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Abstract

This paper aims to introduce a real four-component integrable extension of the complex
Kaup-Newell soliton hierarchy. Following a general idea for extending the standard
Kaup-Newell spectral matrix, we propose a specific matrix eigenvalue problem involving
four real potentials and construct the corresponding integrable Hamiltonian hierarchy
via the zero-curvature formulation. A recursion operator and a bi-Hamiltonian structure
are presented to demonstrate the Liouville integrability of the resulting hierarchy. As
an illustrative example, we derive an integrable system of four real derivative nonlinear
Schrodinger equations, each containing two linear dispersion terms and generalizing the
standard complex derivative nonlinear Schrédinger equations.

Keywords: matrix eigenvalue problem; zero-curvature equation; integrable hierarchy;
recursion operator; derivative nonlinear Schrodinger equations

MSC: 37K10; 37K15; 35Q058

1. Introduction

Integrable models typically arise in hierarchies equipped with hereditary recursion
operators [1] and are associated with Lax pairs formulated as matrix eigenvalue prob-
lems [2]. Such matrix eigenvalue problems also underpin the inverse scattering transform,
which provides a powerful method for solving Cauchy problems of nonlinear integrable
models, as well as Hamiltonian structures that link symmetries with conserved quantities.
Owing to these rich mathematical structures, integrable models find wide-ranging applica-
tions in the physical sciences and engineering, including nonlinear optics, fluid dynamics,
and quantum mechanics.

Among the well-known examples of integrable hierarchies is the Ablowitz—Kaup—
Newell-Segur (AKNS) hierarchy [3] and its various hierarchies of integrable couplings [4].
Lax pairs provide a fundamental framework for studying integrable models via the zero-
curvature formulation [4-6]. Classical soliton hierarchies are typically associated with
Lax pairs constructed from semisimple Lie algebras, whereas integrable couplings arise
from Lax pairs based on non-semisimple Lie algebras. It is therefore of considerable
interest to explore what kinds of Lax pairs can generate integrable models. In this paper,
by analyzing possible integrable extensions of Kaup—-Newell-type Lax pairs, we propose a
novel 4 X 4 matrix eigenvalue problem and construct the corresponding integrable hierarchy
of generalized Kaup—Newell models.
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The zero-curvature formulation provides a systematic framework for constructing
integrable models (see [6] for details). As usual, we denote the column vector of potentials
by u = (u1, - ,u,)T and the spectral parameter by A. Let

§=g®C[AA (1)

be a loop matrix algebra associated with the matrix Lie algebra ¢ and the loop parameter A.
A matrix Eg € §is said to be pseudo-regular if it satisfies

[Keradg,, Keradg,| = 0, Imadg, ® Keradg, = §, ()

where adg, denotes the adjoint action of Eg on ¢, and Keradp, and Im adg, are the ker-
nel and image of the operator adp,, respectively. We fix one pseudo-regular matrix
Eo and choose r linearly independent matrices Eq, - - - ,E, in § to construct the spatial
spectral matrix:

M = M(u,3) = Eo(A) + mEy(A) + - - + 1, E (M), ®)
We then seek a Laurent-series solution

Y=Y ARyl vl e g (4)
k>0

to the stationary zero-curvature equation
Yy = [M,Y] (5)

in the underlying loop algebra §. The key point is to determine the solution Y recursively
from the initial data for Y.
We further proceed to construct an infinite sequence of temporal spectral matrices
1
NI =AYy, + 4, AY)e =Y AR 1>, (6)
k=0

where A; € §, | > 0. These matrices serve as the temporal parts of the Lax pairs, such that
the zero-curvature equations

My~ N4 M AN =0, 1>0, 7)
generate a hierarchy of integrable models:
=zl =zWw), 1>0. (®)

ut,

The equations in (7) represent the compatibility conditions of the associated spatial and
temporal matrix eigenvalue problems,

ox = Mg, g, =N, 1> 0. )

In practice, a trial-and-error procedure is often required to determine appropriate choices
of A[.
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Finally, we establish a bi-Hamiltonian formulation for the resulting hierarchy (8). This
is achieved by computing a recursion operator and applying the so-called trace identity

o oM PR oM
%/tr(Yﬁ) dx = A S (YED, (10)
where % denotes the variational derivative with respect to #, and « is a constant indepen-

dent of the spectral parameter A, determined by

= —%%ln|tr(Y2)|. 1)
Consequently, a bi-Hamiltonian formulation can be generated for every equation in the
hierarchy, thereby establishing its Liouville integrability (see, e.g., [6,7]).

