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Abstract A class of trilinear differential operators is introduced through a
technique of assigning signs to derivatives and used to create trilinear differential
equations. The resulting trilinear differential operators and equations are
characterized by the Bell polynomials, and the superposition principle is applied
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1 Introduction

Bilinear differential equations are significant for their applications in physical
and engineering sciences and the advancement of mathematics itself [9,12]. The
Hirota bilinear D-operators [10] provide an amazingly powerful and beautiful
tool for dealing with nonlinear differential equations solvable by the inverse
scattering transform [8,12].
It is known that under u = 2(ln f);5, the Korteweg-de Vries (KdV)
equation
Uy + 6uty + Ugpr = 0 (1.1)

is transformed into the Hirota bilinear form [10]:
(DaDy+ Dg)f - f =0, (1.2)

ie.,

fa:tf - fxft + fxxxxf - 4fmxxfm +3fz2z = 0;
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under u = 6(In f),,, the Boussinesq equation
Ut + (UQ)J?J? + Upggr = 0 (13)
is put into the Hirota bilinear form [23]:
(D} +Dy)f - f=0, (1.4)
ie.,
ffee — ft2 + f fozze — 4fe foze + 3f3x = 0;
and under v = 2(In f),, the (3 + 1)-dimensional generalized Kadomtsev-
Petviashvili (KP) equation [21]
Ugzzy T S(U:vuy)z + Uty + Uty — Uzz = 0 (15)
becomes the Hirota bilinear equation
(D3Dy + DyD, + D;D, — D2)f - f =0, (1.6)

ie.,

(fa:x:cy + fta: +fty - fzz)f - 3f:m:yf:v +3f:vyf:m - fyfzzz - ftfz - ftfy + fz2 = 0.

Through the Hirota bilinear form, Wronskian, Grammian, and Pfaffian
solutions [11,13,21,24], including solitons, positons, and complexitons [17,24],
are systematically presented for integrable equations by the Hirota perturbation
and Pfaffian techniques [12]. The Hirota bilinear D-operators [10] are defined
to be

Di"Dyf - g = (0r — Op)" (00 — Ou)" f (2, ) g(2" ) Loy =0 =t
=l fx+ 't +t)g(x — 2’ t — )| w—p—o. (1.7)

For example, we have

Dof 9= feg— f9s,
DyDif - g = fetg — ft9c — fag9t + [ Gut,

Note that in definition (1.7), the Hirota bilinear D-operators take the positive
sign for all derivatives of f and even-order derivatives of g, but the negative
sign for odd-order derivatives of g. Recently, such a rule was generalized to a
more general situation to introduce new types of bilinear differential equations
[19].

On the other hand, Matsukidaira et al. [29] presented a class of trilinear
equations which have Wronskian solutions. In particular, it is shown that the
Broer-Kaup system [3,14]

hi = (hy + 2hu),,  up = (u? + 2hay ), (1.8)
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is transformed into the trilinear form

ffa:a:(f4z - ftt) + fzz(ft - fa:ac)(ft + fa:a:) + f(fzt - f3a:)(fzt + f3a:)
_f:v(fzt - fBz)(ft + f:z:a:) - f:v(ft - fzz)(f:vt + f3x) - fq%(f4z - ftt) = Oa (1-9)

through the dependent variable transformation

h= (0 s, wh =~ (0 Plas — 5 (0 ) (1.10)

Interestingly, the trilinear form was also used to present higher-order version
of integrable lattice equations and fully discrete equations [26-28]. Moreover,
the trilinear form appeared in the construction of multiple soliton solutions
to the Landau-Lifshitz equation [2], and the multilinear forms were applied to
discussion of both singularity of solutions and integrability of the underlying
equations [7].

In this paper, we will introduce a class of trilinear differential operators
and analyze the corresponding trilinear equations. More importantly, we will
establish links between the multivariate Bell exponential polynomials and the
presented trilinear operators and equations. We will also characterize resonant
solutions of exponential waves to the trilinear equations, thereby producing
linear subspaces of their solutions.

