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ABSTRACT ARTICLE HISTORY
The aim of this article is to construct a class of binary Darboux Received 1 May 2026
transformations for a skew-symmetric matrix integrable nonlinear Accepted 28 August 2026

Schrodinger equation. The associated AKNS-type Lax pairs, corre- COMMUNICATED BY
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work necessary for systematically building these binary Darboux
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tions produce explicit soliton solutions. In particular, the M-matrix,
central to the formulation of the binary Darboux transformations,
is constructed within an extended framework that accommodates
cases in which eigenvalues coincide with adjoint eigenvalues, thus 2020 MATHEMATICS

incorporating the generalized Darboux transformations. SUBJECT
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35Q55; 37K35

1. Introduction

Integrable models provide an essential framework for the study of important coherent
structures, such as solitons, breathers, lump waves, and rogue waves. These systems are
typically associated with Lax pairs, which consist of spatial and temporal matrix spec-
tral problems [1]. Building on such Lax pairs, numerous analytical methods have been
developed for solving integrable models, including Darboux transformations, the inverse
scattering transform, and the Riemann-Hilbert approach [2-4].

Let u = u(x,t) denote the potential and 4 the spectral parameter. For an integrable
model, suppose that two linear spectral problems define its Lax pair:

w=U¢ = U, ),y = Vo = V(u, )9, (1)

where U and V are square matrices. The Lax pair determines an integrable model via the
compatibility condition ¢x; = ¢s, which is equivalent to the zero-curvature equation [5,6]:

U —Vi+[UV]=0. ()
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From the adjoint point of view, the corresponding adjoint matrix spectral problems are
given by

yx=—yU, yr=—-yV, (3)

whose compatibility condition y,; = yx leads to the same zero-curvature equation, and
hence the same integrable model.

This paper considers an integrable nonlinear Schrodinger (NLS) equation with two
skew-symmetric matrix potentials p and g:

1 1
pe=3Pxc = 204p), 4 = = (qxx — 24P9); pl=-pq" =—q (4)

This system is generated form the following Lax pair associated with the orthogonal Lie
algebra so(2m):

My p 2 |:Im 0 ] [0 p} ! [pq —px]
U= , V=12 + A - = , 5
|: q —/Hm] 0 -=I, q O 29x —qp ®)
where p and g are m x m skew-symmetric matrices, and I,,, denotes the m x m identity
matrix.
We focus on constructing binary Darboux transformations (DTs) for this skew-

symmetric matrix integrable NLS equation. A binary DT is implemented via a gauge
transformation (see, e.g. [7]):

o =Stp, v =wS, St=ST(w1), S =S (ul), (6)

where ST and S~ are mutual inverses and can be derived from a so-called M-matrix
formulation (see, e.g. [7] for a general framework). The transformation conditions are
given by

SHSH ™ +$TUSH ™! = U, ), )
7
SEEH L +8TV(SH ™ = v, 1),
where the transformed potential «’ is defined by
u' = f(u). (8)

Accordingly, ¢’ and y’ form a new pair of eigenfunction and adjoint eigenfunction
satisfying

po=U¢, ¢=V¢, )
and
ye=—y'U, yi=-y'V, (10)
where

U=UW,b, V =Vu,i. (11)
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Thus, the transformed Lax pair (U’, V') satisfies a zero-curvature equation of the same
structure as the original one, with u replaced by u'. Consequently, the transformed
potential 4’ provides a new solution to the integrable model determined by (U, V).

In modern soliton theory, binary DTs have been widely applied to a variety of integrable
models, including the NLS equation and the modified Korteweg-de Vries equation (see,
e.g. [8-10]), particularly for generating N-soliton solutions, which include breather, rogue,
and lump wave solutions as special cases. In many situations involving Lax pairs with spe-
cific structures, it is necessary to impose orthogonality conditions between eigenfunctions
and adjoint eigenfunctions (see, e.g. [8]), especially when eigenvalues coincide with adjoint
eigenvalues.

The aim of this paper is to establish a class of binary DTs for the skew-symmetric
matrix integrable NLS equation introduced above. The resulting transformations are con-
structed via an extended M-matrix generating procedure, which accommodates cases
where eigenvalues coincide with adjoint eigenvalues. Single applications of the proposed
transformations yield explicit soliton solutions. The paper concludes with a summary of
the main results and final remarks.