There exist various hierarchies of Liouville integrable models with different numbers
of potentials that have been studied extensively in the literature [3-12]. One-component
integrable hierarchies include the Korteweg—de Vries hierarchy, the nonlinear Schrodinger
hierarchy and the modified Korteweg—de Vries hierarchy [1]. The case of two compo-
nents is particularly well studied, with well-known examples including the Ablowitz—
Kaup-Newell-Segur integrable hierarchy [3], the Heisenberg integrable hierarchy [13],
the Kaup-Newell integrable hierarchy [14,15] and the Wadati-Konno-Ichikawa integrable
hierarchy [16]. All these hierarchies are associated with 2 x 2 spectral matrices. In contrast,
the construction of integrable hierarchies based on higher-order spectral matrices presents
substantially greater challenges (see, e.g., [17]).

We consider multi-component extensions of the Kaup—Newell spectral matrix of the
following block form:

AN Ap

12
ek | (12)

2

where Aj and Aj are two constant square matrices, and p and g are matrix-valued poten-
tials, which are not necessarily square. In order to ensure the existence of a Laurent-series

solution
A B

c D

Y = , (13)

partitioned in the same manner as the spectral matrix M, to the stationary zero-curvature
equation, Equation (5), we need to impose the following conditions:

[A,A1] =0, [D,A2] =0, [A,pq] =0, [D,qp] =0, (14)

where the last two conditions are not required in the AKNS-type framework. In what
follows, we focus on the case where p and g are square and A; and A; are diagonal blocks.

There are various multi-component Kaup-Newell-type integrable nonlinear Schrédinger
equations proposed in the literature. For example, in [18], a generalized matrix Chen-
Lee-Liu-type system associated with the generalized Kaup—Newell spectral matrix in their
Equation (2.3) is studied. Likewise, Zhou and Yu in [19] establish a generalized Kaup—Newell
matrix spectral problem and derive a multi-component Kaup—Newell system together with
its nonlocal integrable reductions, associated with the spectral matrix in their Equation (3).
Moreover, in [20], a generalized Gerdjikov—-Ivanov spectral matrix in their Equation (5) and
the Lax operator M in their Equation (8) are formulated for the construction of an integrable
hierarchy, although M is not completely specified since the involved constants ¢, remain
undetermined. It is of particular importance to develop a general and workable procedure
for successfully generating Kaup—Newell-type integrable hierarchies that constitute complete
sets of commuting Lie symmetries of differential-polynomial type for each nonlinear equation
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in the hierarchy, while simultaneously possessing associated spectral problems satisfying
the spectral theorem. More importantly, such a property requires that the eigenfunctions of
the associated recursion operators, namely, the squared eigenfunctions of the corresponding
matrix spectral problems, form a basis that is complete in a suitable normed function space.

In this paper, following the construction idea outlined above, we propose a real four-
component integrable extension of the standard Kaup—Newell soliton hierarchy. In particu-
lar, a specific 4 x 4 spectral matrix with four real potentials is proposed, and a hierarchy
of real four-component Liouville-integrable models is generated via the zero-curvature
formulation. A recursion operator is derived from the relations between the associated
vector fields, and a bi-Hamiltonian structure is established using the trace identity, thereby
demonstrating the Liouville integrability of the resulting hierarchy. As an illustrative exam-
ple, we obtain a class of generalized coupled integrable derivative nonlinear Schrodinger
equations with four real components. Finally, concluding remarks are presented in the
last section.