2 Trilinear differential operators and equations

2.1 Trilinear Dp-operators
Let
p=(p.pp"),
where p, p/, and p” are natural numbers. Motivated by the generalized bilinear

differential operators [19], we introduce a class of trilinear differential operators
by assigning different signs to derivatives as follows:

(Dpf-g-h) ()
= (_Dz;pl’p//)xf g h)(IE)
= (apax + Clp/ag;/ + Oép//am//)nf(x)g(xl)h(xﬂ)|z//:z/:z
n! i ; .
- > T apad,ap (0, ) (2)(8)9)(x)(5h)(z), n>1, (2.1)
i+j+k=n,1,5,k=0

where the powers of ag (s > 1) are just the signs determined by

' = (=1)rs(m), (2.2)

s

where
m=rs(m) (mods), 0<rs(m)<s, mz=0.
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Obviously, the case of p = p’ = p” = 1 gives the normal derivatives. We can
also easily find that the powers " have the following patterns:

=2k (keN): + — +, —, ..., (2.3)
s=1: 4, +, +, +, (2.4)
s=3: 4+, =, +, + — +, ..., (2.5)
s=5: 4+, = +, = +, + = +, =+ ..., (2.6)
s=7: +, — +, -+ -+ + =+ = + =+ .., (2.7)
for m =0,1,2,...; and thus, we have

D(1,2,3)a:f ~g-h=fegh— fg:h — fghs,
D<2172,3>mf g h = f2zgh - 2fxgach - 2fxghz + f92a:h + 2fgxhz + fgthv

D?1,2,3)zf ~g-h = faegh — 3forgeh — 3foxghs + 3frgosh + 6 fegihe
+ 3feghor — fg3zh — 3fgoshe — 3fguhor + fghse.

A common feature that the Dj-operators share is the Taylor expansion
o0
1 Di i
F@ + apd)g(x + apd)h(z + aprd) = > 5 (Dpof-g-m)a',  (28)
=0

if we define '
e(x + asd) = G:0)(@) i 5, (2.9)
i=0
where the powers o* obey the rule in (2.2).

Trilinear operators in the multivariate case can be similarly defined as
follows:

(DR DI f g W), )
= (Qp, Oy + 0y Oy + 0y Opyy)™ -+ (O Oy + 0y Oy + 0y Dprr )™
X f(x1,...,m)g(xy, ... x))h(x],. .. ,xf’)]m;/:m;:zi,
Niy...,ng =1, (2.10)
where

N
N

B = (pi»pispi)s 1
2.2 Trilinear equations

Given a multivariate polynomial

o — o . .
F —J(xl,la---7$m,17---7x1,l7---7xm,l)7
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through replacing the variables z; ; with the trilinear operators, we can define
a corresponding trilinear differential equation to be

y(Dﬁlvxl""7Dﬁmvl‘l;"';Dﬁlvzll"" [ )f f f—O (211)

Considering a simple case p = (1,2, 3), we particularly have the trilinear KdV-
like equation

(D<1,2,3>xD<1,2,3)t+D(123 Vof-f

= 3fuf? = 2fufef — 8fsufuf +18f5,f — 12fou f2 + fauf?
= 0, (2.12)

the trilinear Boussinesq-like equation

(D<123) +D123 fef
- 3f2tf - 2ft f - 8f3zfa:f + 18f22xf - 12f2zf:? + f4xf2
=0, (2.13)
and the trilinear KP-like equation

(Ds5,tD1,2,3)0 + D?1,2,3) + D} o)l f

= 3futf? = 2fufif = 8fsufuf +18f3,f = 12fouf7 + fauf? +3foy f* = 215 f
= 0. (2.14)
Such trilinear equations are defined through the nice mathematical

differential operators, the trilinear Dp-operators. Naturally, there are two basic
questions on those trilinear equations.

e How can one characterize the trilinear equations presented in (2.11)?

e What kind of exact solutions are there to the trilinear equations presented
n (2.11)7

In this paper, we would like to answer those two basic questions through
applying the Bell exponential polynomials in combinatorics and the super-
position principle in systems theory.