2. A skew-symmetric matrix integrable NLS equation

Let m be an arbitrary natural number. We consider the following coupled system of
integrable NLS equations:

1

pr= prx — pgp,
(12)

1
qt = _qux +qpq;

where p and g are two m x m skew-symmetric matrices. This system is generated from the
Lax pair of matrix spectral problems:

P =Ug, ¢ =Vo, (13)

where U and V are associated with the orthogonal Lie algebra so(2m) and are given by (5),
namely,

U=U(A)=AA+P, (14)
and
1
V=V(ul) =N+ iP— EA(p2 — Py, (15)
where
| Im 0 10 p
S AR

and u = u(p, q). The skew-symmetric conditions

pl=-p q'=-4q (17)
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are equivalent to the reduction

S ot [0 I,
spy~t = —pl, 2_[Im 0}, (18)

which ensures that P, and hence U and V , belong to the orthogonal Lie algebra so(2m).
Associated with the above spatial spectral matrix U, there exists an infinite number of
commuting flows:

2 ple+1]

which are generated from the Lax operators VIk):
B kit gyt [a o0
=0

Here, the Laurent series

w="> Wi, wll=a, (21)
>0

is assumed to solve the stationary zero-curvature equation (see, e.g. [11]):
W, = [U, WI. (22)
The hierarchy is uniquely determined by imposing the normalization condition
wh,_o=0, I>1. (23)

In particular, the member corresponding to k=2 coincides with the matrix integrable NLS
model (12), since

v = 2wl 4wl 4 w2l (24)
The commutativity of these flows,
[x, x = x7 @) [x] = xW @y xH) =0, kI>o0, (25)
can be verified using the iso-spectral Lax operator algebra (see, e.g. [12,13]):
(v, vl = v @y [x) — vV @y x W) - (v vl =0, k10,  (26)

By imposing suitable reductions, the integrable NLS model (12) can be reduced to several
typical coupled integrable models, thereby extending the class of multi-component NLS-
type systems studied in the literature (see, e.g. [14-19]). In particular, under the reduction

p(t,x) = \/TEV (%it, ix) , qtx) = i%sz (%it, ix) , (27)
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where T denotes the Hermitian conjugate, the model (12) reduces to the matrix focusing
or defocusing NLS equation:

W+ Vyey = wiv =0, (28)

where v is a square matrix. Furthermore, when

V_Ow
| —=w 0 |’

with w being a scalar function, the matrix NLS equation further reduces to the standard
scalar focusing and defocusing NLS equation:

iwp 4 Wy £ |w|2w =0, (29)

which exhibits significant applications in areas such as nonlinear optics [20].

3. Binary Darboux transformations

We consider the skew-symmetric matrix integrable NLS equation (12), together with its
associated Lax pair defined in (13), where the matrices U and V are given by (14) and (15),
respectively.

The aim of this section is to construct a class of binary DTs based on this Lax pair
formulation. To incorporate both eigenfunctions and adjoint eigenfunctions, we develop
an extended M-matrix framework for generating DTs for the matrix integrable NLS
equation (12).

In the first subsection, we establish a binary DT formulation for the general linear Lie
algebra gl(2m). In the second subsection, we extend this construction to the orthogonal
Lie algebra so(2m).

3.1. The unreduced case associated with gl(2m)

Let u be a given solution of the integrable NLS model (12), with two unreduced matrix
potentials p and g. Suppose that N is an arbitrary natural number, and that we construct a
class of binary DTs based on N pairs of eigenfunctions and adjoint eigenfunctions.

Assume that 4; and 7 i (1 < i < N) are eigenvalues and adjoint eigenvalues, respectively,
and that v; and ¥; are the corresponding eigenfunctions and adjoint eigenfunctions. Then,
we have

Vix = U, A)vis  vig = V(u, Ai)vi, 1 < i

IA

N, (30)
Vix = =0 A), Vg = —=0iV(u Ay, 1

A

<i<N. (31)
We will use these eigenfunctions and adjoint eigenfunctions to establish a formulation for
N-fold binary DTs. This framework enables the generation of new solutions to the matrix
integrable NLS equation (12) from known ones.
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To construct binary DTs, we consider

_U@@—U@M_A
Aj = i

Vi) = V()