2. An Integrable Extension with Two Diagonal Blocks

Let a7 and ap be two arbitrary real numbers satisfying
o =01 —ay #0, (15)

and let u = u(x,t) = (uy,up, u3, ug)T be a column vector consisting of four potentials. We
begin with two diagonal blocks

Ay = diag(aq, 1), Ap = diag(ag, a2), (16)

and two square matrix potentials of the form

ui Uus Us Uy
prm— ; pr— . 17
p [”2 ul]q l”‘l u3] (17)

Therefore, the matrix eigenvalue problem takes the form

Dél/\z 0 /\Ml )\uz

0 o1 )Lz —)\uz )\u1
)\Mg }\Ll4 0(2)\2 0 ’

—/\u4 }\ug 0 Déz/\z

¢x =Moo =Mu,A)p, M= (18)

where A is the spectral parameter. This spectral matrix M constitutes a generalization of the
standard Kaup-Newell eigenvalue problem [14]. Interestingly, starting from this eigenvalue
problem, we can generate an associated integrable hierarchy of bi-Hamiltonian Kaup-
Newell-type equations. All equations in the hierarchy exhibit characteristic combined
structures of dispersion terms.

To construct the associated integrable hierarchy, we begin by solving the stationary
zero-curvature equation, Equation (5). In order to satisfy the basic requirements in (14), we
assume that the matrix solution Y takes the form

a f b e
—f a —e b —kylK]
Y = — Y A kyl, (19)
¢ s 0 |k
-8 ¢ f —a
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Substituting this ansatz into the stationary zero-curvature equation, Equation (5), we find
that it is equivalent to the following system:

ay = Acuq — Aguy — Abuz + Aeuy,

by = aA?b — 2\auq + 2A fuo, (20)
cy = —aA?c+2Mauz — 2A fuy,

and
er = aA2e — 2A fug — 2Aauy,

gx = —aA?g + 2\ fuz + 2Aauy, (21)

fx = Aguy + Acup — Aeuz — Abuy.

We further assume that the entries of Y admit Laurent expansions in A of the form

a= Zn>0 A72ka[k]’ b= Zk>0 A72k71b[k]’ c= Zk>0 /\72k71C[k],
B B B (22)
e =Yoo A F e, f =T gA 2, g = Tyog A2 1ghL
From (20) and (21), one readily verifies the identities
alay = —ugby — uycx + ugex + Uzgx,
(23)
—aAfy = ugby + upcy + usex + u1gx,

which play a key role in deriving the recursion relations. Comparing coefficients of equal
powers of A, we obtain the initial relations

0% = 11l — 1y gl — 1y5pl0) 4 4610,
{ f3£0} = Mlgm + upel® — uzelll —uyblO), 0
together with the recursion relations, valid for k > 0,
{ A 2 1l el el 4 gl o
E 3t b e+ s g,
plk+1] — %(bLk] + 2uqalk 1l — 2y, k1],
{ Clet1] %(7C£Ck] T+ 2uzalk 1) 2y, £, (26)
and
elk+1] — %(e,[ck] + 2y fIH 4 200l
{ gl = 1(— gl oy oy fliH1] 9y glie ), )

These relations determine the Laurent-series solution Y and, thus, generate the associated
integrable hierarchy.

To ensure the uniqueness of the Laurent-series solution, we prescribe the following
combined initial data:

(28)

bl = Buy +quy, ¢ = Bug + yuy,
el = Buy — qyuy, g0 = Buy — yus,

where 5 and <y are arbitrary constants, at least one of which is nonzero. From (20) and (21),
we obtain
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abl0 — 2(al0lyy —f[o]u2) =0, acl) —2(al0ly, —f[o]u4) =0,
066[0] — Z(f[o]ul + Q[O]MZ) =0, 068[0] — Z(f[o]u?) + g[o] 1,[4) =0,
which yields
1 1
o — = o — _Z
a 204,8, f e (29)
Furthermore, the constants of integration are fixed by the normalization conditions
a[k] |u:O = 0/ f[k] |u:0 = 0/ k > 1. (30)

Note that the parameters  and < play an essential role: different choices of these constants
lead to different associated integrable hierarchies. Using the recursion relations derived
above, one can compute the first nontrivial coefficients explicitly. In particular, we obtain

alll = —L1[(Buz + yus)us + (yus — us)ua),
S = Ll(yus — Bug)us — (Bus + yus)us),

b = L{Buy x + yuzr — 2[(Bus + yuua)uy + (yus — Pus)uzluy
—2[(yus — Bua)us — (Bus + yus)uslus},

M = 1{—Bus — yuy, — 2[(Bus + yug)uy + (yus — Pug)uslus

— 2 [(yus — Bua)uy — (Buz + yua)uslus},

and
elll = L{—quy o + Bug s + 2[(yus — Bua)ur — (Bus + yuus)uz)ug

—2[(Bus + yus)us + (yuz — us)uz]us},
g = Llouzx — Busy + 2[(yus — Bus)ur — (Buz + yus)uz]us
—2[(Buz + yug)ur + (yuz — Pug)uz)us}.