3 Characterization by Bell polynomials

3.1 Bell polynomials

We recall the Bell polynomials and discuss some of their basic properties. Let
y be a C"*° function of x and introduce

Yr = Yrz = a;yv r =1 (31)
The Bell polynomials [1] in combinatorial mathematics are defined by

Yoe(y) = Ya(yr, ... yn) = e Y006V, n>=0. (3.2)
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The first few Bell polynomials read
Yo=1, Yi=y, Yo=yi+uys Ys=yi+3uyy+us
Yi =y + 6yTy2 + 4v1ys + 33 + va,
Ys = o5 + 10y%ys + 10y2ys + 155152 + 5yaya + 10y2ys + U5,
Ys = o5 + 15yty2 + 20ytys + 45533 + 15y3ys
+ 60y1y2y3 + 155 + 615 + 15y2ys + 10y§ + y6.

The Faa di Bruno formula (see, e.g., [4]) shows that the Bell polynomials
are explicitly given by

_ n' mi Mn,

where the sum is over all n-tuples of nonnegative integers (mg,...,my,)
satisfying the constraint

mi + 2mg + -+ +nm, = n.

It is also easy to see that the Bell polynomials can be computed directly from

= yT’ T _ > YTZ(y177yn) n
exp( Do L) = 3o Tl bl (3.4)
_ .

n=0

or recursively from

Yot1(y) = Z <n> Yn—it1Yi(y), n=0. (3.5)

‘ )
=0

The following two properties will be used to link the trilinear Dp-operators
and equations to the Bell polynomials. First, the general representation formula
(3.3) implies the homogeneous property for the Bell polynomials:

Yn(asy17 a§y27 e ,Oé?yn) = a?Yn(yh e 7y7’b)7 (36)

whose left-hand side is computed through first substituting all asy1, a2ys, . ..,
oy, into the Bell polynomial Y, and then collecting powers of a, and
evaluating them by rule (2.2). Second, the general Leibniz rule

Gomlon(fey = Y =L (el (3.7)

il k!
i+j+k=n,i,5,k=0

directly tells the addition formula for the Bell polynomials:

n!
Yoa(y +y' +4") = > o Ve W)Yie () Yee (4"), (3.8)
itjrk=migkz0 I
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where v’ and y” are two additional functions of z. We will see that those
two properties are very helpful in characterizing the trilinear Dj-operators and
equations.

3.2 Triple Bell polynomials

We first characterize the trilinear Dp-operators by the Bell polynomials. For
the sake of computational convenience, we assume that

f=et@ g =e1®) p =@, (3.9)

Then applying the homogeneous property (3.6) and the addition formula (3.8),
we can compute that

(fgh)"'Dy.f-g-h
n' i y _ 7 — y —
= X aap teah (e e (k)
i+j+k=n,i,j,k=0 AR

n! ik
- > ik a0 0 Yia (§) Yja ()Y ()
ijken i k>0 )

= Yn(y17 e 7yn)‘yr=a;£m+a;ﬂ7m+a;,,4r17 (310)

where
grw = 8;5, TNra = 6;777 Crz = a;C7 rz 17

as defined by (3.1).

Motivated by the binary Bell polynomials for the Hirota bilinear D-operators
[16] and the generalized bilinear Dp-operators [20], we introduce triple Bell
polynomials as follows:

277 (w0, w)
- Yn(yl’ e ’yn) ’yr:% [Oé;(umc‘f'vmc‘i‘wmc)‘i‘a;/ (Urx_QUrx+wrx)+a;// (urac+vrx_2wmc)}’
(3.11)
where
Upy = OpU,  Vpg = OV, Wpg = 00w, 1T 2=1,

as defined by (3.1). For example, we have

2,3,5 (2,3,5) 2
@; >(u,v,w) = —uy, %Y., (u,v,w) = uf + ugg,

4
U3y — 7 U3z + 5 W3y,

3 3 3

2,3,5 16 8
@4&, >(u, v, W) = ui + 6u§,uQm + 3 UpUsy + 5 UpV3p — 3 Up W3y
4 2
——w
3

(2,3,5) 3
Yo (u,v,w) = —u, — 3ugzuoy —

2 1
+ 3U2z + = U4y + = Vag

3 3 4x-
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This way, upon setting that

we have, from (3.10), a combinatorial formula for the trilinear Dy-operators:
(fgh)~*Dm fog-h=2PPP) (4 =1n fgh, v=1 L ow=m? (3.13)
g ppp// g- u-ng,v—ng,w—nh. .