T A=A

>

(32)
= (Aj+ A)A +P

A crucial step in constructing the N-fold binary DTs is the introduction of an N x N
matrix M = (m;j), based on these quantities. To encode the interactions between the
eigenfunctions and adjoint eigenfunctions (see, e.g. [10]), we define

f/iVj

—, if A # Ai,
M = (mij)NxN, mijj= 1 Aj — 4i where 1 < i,j <N, (33)
mfj(x, 1), if/lj = A

where v; and ¥; are the eigenfunctions and adjoint eigenfunctions introduced in (30) and
(31). The entries mj(x, t) correspond to the coinciding-eigenvalue case 4j = 4;, and are
defined by

ml?j,x = f/,'@,'j‘l/j, 1f/1] = ;11', (34)

and
m;}-’t = f/,‘EijVj, lfij = /1,', (35)

for 1 < i,j < N. This M-matrix plays a central role in constructing the higher-rank pro-
jector that defines the binary Darboux matrices. In particular, it encompasses generalized
DTs in which eigenvalues may coincide with adjoint eigenvalues.

Assoonasthe N x N matrix M defined in (33) is invertible, we can formulate the N-fold
binary DTs as follows. More precisely, the Darboux matrices are defined by

N —1\ ~ N —1\ A

vilM™ ) vi(M ™)
St=St0)=hbm—» —, S =5U)=1I — (36
() 2m Z 11— 1 () 2m+z l—ii ( )

i,j=1 ] i,j=1
together with their leading-order terms at infinity:
ST = lim [A(ST(A) — L)) (37)
A—00

In the above formulation, v; and ¥; are the eigenfunctions and adjoint eigenfunctions
defined in (30) and (31), respectively.

On the basis of the general binary DT theory, we need to verify the following two key
conditions:

SF=Ust -stu, (38)
and

SH=v'st—stv. (39)
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Here, the new Lax pair (U’, V') is defined by
1
U=IA+P, V = A+P— EA(p’2 —P)), (40)
where P’ is given by

, 0o p + -
Pr=|g | =Prsia+ass (41)
Thus, the formulation of a class of binary DTs for the matrix integrable NLS equation (12)
reduces to verifying the two conditions (38) and (39).

We point out that when the eigenvalues satisfy the following non-degeneracy condi-
tions:

Will<i< NN {kil1<i<N}=0;
Li# A 1 <i#j<N; (42)
hi#dp 1<i#j<N;
then (36) reduces to Darboux matrices in the standard N-fold DT formulation, which has
been extensively studied in the literature (see, e.g.[3,4,21-25]). If some eigenvalues coin-
cide with adjoint eigenvalues, then the matrix M must be constructed with care, and the
resulting formulation yields more intricate solutions [10]. Such situations arise naturally
in the context of spectral matrices associated with reductions, for example, in the case of
orthogonal Lie algebras.
We can now establish the following two propositions, as has been done in many related
contexts (see, e.g. [8,10]).
Employing the formulas for the Darboux matrices ST and S~ in (36), one can derive
their partial fraction decompositions, as summarized below.

Proposition 3.1: Let S™ and S~ be the Darboux matrices defined by (36). Then their partial
fraction decompositions are given by

N ~ N A~
M, M

S b= > A S =D+ D (43)
/1—/1,' : i_li

i=1

where the vectors v and ¥ are defined via the N x N matrix M by

{(Vi\/l"’g/[’--wVM)M: (V1> v25. .5 VN),

MEMT, @O, L EDDT =619, .. L 00" (49

From the above proposition, we deduce the following result.

Proposition 3.2: For the Darboux matrices St and S~ defined in (36), the following
properties hold:

St(Aivi=0, S () =0,1<i<N, (45)
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provided that ST (A;) and S~ (;li) are well-defined, and
ST()S™(A) = b, S = =57, (46)
provided the orthogonality condition
f/,-vj =0, ifij= /Ali, where1 < i, j <N, (47)
is satisfied.

The condition (47) is required when eigenvalues coincide with adjoint eigenvalues. In
particular, the first identity in (46) guarantees that St (1) and S~ (4) are mutual inverses.
For brevity, we introduce the block vectors:

v= (..., =00 0T (48)

and the diagonal matrices

oy ( 1 1 1 ) iy ( 1 1 1 )
= dila 5 e 5 = dia, ~ > PSRRI ~ .
) I P e FEE g B\ -4 i

(49)
Then the Darboux matrices admit the compact form:
st = Ly, — VM_lﬁf/,
. (50)
§™ = Ly + vFM™10.
One can verify the identity
by =F"'M— MF!, (51)
which holds entrywise. Using this, a direct computation yields
STS™ = Ly — vM™'FD + vFM ™% — vM T FWEM ™0 = Dy
Taking the limits at infinity, we obtain
N
Si’_ = - Z(M_l)ijVi{’j = —vM™19,
N (52)
ST = D (M Hywivy =vM ™',
ij=1
which immediately implies S| = —S7 .

