International Journal of Geometric Methods in Modern Physics \\’ World Scientific
Vol. 23, No. 10 (2026) 2550250 (I5] pages)

(© World Scientific Publishing Company

DOI: |10.1142/S0219887825502500

www.worldscientific.com

Reduced matrix mKdV integrable modes
and their symmetry hierarchies

Wen-Xiu Ma/

Department of Mathematics, Zhejiang Normal University
Jinhua 321004, P. R. China

Department of Mathematics, King Abdulaziz University
Jeddah 21589, Saudi Arabia

Department of Mathematics and Statistics
University of South Florida
Tampa, FL 33620-5700, USA

Material Science Innovation and Modelling
North- West University, Mafikeng Campus
Mmabatho 2735, South Africa
mawz@cas.usf.edu

Received 16 May 2025
Accepted 7 June 2025
Published 15 July 2025

This paper investigates reduced matrix modified Korteweg—de Vries (mKdV) inte-
grable models within the framework of the zero-curvature formulation. By utilizing
the Lax pairs associated with the Ablowitz—Kaup—Newell-Segur matrix spectral prob-
lems, we derive representative examples of reduced matrix mKdV integrable models
along with their symmetry hierarchies. A pair of similarity transformations serves as the
central mechanism in this construction, ensuring the invariance of the zero-curvature
equations.
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1. Introduction

It begins with the formulation of Lax pairs [I] to construct integrable models [2],
where the spectral matrices are derived from matrix Lie algebras [3]. Infinitely
many commuting symmetries and conservation laws follow from the associated Lax
pairs, which are connected to bi-Hamiltonian structures [4]. The inverse scattering
transform can then be applied to solve their Cauchy problems [5l[6].

The matrix Ablowitz—Kaup—Newell-Segur (AKNS) spectral problems serve as
a versatile framework for a wide range of integrable models, including the nonlinear
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Schrédinger (NLS) equation and the modified Korteweg—de Vries (mKdV) equation.
Employing a single similarity transformation enables the reduction of Lax pairs,
leading to corresponding reduced integrable models [7]. Meanwhile, the use of two
successive similarity transformations allows for the construction of a richer family of
reduced integrable models [§]. A key difficulty lies in appropriately coordinating the
reductions on the potentials induced by the two transformations, while maintaining
the invariance of the associated zero-curvature equations [9].

Similarity transformations have also been extensively employed in the construc-
tion of nonlocal integrable models featuring reflection points [10]. A comprehensive
classification of lower-order integrable models associated with the matrix AKNS
spectral problems has identified three distinct types of nonlocal NLS equations
and two types of nonlocal mKdV equations [I1]. Furthermore, a variety of effec-
tive techniques have been developed for analyzing reduced integrable models and
constructing their soliton solutions.

The classical inverse scattering transform continues to serve as a robust method
for addressing the Cauchy problems of nonlocal integrable models [T2)13]. In addi-
tion, diverse approaches such as the Hirota bilinear method, Darboux transforma-
tion, Bécklund transformations, and the Riemann—Hilbert method have been widely
utilized. Notably, several innovative and general frameworks have been proposed to
study nonlocal reductions of integrable models (see, e.g. [ITII4HIT]).

In this paper, we focus on developing reduced integrable mKdV models by
employing a pair of similarity transformations within the matrix AKNS spectral
problem framework. Specifically, we consider one transformation with off-diagonal
block matrices and the other with diagonal block matrices. Section [2] lays the
groundwork by revisiting the matrix AKNS spectral problems and establishing a
general scheme for performing consistent pairs of similarity transformations, along
with their associated hierarchies of integrable mKdV models. In Sec. B we explore
four illustrative examples within this framework, each employing distinct choices of
block matrices to construct the pair of transformations. These examples highlight
the richness and diversity of reduced matrix AKNS integrable models. Finally, we
conclude with a summary of our findings and some perspectives for future research.