Now, to characterize the trilinear equations, we further introduce
Z-polynomials:

Va4

ZE(q) = 2877 (4,0,0), (3.14)

and some examples are
2,3,5
PEN ) = —gp, 2870 (Q) = + 2,

2,3,5
P (q) = —¢% — 34u20 — = @30

3

2 1
GzQ3: + 3¢5, + 5

2,3,5 4
223 (q) = ¢ + 64200 + = :

3 Q4z-

Setting
g=u—v—w=—-Inf+4+2lng+2Inh, v=In=, wzlng, (3.15)

the combinatorial formula (3.13) becomes
(fgh) ™' DY, e f -9+ h =22V (g + v+ w,v,w). (3.16)

With f = g = h, this tells a relation between the trilinear expressions and the
Z-polynomials:

FDY e £ f = P8P (g =3I f). (3.17)
Therefore, a trilinear equation defined by
F(Dp,zr-- Dy, 2)f-f-f=0 (3.18)
with o
F(r11,.. . Tm1) = Z cé-:v}l
j=1i=1

is equivalent to an equation on a linear combination of the &2-polynomials in
q=3Inf:

izn:c ﬁpj (g=3Inf)=0, (3.19)
j=1i=1
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where

and the coefficients ¢;’s are constants. This characterizes our trilinear equations
in one-dimensional case.

3.3 Multivariate triple Bell polynomials
For a C* function y = y(z1,...,x;), let us introduce the variables [6]
Yriyry = Yryzq,..ompa; = a;i to 8;39(331, cee ,CC[), T1,---51 = 0’ (320)
where 1 4+ --- + 1 > 1, and the multivariate Bell polynomials
YTL1{L‘1,...,TLlCEl (y) = Ynl,...,nl (yT'l,...,T'l) = eiya;‘? T a:?lley’ nl) e 7nl 2 05 (321)
which can be evaluated through the following relation:
ox Z Yri,my ) = Z Ynh...,m g
P ool L L nil--omg! b

r4-o4+r =21 ni,...,n; 20
r1,...,71 =20

(3.22)
Four simple examples in differential polynomial form are listed below:

Yot = Yot + Yoty Yout = Yoot + Y2uUt + 20tV + YUt
V3t = Yset + Y32t + 3Y20 1Yz + 3Y20Yat + 3Y20Ylt + 3Yalet + Yot
Yizs = Yaws + Wsol2os + 6Y201Y20 + Y1zt + Wseoao + 33,01
+ 12y00Ye 1Yo + WsaYat + 6Y20,0Y2 + 6Y20y2Ye + Warys + Yoy
Based on relation (3.22), we can readily derive the homogeneous property:
Yoi,n (0417;11 T a;llyrl,...,n) = 04211 T lelynl,...,m (yrl,...,n)’ (3.23)

and the general Lebnitz rule

(fgh) o - 05 (fgh)

l
(H > —)
B NEREN
Uyt Jat !
r=1 ir“l‘]‘r‘f’kr:nr " ]S "
iry Jry ke 20

< (fTO - O g™ O O g) (WG - Ot (3.24)
shows the addition formula for the multivariate Bell polynomials:
Yosor,eoma (y + 3 +37)
! 1!
B (H 2 ir!jr!krl>

r=1 ¢, + Jr + kr = np
iy Jr, kr 20
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X Klml,---,izmz (y)Y]im,---,jlﬂBz (y,)YklzL...,km (y”)- (3-25)

Similarly, for the sake of computational convenience, we assume that
f= ef(:vl,...,xl)’ g= en(zh...,xl)’ b= e((zh...,xl). (326)