These recursion relations enable us to introduce the temporal matrix eigenvalue
problems:

oy, = Nl = N, 1), NI = 2221y, 1> 0, (31)

where the subscript + denotes the polynomial part of A. The compatibility conditions
between the spatial and temporal matrix eigenvalue problems (18) and (31) are exactly the
zero-curvature equations given in (7). As a consequence, these zero-curvature equations
generate a hierarchy of integrable models with four potentials,

w, =z = 20wy = 0}, el), ), )T, 1> 0, (32)
or, equivalently,
ul,tl = bj[cl]/ u2,tl = e.gtl]/ u?),tl = CLZ]/ u4,t1 = g,gfl]/ I Z 0. (33)

The first nontrivial nonlinear member of this hierarchy corresponds to I = 1 and yields
a system of combined integrable derivative nonlinear Schrédinger equations:
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Uy = g (Bt + Yit200) — Z{[(Buts + yuua)ur + (yus — Pua)uzlus }x
—Z{[(yus — Bug)us — (Buz + yuq)uzluz}r,
U, = — 2 (YU1xx — Ptinex) + Z{[(vu3 — Bua)ur — (Buz + yua)uz)us }x
— 5 {[(Bus + yua)u1 + (yuz — Bug)uz)uz }y, -

Uy = = (B + Yita ) — 2 {[(Buts + yuua)us + (yus — Bua)uzlus}x
—Z{[(yus — Bua)us — (Buz + yug)uzlu}y,

Ugp, = +(YU32x — Pitax) + 2 {[(vuz — Bua)us — (Buz + yug)uz)us}y
— 5 {[(Bus + yua)u1 + (yus — Pug)uz)ig}x.

This system defines a combined coupled integrable model with four potentials, enlarging the
class of coupled integrable derivative nonlinear Schrédinger equations (see, e.g., [21-26]). A
distinctive feature is that each equation involves a linear combination of two second-order
dispersion terms, motivating the term combined models.

Two special reductions of the hierarchy, corresponding to f = 0 or v = 0, are of
particular interest. These choices lead to reduced hierarchies of uncombined, yet still
coupled, integrable models.

For instance, setting « = B = 1 and 7 = 0 in (34) yields the coupled integrable
derivative nonlinear Schrédinger system

Ui g, = gy — 2[(ugus — uptig)uqg — (uquy + upuz)us)y,
Up g, = Upxy — 2[(urug + upuz)uq + (uquz — uptig) sy,
Uz g, = —U3 xx — 2[(u1u3 — upuig)uz — (Ugtiy + UoU3)Uy]x,
Ugp, = —Ugxy — 2[(U1g 4+ upuz)uz + (U3 — Uiy )Uy)y.

(35)

Alternatively, choosing « = v = 1 and § = 0 produces another coupled integrable
derivative nonlinear Schrodinger model,

Uy g, = Upxyx — 2[(urug + upuz)uy + (uquz — uptig) sy,
Upp, = —Uqxx + 2[(u1u3 — upug)uy — (Ugty + 1uouz)us)y,
Uz g, = —Ugxy — 2[(Uq1g + upuz)uz + (Uguz — 1oy )uy]yx,
Ugp, = U3y + 2[(uruz — uptig)uz — (U1 + upuiz)ug)y.

(36)

Moreover, Equation (35) becomes Equation (36) after the replacement

(1), Uy, Uy Uapy) = (—Uopy, Ui, —Uap, U3 ),
which corresponds to a permutation combined with sign changes of the time derivatives.

3. Bi-Hamiltonian Formulation

The spatial matrix eigenvalue problem (18) provides the foundation for a Hamiltonian
formulation of the soliton hierarchy (33). In particular, the Liouville integrability of the
hierarchy can be established by means of the trace identity (10).