2. Matrix mKdV Integrable Models Via Similarity
Transformations

2.1. Revisiting the matrix AKNS integrable hierarchies

Let m and n be two natural numbers. As usual, we define two matrix potentials, p
and ¢, as follows:

p= p(x,t) = (pjk)mxn» q= q(x,t) = (q]cj)nxm7 (21)

and introduce the dependent variable by u = u(p,q), which is a vector-valued
function of p and ¢. For each r > 0, we associate a pair of standard matrix AKNS
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spectral problems:

—ige =Us, —igy =V, (2:2)
where the Lax pairs are defined by
U=U(u,\) = A\ + P, (2.3)
and
VIl =y, ) = xra+ QI (2.4)
with
Ao |t 0 ] , Q= im0 ] , (2.5)
0 al, 0 Bl
and
0 r=1  [,lr—s] plr—s]
P= ) OP] ool = ;,\s i g ] : (2.6)

In these expressions, I denotes the identity matrix of size k, A\ is the spectral
parameter, and a1, as, 41, B2 are two pairs of distinct arbitrary constants. Moreover,
Q% is the zero matrix of order (m 4 n). Assume further that with the initial data

Wl =0, (2.7)
the following Laurent series holds:
W= A whl =3 o [Q[S] b[S]] . (2.8)
= = clsl gls]

This series represents the unique Laurent series solution of the stationary zero-
curvature equation

W, =i[U, W]. (2.9)

Such a series solution is essential for generating hierarchies of integrable models
that mutually commute (see, e.g. [I8,19]).
The zero-curvature equations:

U — VI +iu, v =0, r>o, (2.10)

guarantee the compatibility of the two matrix spectral problems in (2Z2]). By uti-
lizing the specific forms of U and VIl from &3) and (&), respectively, these
equations generate the matrix AKNS hierarchy of integrable models:

pr = iab"™t g = —iac Y >0, (2.11)

where @ = a1 — as. In the simplest case with m = n = 1, this reduces to the
classical AKNS integrable hierarchy with scalar potentials, p and ¢ [20]. Each
system within the matrix AKNS integrable hierarchy admits a bi-Hamiltonian
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structure and possesses infinitely many symmetries and conserved quantities
(see, e.g. [21H23]).

When r = 25+ 1, s > 1, the above matrix AKNS integrable hierarchy (ZI1)
reduces to the matrix mKdV integrable hierarchy. Specifically, for s = 1, we derive
the first nonlinear integrable model, which corresponds to the matrix mKdV inte-
grable equations:

54
*ﬁ(pzm + 3papa + 3p2qp),

p

a3

Pt =
(2.12)

@ = (qeaa + 342Pq + 3qpg2),

where 3 = 31 — 3. The associated Lax matrix V13! is expressed as

g g g

VE = XQ + ZN2P — DAL, o (P2 +iPy) — S5 (i[P, Py + Pog +2P%), (2.13)
(0% (0% (0%

where I, ,, = diag(l,,—1I,). It is worth noting that many other notable exam-
ples of higher-order matrix AKNS integrable models can be similarly derived, as
demonstrated in sources such as [24].

2.2. Pairs of sitmilarity transformations

To introduce a consistent pair of similarity transformations, we begin by considering

1 1
m=n, 041:—06225, /61:_/62:_53 (214)
which results in two square potential matrices, p and q. Following this, we take two
constant, invertible, and symmetric square matrices of order n, denoted X1, Xo,
along with another pair of constant, invertible, and square matrices of order n,
denoted Ay and Ay (see, e.g. [91[25126]). We then define two invertible constant

square matrices of order 2n as follows:
0 A 1 0

. T= , (2.15)
As 0 0 3

which provides a consistent framework for the similarity transformations.
It is easy to verify that both A and X satisfy the following similarity properties:

AAAT = —SAS T = —A, AQATH = —308 T = -, (2.16)

A:

where A and ) are defined as in (ZH). Assuming that AT denotes the matrix
transpose of a matrix A, we propose the following pair of similarity transformations:

AUMNA™ = -UT(\) = -(UMN)",
SUMNE™ = ~UT(=X) = —(U(-\)7, (2.17)

which are consistent with the identities in (2I6). It will be shown later that the
original zero-curvature equations of the mKdV equations remain invariant under
each of these similarity transformations.
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The two similarity transformations naturally lead to the following relations for
the potential matrix P:

APA™' = —PT  wpy~!=_pT (2.18)

)

These transformations give rise to the following pairs of constraints for the two
matrix potentials p and ¢:

pT = 7A2pA1_17 qT = fAlqAQ_I, (2.19)
and
pl = —YoqX7t, ¢F = -2p%5t, (2.20)

respectively. Since X is symmetric, the two constraints in ([Z.20) are automatically
compatible. To ensure compatibility for the constraints in ([2I9), we impose the
following sufficient condition:

AT'Y) = 551 A, (2.21)

under which the two constraints in (2I9]) imply each other when the constraints
in (220) are satisfied.