Then by the homogeneous property (3.23) and the addition formula (3.25) in
the multivariate case, we can compute that

(Fgh) ™' DR, - D2 f g h

P11 1>

!
| .
— T iy o Jr o kr
= (H Z PR R e A
r=1 ir 4 jr + kr =1y
iry Jrykr 20

% (6—53;11 . ..a;zlef)(e—naill . ..a%zlen)(e—cyﬁ . ..3264)

l
= %oﬂoﬂa ”
(H Z il gl kP PeRY

r=1 ir +]'r+k'r =Ny
ir, Jrykr 20

X Y%1z1,...,ila:l (f)lexl,...,jlzl (n)yk:lzl,...,klzl (C)

!
nT! 71 ]
= (H Z ir!jrlkﬂ)mlm’“"im(am "'O‘pl&"l,--wh)

r=1 ir +]'r+k'r = Nr

iryJr ke 20
. . T]‘ .. ,rl T]‘ .. ,rl
X }/31961,---7]1901(0413/1 O‘pgnm,---ﬂ)Yk1x1,---7klzz(O‘p/l/ O‘pg' 7“1,---77“1)
— N ST
- Yn17~~~7nl (yrl,---ﬂ - apl O‘pl&"lwm
"o ST
+ap/1 apinrlw'w,rl + aplll api/ Tl“"ﬂ”l)’ (3.27)

Let us now introduce multivariate triple Bell polynomials in differential
polynomial form:

D15y _ T AT
%1x1,...,nlzl (U, ’U, ’lU) - YTLL...,TLZ (y’r'l,...ﬂ‘l - ap1 aplngfl‘L...,T'l{L‘l
rl - .. ,r‘l rl - .. rl
+04p/1 O‘pgnrwl,...,rlml + ap/{ Oép;/ rlml,...,rlml)a (3.28)

where &, 7, and ( are defined through the system

u=8+n+¢ v=E-n w=E-( (3.29)

Then from (3.27), we obtain a combinatorial formula for the trilinear
Dg-operators:

(fgh) 'Dyl, - Dyl f-g-h
f f

= f;g;;f?fnlzl (u =Infgh,v=In=, w=1In E> (3.30)
g
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Furthermore, we introduce the multivariate &?-polynomials:
P (0) = B Mg (w =g, v =0, w = 0). (3.31)
It then follows that
FDE DR e f e f = PR (g = 310 f). (3.32)

Finally, assuming that a multivariate polynomial is given by

. . et Lt
TSR S S Dt R

Jiei=lin,. =1
(3.33)
where the coefficients c;.ll".'.'.’zjll’s are constants, we see that a trilinear equation
defined by

y(Dﬁl’ml,.. Dﬁm’ "";Dﬁlle"" pm’ )f f f_O (334)

is equivalent to an equation on a linear combination of the multivariate
Z-polynomials in ¢ = 31n f:

117 Jz p]l""’pjl _ _
Z Z Cityenndt Zlml,---,ill‘l (q =3 f) =0. (3’35)
Jisengi=1i1,. 00 =1

This characterizes our trilinear equations in the multivariate case, in terms of
the &-polynomials.

4 Resonant solutions

4.1 Superposition principle
Let F(z11,...,Tm1;---5210,---,Tm,) be a multivariate polynomial and
consider a trilinear equation defined by

y(Dﬁlﬂ»‘l?""Dﬁmﬂ?l;”';Dﬁpﬂ?l?"' Do sT )f f f—O (41)
where p; = (p;, pl,p}), 1 <i < m. Define a set of N wave variables

0; = ko1 + -+ kr, 1<i<N, (4.2)

where the kj;’s are constants, and use the superposition principle to form a
resonant solution of N exponential waves

N N
f = Z&Z‘eei = Zgieklaix1+"'+kl,i$17 (43)
i=1 i=1

where all g;’s are arbitrary constants. If this function with arbitrary constants
g;’s solves the trilinear equation (4.1), then all exponential wave solutions are
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resonant, and (4.3) is called a resonant solution of exponential waves to the
trilinear equation (4.1).
Note that we readily have the trilinear identities:

F Dy, eys-Dp i3 i Dy oo, Dy p)el - efir - el
= F (Bt Bimie i Bty oy Bum)eli w0
= F(..., Brs(i,d i), .. )bt 1 <" < N, (4.4)
where
Br.s = Br,s(is1',7") = g kni 4+ o Ky + by i,
1<r<l, 1<s<m, (4.5)

and the powers a* obey rule (2.2). It then follows that the following criterion
holds for the resonant solution defined by (4.3) (see, e.g., [19,22] for the case of
bilinear equations).