Using the Laurent-series representation of the stationary zero-curvature solution Y
given in (19), one readily computes
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tr(Y%) = 2(2aMa + bug + cuy — euy — gui),
oM (37
tr(Y—=—) = 2(Ac, —Ag,Ab, —Ae)T.
ou
An application of the trace identity yields
% /‘/\_2"_1(2&11[”1] + uzbl 4 py el — gy el — uzg[k])dx
= A DN, gl )T, k> (38)

Using the expressions for alll plol cl0] [0l and g[o], we have
2aa[1] + u3b[0] + ulc[o} . u4e[0] —_ uzg[o] f— 0

0]

Hence, the above identity implies that xcl0) = xb[0) = xel0l = x¢l0 = 0, which in turn yields

x = 0. Consequently, we obtain

0

Zylk = (K oK Bl _oNT g >

M’H (e, —g™, b, —e™)' k>0, (39)
where the Hamiltonian functionals are defined by

0] — /[ﬁ(ulu3 — uptly) + y(ugug + upuz)| dx,

(40)
HM = — / %(20«1[“1} + ugb® 4y M — ek — uzg[k]) dx, k> 1.
As a result, the hierarchy (33) admits the Hamiltonian formulation
] SHW
Uy = ZM = hW' >0, (41)
where the Hamiltonian operator J; is given by
o |60 5
= (42)
o 0 0
0 —o

Therefore, for each flow in the hierarchy, there exists a one-to-one correspondence
M
Z= Su
u

between a symmetry Z and a conserved functional H.
Moreover, the vector fields Z¥! satisfy the characteristic commutativity property

[z, zIRl) = zlkl7 () [z — ZIRV () [z]) = 0, ky, ky > 0, (43)
which follows from the algebraic relations among the temporal Lax operators,
[Nl Alel] = Al ) [zl — ARl () [zIa]] 4 T ARl = 0, K,k > 0. (44)

These identities can be verified directly by examining the relations between the isospectral
zero-curvature equations; see, for example, Ref. [27] for further details.
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On the other hand, starting from the recursion relation

ZzIH] — @z

we can explicitly construct a hereditary recursion operator @ = (®j;)4x4 [28]. Its entries
are given by

{ ®yp = 10y — 3 (0119 "us — 0upd i), Prp = (0119 ug + 9120 u3), )
D3 = —a%(aula_lul — 8u28_1u2), Dy = %(aula‘luz + auza_lul),‘
{ ®y1 = — 5 (0u10 g + 0uzd uz), @pp = 10y — L (0u10 " us — 0uzduy), »
D3 = — 5 (0w up + 0upd Muy), Doy = — 5 (9u10~ 'y — 0 lun);
Dy = — ; (30~ 'uz — 0ugd'uy), P3p = 5 (30 'uy + 0ugd us), W)
P33 = — 20y — 5 (030 'uy — 0ugd'up), Pag = 5 (0uz0 ' up + ougd us);
Dyy = — 5 (0u30 "uy +0ugd ' uz), oy = — 5 (duz0uz — dugdluy), us)
Dy3 = — 5 (0u30 'y +0ugd Muy), Pay = —19x — 5(duz0 'y — g0 lun).

A direct but lengthy calculation (see, e.g., [29] for an illustrative example of such proofs
for Hamiltonian operators) can be carried out to show that the Hamiltonian operators J;
and [, = ®J; form a Hamiltonian pair; that is, any linear combination of J; and J, is again
a Hamiltonian operator. Note that the recursion operator ® and the second Hamiltonian
rSu , 1 >0,
respectively. Consequently, the hierarchy (33) admits a bi-Hamiltonian formulation in the
sense of Magri [30]:

operator ], are well defined on the spaces spanned by Z[/l, I > 0, and ¢

sH SHI-1]
=20 =h=5 - =h—p— 121 (49)

As a result, the Hamiltonian functionals H !/l commute with respect to both Poisson brackets
associated with [; and ], [6]:

SH k] SH k]

(3l ey, / (55 W5 dx =0, kuka >0, (50)
and ) o
dHM OH™2

(3l pliely /( o) = dx = 0, ki ky > 0. (51)

The bi-Hamiltonian structure further implies the hereditary property of the recursion opera-
tor @, which, therefore, serves as a common recursion operator for the entire hierarchy (33).
In conclusion, each model in the hierarchy (33) is Liouville integrable and possesses
infinitely many commuting symmetries {Z[¥ } oo and conserved Hamiltonian functionals
{#HI teeo- In particular, the coupled system (34) provides a concrete example of a non-
linear combined Liouville-integrable Hamiltonian Kaup—Newell-type model with four
components, enriching the existing class of such integrable systems (see, e.g., [31]).

