 e2(λ1x+λ

2
1t)

,

q′
13 = −q′

31 = −
2(λ1 − λ2)(µ1,2,1µ2,2,3 − µ1,2,3µ2,2,1)

µ
[1]T
2 µ

[2]
1 e2(λ2x+λ

2
2t) + µ

[1]T
1 µ

[2]
2 e2(λ1x+λ

2
1t)

,

q′
23 = −q′

32 = −
2(λ1 − λ2)(µ1,2,2µ2,2,3 − µ1,2,3µ2,2,2)

µ
[1]T
2 µ

[2]
1 e2(λ2x+λ

2
2t) + µ

[1]T
1 µ

[2]
2 e2(λ1x+λ

2
1t)

.

(77)

Here, we assume that S+

1  is partitioned in the same manner as U, and that

p′
= (p′

ij)3×3, q′
= (q′

ij)3×3, µ[r]
s = (µr,s,1,µr,s,2,µr,s,3)

T , 1 ≤ r, s ≤ 2. (78)

Under the conditions in (73), these functions provide explicit solutions to the matrix 
integrable NLS model with skew-symmetric matrix potentials in (12).

4. Concluding remarks

This paper investigates binary DTs for the integrable NLS equation with two skew-
symmetric matrix potentials, using the extended M-matrix generating scheme. The result-
ing DT structures play a fundamental role for exploring the integrable dynamics of the 
considered matrix NLS model. Starting from the vacuum state, repeated applications of 
these binary DTs yield a wide variety of explicit, exact soliton solutions. The concrete 
example presented here illustrate the diversity of coupled nonlinear integrable systems, 
demonstrating the practical applicability of the framework and the rich integrability struc-
tures inherent in such systems. In particular, the M-matrix must be extended to handle 
cases where eigenvalues coincide with adjoint eigenvalues, for which the classical M-matrix 
formulation becomes inapplicable.

By examining the eigenvalues of the associated spectral problems, soliton solutions can 
be classified into types such as negatons, positons, and complexitons [26,27], and further 
categorized into solitons, breathers, kinks, anti-kinks, lump waves, rogue waves, and vari-
ous mixed interaction solutions. Interaction solutions may even involve arbitrary functions 
(see, e.g. [28]). Particular solutions can be obtained via reductions of wave numbers from 
general soliton solutions (see, e.g. [29,30]). Lump wave solutions, in particular, have been 
extensively studied in both linear and nonlinear models (see, e.g. [31,32]).

We further note that increasing the number of dependent variables or including higher 
powers of the spectral parameter in the spatial spectral matrix can generate larger and 
more complex integrable systems (see, e.g. [33,34]), including integrable couplings (see, 
e.g. [35,36]). Such complexity, especially with the emergence of non-localities, intro-
duces additional analytical challenges. Nevertheless, classifying these extended integrable 
systems and studying their dynamical properties will enhance understanding of the fun-
damental mechanisms underlying nonlinear dynamics and integrability in mathematical 
physics [37,38].
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