Theorem 4.1 Let N > 1 be an integer. A linear combination of N
exponential waves defined by (4.3) presents a resonant solution to the trilinear
equation (4.1) if and only if the constants k;;’s satisfy

> F(oo Brs(d’ i), ) =0, 1<i<i <i"<N, (4.6)
(7,47,3") €S (4,i",i"")
where By 5(i,7,1")’s are defined by (4.5) and
S, i, ") = {(i,4',4"), (3,",4"), (¢',4,3"), (i',i" 1),
@i, ), (@",7,0)}, 1<i,i,i" <N. (4.7)

Assume that a multivariate polynomial .% is given by (3.33). Note that the
combinatorial formula (3.30) yields

Z'l il 0; 0./ 6.1
g]l ’ml oo g]l 7$le T, e k2 . e 7
— gy SiteSi 0;+6.+6, Sy
= @ilxl,---,iléﬁl (‘92 + 0+ 6;1,0; —0;,0; — Hi//)e T 1 L 0,10, 0 <N, (48)

where & 0"7%1 g are the triple Bell polynomials defined by (3.28). Therefore,

(AEPN IR
we obtain an equivalent theorem on the resonant solution of N exponential

waves, defined by (4.3).

Theorem 4.2 Let % be defined by (3.33) and N > 1 be an integer. An
arbitrary linear combination of N exponential waves defined by (4.3) solves the
trilinear equation (4.1) if and only if the wave variables 0;’s satisfy

m n — —
. DjyreoiDj
11 5--052] J1 7 . . . . 0. . 0.
z : Z Cir i Z %11'17~~~7il93l(0] +05 405,05 — 051, 0; HJN)

J1yeendi=141,..,5=1 (4,3",3") €S (1,1’ i)

=0, 1<i<i<i" <N, (4.9)
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where S(i,i',i") is defined by (4.7) and @13115%% 's are the triple Bell
polynomials defined by (3.28).

Theorem 4.2 has an advantage that the wave variables 6;’s can be nonlinear
functions of dependent variables z1,...,z;, but Theorem 4.1 only allows linear
wave variables 0;’s.

Now, given a multivariate polynomial .%, we state one way of solving system
(4.6) or (4.9) for k;; and ¢} below, to obtain trilinear equations and their
resonant solutions (see, e.g., [22,25] for the cases of bilinear equations). We
adopt a kind of parametrization for wave numbers and frequencies to introduce

free parameters, and list the procedure as follows.
Step 1 Introduce weights for the independent variables

(w(xj,l)’”ww(xj,l)) = (wla---awl)a 1<g<m, (410)

where the weights w;’s can be both positive and negative.

Step 2 Form a homogeneous multivariate polynomial .%, defined by (3.33),
in some weight.

Step 3 Parameterize ky;, ..., k;; using a parameter k;:
ko= bk, 1<) <L, (4.11)

and then determine the proportional constants b;’s and the coefficients il

; g
J1eeesdl
by solving system (4.6) or (4.9).