We are ready to present a class of general binary DTs for the matrix integrable NLS
equation (12), without imposing the skew-symmetric reductions on p and q.

Theorem 3.1: Let v; and V; (1 < i < N) be defined by (30) and (31), respectively, and let
the M-matrix be given by (33), with the entries mfj defined via (34), (35), and (32). If the
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orthogonality condition (47) holds, then the matrix integrable NLS equation (12) admits the
following binary DT:

¢ =Sty, w =yS, P =P+STA+AS], (53)
where ST and SI—L are defined by (36) and (37), or equivalently by (50) and (52).

Proof: Assume that U’ and V’ are defined as in (40), with P’ given by (41). The proof then
reduces to verifying the two key conditions (38) and (39).
We first verify the spatial condition (38). From the spectral problems, we have

vy = AvD + Py, ¥, = —(DVA + 7P), (54)
where
D = diag(11, 42, ...,An), D = diag(A1,2,...,4N). (55)
Applying the definition of M in (33) together with (34) and (35), we obtain
My =90v, O = (05)NxN = (A)NxN- (56)

Using the compact forms (50) and (52) for ST and Sli, together with the derivative formulas
above, a straightforward calculation gives the spatial condition (38), where we have used
the identities

D=—-F1'4ily, D=—-F '+, (57)

and (51). Thus, the spatial condition is satisfied.
Next, for the temporal condition (39), we similarly have

vi = AvD? + PvD+ WPy, 9, = —(D*PA + DoP + YWy, (58)

with
Wl = v - 2A - P = —%A(P2 - P, (59)

and
M;=7Ev, E=(Ej)nxn = (4 +i)A +P)yxny = DA+ AD+ (P)yxn.  (60)

A direct, though lengthier, computation using the compact forms of S* and S{, together
with

PP=P+SfA—ASf =P—vM WA + AvM™'9,

and the identities (57) and (51), shows that the temporal condition (39) also holds.
Hence, both spatial and temporal condition are satisfied, which completes the verifica-
tion of the binary Darboux transformation. |
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3.2. Thereduced case associated with so(2m)

The transformed potential P’ defined by (41) must satisfy the orthogonal symmetry
condition associated with so(2m):

Py = —(P)T, (61)

where X is defined in (18). Equivalently, in terms of the binary DT in (53) and using (46),
this reduction condition can be expressed as

T[S AT = [(SHT, Al (62)

where S is given explicitly by (52).
To this end, we choose the adjoint eigenvalues

;11'2/11‘, 1§1§N’ (63)

and define the corresponding adjoint eigenfunctions, according to the symmetry of U and
V., by

=vIzT=vIz, 1<i<N, (64)

1

where we have used the fact that 27 = X.
Furthermore, we impose the orthogonality condition

f/jvi =0, whenever ij =i, 1 <i,j <N, (65)

to ensure that the two Darboux matrices ST and S~ are inverses of each other.
Now, for /lj # A, one can verify that

Vivj v] L vi Zvj Vivi
~ ~ ~ ~ i
Li—di =i hi=dp A=

mjj =

For ;lj =i, 1 <i,j < N, we have
(mjj 4+ mjy)x = (mj + mj)e = 0, (66)
so that we can have MT = —M. Then, from (52), it follows that
2sFrt = —(sHT, (67)
and together with
IAT T = —A, (68)

this guarantees (62) and hence the reduction property (61) for the transformed potential
matrix P'.
The result can be summarized as the following theorem.

Theorem 3.2: Let the adjoint eigenvalues {1;|1 < i < N} and the adjoint eigenfunctions
{Vi|1 < i < N} be defined by (63) and (64), respectively. Assume that M is defined by (33),
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and that whenever ;11- = Ajfor1 < i,j < N, the corresponding entries mfj of M are determined
by (34) and (35), satisfying

mfj = —mfi, when ;lj =1, 1 <i,j <N, (69)

so that MT = —M. If, in addition, the orthogonality conditions (65) hold, then the transfor-
mation (53) defines a binary DT for the skew-symmetric matrix integrable NLS model (12).