4. Concluding Remarks

By analyzing possible integrable extensions of the standard Kaup—Newell matrix
eigenvalue problem, we propose a specific 4 x 4 matrix eigenvalue problem and construct
a hierarchy of real four-component Liouville-integrable models via the zero-curvature
formulation. A key step is to construct a particular Laurent-series solution of the corre-
sponding stationary zero-curvature equation with combined initial data. Using the trace
identity, we further show that the resulting integrable hierarchy possesses bi-Hamiltonian
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structures and a hereditary recursion operator. These results provide an integrable real
four-component extension of the standard Kaup-Newell soliton hierarchy.

It is worth noting that the Kaup-Newell-type spectral matrix considered in (18) differs
from those in [21,31] in two respects. First, the coefficient matrix of AZin (18) possesses two
repeated real eigenvalues, a1 and &y, and involves two negative signs. In contrast, the cor-
responding coefficient matrix in [21] generally has four purely imaginary eigenvalues, i
and Fai. Second, the spectral matrix in [31] does not involve any negative signs. Moreover,
the spectral matrices with four components in [22,26] are of AKNS type, and are therefore
fundamentally different. It is also interesting to note that the Lax pairs in (18) and (31)
could be derived from the 2 x 2 Kaup—-Newell Lax pair through a collective transformation

B —iv

£ Ty
[BZ + ,),2

Y1 =1 +ido, Yo = P3+idy, g =uy —iup, ¥ = Uz — iy, t —

where ¢ = (¢1, ¢, 3, ¢4)7 is the eigenfunction of the spectral problem (18), and ¢ = (11, ¢p2)"
is the eigenfunction of the 2 x 2 Kaup—Newell spectral problem involving the two potentials
g and r. In particular, the four-component integrable system in (34) can be generated from
the Kaup-Newell system

1 2 1 2
qe = Eﬂxx - ;(q%’)x, re = *&rxx - E(q#)x-

More specifically, the reduced system (35) is obtained without any change of the time
variable ¢, whereas the reduced system (36) is derived through the rotation transformation
t — —it. However, such a transformation does not necessarily preserve integrability
properties. One illustrative example is the backward heat equation u; = —uyy. Its Cauchy
problem on the real line is not well posed, although it is formally generated from the heat
equation uy = uyy through the time reversal t — —t.

It is also of particular interest to understand what mathematical structures of soliton
solutions may exist for the integrable models presented here. Various powerful methods
are available for this purpose, including the Riemann-Hilbert technique [32], the Zakharov—
Shabat dressing method [33], the Darboux transformation [34-36], and determinant-based
approaches [37]. In addition to solitons, other coherent structures such as lumps, kinks,
breathers, and rogue waves, as well as especially their interaction solutions, are also of
significant interest (see, e.g., [38—44]). Often, these solutions can be obtained by applying
suitable reductions to multi-soliton solutions.

Recently, nonlocal integrable reductions have attracted considerable attention. Such
models arise from nonlocal symmetry reductions or similarity transformations of Lax pairs,
and their soliton solutions deserve special study due to their novel mathematical structures
and physical significance (see, e.g., [45]). Nonlocality leads to a rich variety of new linear
and nonlinear phenomena in solutions.

Integrable models are of broad interest because they provide deep connections between
mathematics and real-world phenomena. They are closely related to diverse areas of
mathematics, including algebraic geometry, Lie theory, and the theory of special functions.
The study of integrable models not only offers insight into universal dynamical behaviors
of physical systems, but also underpins the understanding of complex wave phenomena in
the mathematical, physical and engineering sciences (see, e.g., [46]).
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