4.2 Tllustrative examples

To present illustrative examples, we consider the (3 + 1)-dimensional case with
the dependent variables: x,y, z,t, and introduce

(w(x)vw(y)vw(z)vw(t)) - (wl"wva«’«”wt)’ (4'12)

and
0; = kiz + Ly + miz — wit,

w 1 <7< N. (4.13)
l; = blki Y. om; = bgk}vz, w; = —bgk‘;ut,

Then, upon forming a homogeneous multivariate polynomial in some weight

m n
g — 01,12,03,84 41 12 13414
7= Z Z cj17j2,j3,j4xj1yj2zj3tj47 (4-14)

J1,J2,J3:Ja=111,i2,i3,54=1

we solve system (4.6) or (4.9) for the proportional constants by, by, b3 and the
coefficients ¢ 22" s, to determine the corresponding trilinear equation and its
associated resonant solution generated by a linear superposition of exponential
waves. We are now ready to present two concrete illustrative examples by

applying this general scheme below.
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Example 1 Example with positive weights.
Let us set the weights of independent variables

(w(@), w(y), w(z), w(t) = (1,2,3,4), (4.15)
and consider a general polynomial being homogeneous in weight 6:
F = 128 4 coxty + 323 2 + eyt + esx’y? + coyt + ey + csryz + o2, (4.16)

Following the parametrization of wave numbers and frequencies in (4.13), we
set the wave variables

0; = kix + bikly + bokdz + b3kdt, 1<i <N, (4.17)

where the k;’s are arbitrary constants but the proportional constants b1, b2, and
bz are to be determined by (4.6) or (4.9).
Now, a direct computation shows that the trilinear equation

F (D 23ye D2y D2z Dagsy)f-f-f=0 (4.18)

possesses a resonant solution of N exponential waves, defined by
N N
. . 2 3 4
f= Z 61'662 — Zeiekzm—l—blki y+bok; z+b3kit’ (419)
i=1 i=1

where the €;’s and k;’s are arbitrary constants, if and only if the coefficients ¢;’s
are determined by

27 73c7b3 49
= ebd + — b2, =0, = L = cgbo,
1= 368 LT 735 2 @2 ST UR4ab, 368 072
122¢7b3 — 17cob3 111 135¢9b3
_ _ 4.20
“ 184bs 0 7 368 T 736 (4.20)
2¢7b3 + 97cyb3 542¢7b3 — Tlegb3
cCpg=——"""T" " C = —
6 920103 0 368b1by

where the coefficients c¢7, cg, and the proportional constants b;’s are arbitrary.

Example 2 Example with positive and negative weights.
Let us set the weights of independent variables

(w(z), w(y), w(z),w(t)) = (1,-1,2,3), (4.21)
and consider a polynomial being homogeneous in weight 4:
F = 12t + 1Py + c3x?z + cqxt + csyzt + g2 + cray? + gxtyz. (4.22)

Following the parametrization of wave numbers and frequencies in (4.13), we
set the wave variables

0; = kix + bik; 'y + bokZz + bakdt, 1<i <N, (4.23)
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where the k;’s are arbitrary constants but the proportional constants by, b2, and
bz are to be determined by (4.6) or (4.9).

Similarly, a direct computation shows that the corresponding trilinear
equation

F(Du23ye D2y D2z Dagsy)f-f-f=0 (4.24)

possesses a resonant solution of N exponential waves, defined by
N N )
. . - 2 3
f — Z Eieez — Z Eiek1$+b1ki y+b2ki Z-‘rbgk‘it’ (425)
=1 =1

where the ¢;’s and k;’s are arbitrary, if and only if the coefficients ¢;’s are
determined by

1 2
c1==ceh3, ca=0, c3==cgha,
7 7
, (4.26)
866b2 O
cy = — s =cC7r = cg =
4 7b3 5 5 7 8 )

where the coefficient cg and the proportional constants b;’s are arbitrary.

5 Conclusion and remarks

We created a class of trilinear differential Dj-operators, explored their links
with the Bell polynomials, and applied the linear superposition principle to
the corresponding trilinear equations to generate resonant solutions. Two
illustrative examples were made to shed light on the general theory.

We remark that the trilinear equations defined by (4.1) is a different kind
of trilinear equations from (1.9), but they are characterized by the beautiful
Bell polynomials. This will also bring convenience for introducing multilinear
generalizations through similar differential operators. On the other hand, there
are many basic questions, which need further investigation. We list a few of
them below, closely related to our research interests.