3.3. Anillustrative example

We note that N must be even in order for M to be skew-symmetric and invertible. We now
illustrate the construction with an example for m =3 and N =2, starting from the zero
seed potential. At this moment, the eigenfunctions are

v = (elix—l—)»%tlugi]T, e—iix—iftﬂgi]T)T’ 1<i<2, (70)
and the adjoint eigenfunctions are
hi=vIZ, 1<i<2 (71)
Here u Jm eC3 1< j < 2, are constant column vectors.

Since /Ali = Aj, 1 < i < 2, the orthogonality conditions
bvi=vIZvi=0,1<i<2, (72)
must be satisfied. These are equivalent to
T =0, 1<i<. (73)

If we take m{, = m$, =0, two more sets of orthogonality conditions must also be
considered. The first set,

ViAv;=0,1<i<2, (74)
is automatically satisfied. The second set,
2/1if/,-Av,- =0,1<i<2, (75)

which follows directly from (74). Consequently, the only the conditions in (73) need to be
imposed.
It is then straightforward to compute from

P =18, Al = =2(5")12,
that
, 2(A1 — 22) (U111 2,12 — H112M42,1,1)

o= — =
P12 =—Pn Iugl]TﬂEZ]e—z(/hx—i-).%t)+ﬂ[11]T#£2]e—2(22x+i%t),

2(A1 — A2) (U111 12,3 — H1,1,342,1,1)

Pis=—ps = =
0T 2lem20xeztn g T ) Rl o—200x+230

2(A1 — A2) (1128213 — H1,1,342,1,2)

Phy = —Ph = TP
ﬂgﬂTﬂgz]e—z(zlxw.%t) + ﬂgl]Tﬂgz]e—z(zzxﬂgt)

(76)
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Similarly, from

g =S5, Alar = 2(S)a1,

we have
i = —dy; = 2(41 — 22)(H12,1 222 — H1,22M22,1)
2= "9 =~ —,
ﬂgl]Tﬂ[IZ]ez(/lzx—i-).%t) + #[ll]T#£2]e2(21x+A%t)
/ / 2(41 — 22)(M12,1 223 — H12,3M22,1)
q13 = —4931 = — [T (77)

ﬂgl]TﬂEZ]ez(Aszét)_,_ﬂl ﬂ£2]ez(zlx+/1%t)

2(A1 — A2) (1228223 — H1,23122,2)

/ /
A3 = —q32 = — .
ﬂg]Tﬂgz] 2(ax+230) 4 ugl]Tﬂg]ez(mfoo

Here, we assume that S} is partitioned in the same manner as U, and that

P, = (P:'j)3><3> ql = (q:j)SXS’ ﬂgr] = (,ur,s,l, Mr,s,2> ,ur,s,3)T> 1<rs<2 (78)

Under the conditions in (73), these functions provide explicit solutions to the matrix
integrable NLS model with skew-symmetric matrix potentials in (12).

4. Concluding remarks

This paper investigates binary DTs for the integrable NLS equation with two skew-
symmetric matrix potentials, using the extended M-matrix generating scheme. The result-
ing DT structures play a fundamental role for exploring the integrable dynamics of the
considered matrix NLS model. Starting from the vacuum state, repeated applications of
these binary DTs yield a wide variety of explicit, exact soliton solutions. The concrete
example presented here illustrate the diversity of coupled nonlinear integrable systems,
demonstrating the practical applicability of the framework and the rich integrability struc-
tures inherent in such systems. In particular, the M-matrix must be extended to handle
cases where eigenvalues coincide with adjoint eigenvalues, for which the classical M-matrix
formulation becomes inapplicable.

By examining the eigenvalues of the associated spectral problems, soliton solutions can
be classified into types such as negatons, positons, and complexitons [26,27], and further
categorized into solitons, breathers, kinks, anti-kinks, lump waves, rogue waves, and vari-
ous mixed interaction solutions. Interaction solutions may even involve arbitrary functions
(see, e.g. [28]). Particular solutions can be obtained via reductions of wave numbers from
general soliton solutions (see, e.g. [29,30]). Lump wave solutions, in particular, have been
extensively studied in both linear and nonlinear models (see, e.g. [31,32]).

We further note that increasing the number of dependent variables or including higher
powers of the spectral parameter in the spatial spectral matrix can generate larger and
more complex integrable systems (see, e.g. [33,34]), including integrable couplings (see,
e.g. [35,36]). Such complexity, especially with the emergence of non-localities, intro-
duces additional analytical challenges. Nevertheless, classifying these extended integrable
systems and studying their dynamical properties will enhance understanding of the fun-
damental mechanisms underlying nonlinear dynamics and integrability in mathematical
physics [37,38].
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