Therefore, by imposing the symmetric condition on ¥ and utilizing the condi-
tion specified in ([227]), the combined effect of the two similarity transformations
in (2I7) yields the reduced AKNS matrix spectral problems:

1
—igy=Ugp, U= , (2.22)

1
—yy Ty —5Mn

where p must satisfy the first constraint in @IJ), i.e., p’ = —AapA[*, or equiva-
lently, the other reduced AKNS matrix spectral problems:

1
N, 27T,

— iy =Ug, U= (2.23)

1
— A,
9 2

where ¢ must satisfy the second constraint in ZI9), i.e., ¢7 = —A1qA; "

2.3. Reduced matrix mKdV integrable models

Note that the initial data have been appropriately specified as follows:

1
~3ln 0
whl == , (2.24)

1
0 -1,
2
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for the Laurent series solution W. Under the similarity transformations given
in (ZTI7), and using the uniqueness of solutions to the stationary zero-curvature
equation, we find that the solution W, determined by (2.8]), satisfies

AWMNA™ = —WT(\) = —(W)T,
YWD =W (=N = (W (=\)T. (2.25)
This is because the two solutions within each pair share the same initial values:
AWNA™ rzoe = =(WA) r=00 = =0,
(W (=) haoo = Q. (2.26)

SWA)E !z
Therefore, for all s > 0, we have

AV[25+1](>\)A_1 _ 7V[2s+1]T(>\) _ 7(V[2s+1]()\))T,
(2.27)
EV[2S+1] ()\)2—1 — _V[25+1]T<_)\) = —(V[2S+1]<—)\))T

Thus, we obtain

AU = VI [0, VBN )AT = —((U, = VP 4 i[u, v ()T,
and

(U, — prSH] +i[U, V[2s+1]])()\)271 =—((U, - Vz[QSH] +4[U, V[25+1]])(7)\))T'

Consequently, the matrix AKNS integrable models in (ZI1)) with = 2s+ 1 reduce
to the following integrable mKdV models:

pe =20 _ s 520, (2.28)
where p satisfies p = 7A2pA1717 or
qr = 72ic[2s+2]|p:72;1q7~22, s > O7 (229)

where g satisfies g7 = —A1qA; ! In our construction, only the symmetric condition
of ¥ and the condition in ([Z21) are required.
Moreover, the matrix spectral problems, ([2:22]) and

— ity = V[25+1]|q:72;1pT21¢’ 5> 0, (2.30)
provide Lax pairs for the reduced integrable mKdV hierarchy ([2:2§), or the matrix
spectral problems, (2.23) and

—igy = VI _ s, ¢, 520, (2.31)

provide Lax pairs for the reduced integrable mKdV hierarchy (2:29).

Owing to the underlying structure of the Lax operator algebras (see, e.g. [27]),
the resulting reduced integrable models admit infinitely many commuting symme-
tries. Notably, since A, Ay and ¥; remain arbitrary, by suitably choosing these
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matrices, one can construct a rich variety of integrable mKdV models. These models
illustrate concrete instances of the broader class of reduced matrix AKNS models.
However, in the specific case where r = 2s, s > 0, the similarity properties given

in (ZZ7) fail to apply.

3. Four Application Scenarios

In this section, we explore four distinct scenarios by selecting four sets of pairs of
similarity transformations. Each scenario provides illustrative examples of reduced
matrix AKNS spectral problems and mKdV integrable models. We focus on the
cases where m = n = 2 or m = n = 3, with the spectral matrix given by

"1 -

5/\12 p
U=U(u,\) = ) , (3.1)
Y
BET]
or
LV
U=U(u,\) = ) , (3.2)
q *5)\13

where p satisfied the first constraint in (ZI9) and ¢ is given by the second formula
in ([2220). Note that once the three matrices Aj, Ay and 3 are chosen in formulating

the two pairs of similarity transformations, the matrix ¥ can be determined using
the condition in (ZZI]).

Example 3.1. Let us begin by introducing a pair of similarity transformations.
We consider the following specific pairs of matrices:

_61 0 —61 0 g1 0
Ay = , Ag= ;o Y= ;
_0 52 752 O g9
r 2
o,
22 - g1 52 B (33)
0 _22
L 0'2

where 01, d2,01 and oy are arbitrary non-zero constants. In this manner, the simi-
larity transformations in (2.I7)) generate the expressions for p and g¢:

2
p1 D3 U—;m wps
. . 07 0162 (3.4)
5—1173 P2 ? g192 o3 . .
3o 5—5173 gpz
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It is now straightforward to observe that the corresponding reduced matrix mKdV
integrable model, with u = (p1, p2, p3)7, is given by

p pl TrT + [(5301171 + 5%52010217%)1)1@

6
(5263
+0702(0201p1 + 51021?2)]93]93@] ;