(i) Parameterizations achieved by multiple parameters.
We can adopt parametrizations of ki, ..., k;; using multiple parameters,
for example, two parameters k; and [;

w;
kji =Y b kil 1< <L
r=0

What kind of spaces can exist for the proportional constants b;, which will
solve the system

Z y("'7ﬁ7‘,s(j)j/)j”))"'):0)

(7,47,3") €S (4,i",i"")
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where (3, 5(j,7",j")’s are defined by (4.5) and S(¢,4’,i") is given by (4.7)?

(ii) Wronskian, Grammian, and Pfaffian solutions.

There are Wronskian, Grammian, and Pfaffian solutions to Hirota bilinear
equations [12,13,21,24]. Do there exist the same type solutions to the trilinear
equations defined by (4.1)?7 How can one characterize such solutions, more
generally, the Pliicker relation and the Jacobi identity, in terms of the Bell
polynomials, even in the Hirota bilinear case?

(iii) Basic geometries related to multivariate polynomials.
What kind of geometries of a multivariate polynomial .# does the following
equation define?

Z 9(---aMr,s(j,j/,j//)’~--):0’
(jvjlvj,,)es(i7i,7i,,)

Where !N / !
MT,S(’% ? 7’L ) - apskr + Oépgkr + O‘p/s/krv

A /AN / 7
s (1,37, 3) = ap Ky + ag KD 4 aprrker,

It determines an affine geometry [25] of .# when p; = 1 and p} = 2n;, n; € N,
1 < i < [, in the Hirota bilinear case. The corresponding trilinear equations
could also describe certain differential-geometrical properties of resonant
solitons [30].

(iv) Bilinear Backlund transformations and Lax pairs.

In the case of the Hirota bilinear D-operators, the binary Bell polynomials
are used to build bilinear Bécklund transformations for soliton equations [15].
Is there any similar theory in the cases of the general bilinear and trilinear
Dy-operators? This case could be more sophisticated than the Hirota bilinear
case, since the sign function (—1)"*() in definition (2.2) does not satisfy a
decomposition property

(=) = (=) Dbl >0,

when s > 1 is odd, while it is true when s is one or even [20]. It is obvious that
the above property holds when s is one or even; but it does not hold because
we have

(_1)1"5(5) ?é (_1)r5(sfl)+r5(1)’

due to

(_1)1"5(8) — 1’ (_1)7‘5(871) — 17 (_1)7‘5(1) — _1

when s > 1 is odd. The above property is also crucial in deriving Lax pairs
of differential operators from bilinear Backlund transformations in the Hirota
bilinear case (see, e.g., [6,16]). How about the Lax pairs in the general case of
the bilinear and trilinear Dy-operators?

)

(v) Hamiltonian formulations.
It is known that Hamiltonian structures of soliton equations can be furnished
by applying both the variational identities [18] and the Lie algebra splittings
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[31]. A natural question is how one can establish Hamiltonian structures by
utilizing the Bell polynomials. There should be certain approaches like the
variational identities and the Lie algebra splittings, which can be adopted to
generate Poisson brackets and Hamiltonian functionals in the Hamiltonian
formulations.

(vi) Criterion for multivariate polynomials with one zero.

While we used multivariate polynomials to generate Hirota bilinear
equations with given resonant solutions, we came up with a fundamental and
interesting question [25]: how can one determine if a multivariate polynomial
F(x1,...,1;) over the real field has one and only one zero in R'? The following
are two examples of such multivariate polynomials in the case of [ = 3:

22+ 4+ 22 — 2+ 2y — 42 + 6,
622 + 35y + 622 — 24xy + 8wz — 28yz + 24x — 34y + 8z + 29,

which have unique zeros

(x,y, Z) = (17_172)7 (xvyvz) = (_27173)7

respectively. Hilbert’s 17th problem states that all nonnegative multivariate
polynomials are sums of squares of rational functions [5]. Our problem above
is more restrictive than Hilbert’s 17th problem, since we can readily check that
all multivariate polynomials with one zero must be either non-positive or
non-negative. We expect that there would be a definitive answer to this
question in the near future.
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