D2t = D2.gzx + [5102 (Ung + Ulpg)pQ,x

o1 (52 (3.5)
+01(0201p1 + 0102D2)P3P3.z)
D3t = P3,zax + 5252 [(0201p1 + 6102p2)p3(8201D1,2 + 6102p2.2)
+(030ip? + 07033 + 207 0102p3)P3.a )
where o1, 09,61 and 2 are arbitrary non-zero constants.
When taking
01 = 09 = 1, 51 = —p, 52 = 71, (36)
the equations further reduce to the following mKdV integrable model:
Pt = P1aze + 6(p + p3)p1e + 6(p1 + pp2)p3ps.a,
P2t = D2.awa + 6(p5 + p3)p2x + 6(pp1 + P2)P3P3.a, 37

D3t = D3,zxz + 3030101,z + p(P1D2)2 + P2p2,2]
+3(p3 + p3 + 23)p3.0,

where p = £1.

Example 3.2. Next, we explore the second scenario by choosing the following
specific pairs of matrices:

-O 51 0 752 0 g1
A1 = ) AQ = ; 21 = ’
_(52 0 —(51 0 01 0

o, _ab
Mo = g1 (3 8)
2 5152 0 ’ .

L g1

where d1,d2 and o1 are arbitrary non-zero constants. Note that we have used off-
diagonal matrices for Ay, As and X;, which differs from the choices made in the
previous Example 3.1. Under these choices, the similarity transformations in (217
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result in the expressions for p and ¢:

o} o}
P3 P1 6—2173 Wm
p= ) §1p , Q= U% ;22 : (3.9)
2 = M3 L
02 510502 5152p3

Consequently, the corresponding reduced matrix mKdV integrable model, with u =
(p1,p2.p3)T, is given by

o2
DLt = Plzex + 5 5102 L [(62p1p2 + 6193)P1,2 + 26191D3D3,0

602
P2t = P2.zxa + 51—512 [(52p1p2 + 51p§)p2,x + 251p2p3p3,x], (3.10)
2

602
D3t = P3zax T 51—512 [62p3(p1p2)s + (S2p1p2 + 61P3)P3.2)
2

where the constants d1,d2 and oy are arbitrary but non-zero.
By taking

S1=—p, Ga=—1, o1=1, (3.11)
the equations simplify to the following mKdV integrable model:
PLt = Plaae + 6[(0p102 + P3)P1.2 + 2D1D3P3.),

P2t = P2,zza + 6[(pP1D2 + D3)D2.x + 2P2pP3D3 2], (3.12)

D3t = D3,.aax + 6(pp3(p102)e + (PP1D2 + P3)P3.2),
where p = £1.

Example 3.3. Now, we examine the third scenario by selecting the following spe-
cific pairs of matrices:

61 0 0 0 0 o1
A1:A2: 0 52 0 y 21: 0 () 0 ,
0 0 61 g1 0 0
2
0 0 5—1
g1
52
Yo=1|0 2 0], (3.13)
2 72
1)
< 0 0
g1

where 91, 02,01 and o9 are arbitrary non-zero constants. Once these matrices have
been set, the similarity transformations described in (2I7)) lead to the explicit
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expressions for p and ¢:

2 -

0 P2 p 0o _gwo2 01
5% P3 (;%pl

01 0102 0102

= |-= 0 - 0 -2

p 62172 P3|, ¢ (51(52p3 52 P2 . (3.14)
52 02 g102
-pr —=p3 O — — 0
T R |

Then, it is direct to see that the corresponding reduced matrix mKdV integrable
model, with u = (pl,pQ,pg)T, takes the following form:

P1t = Plaax + (525 [ (0201p7 + 0102p2p3)p1,a + 6102p1 (P2P3)a ) »

D2t = D2,zax + (525 [5201p1p2p1 o + (0201pT + 30102p2p3)p2,2 + 0102P3P3.2 ],

D3t = DP3,zax + (525 [5201p1p3p1 o + 0102P3p2.0 + (62017 + 36102p2p3)P3.2 )+

(3.15)
where 01, 02,01 and o9 are arbitrary non-zero constants.
When choosing
0=p, 0o=1, o1 =09=1, (3.16)
we obtain the simplified mKdV integrable model:
PLt = D1 aax + 6(pF + pp2p3)p1re + 3pp1(paps)a,
P2t = P2,aae + 3pP2(3psp2,z + P2ps.a) + 3p1(P1D2)w (3.17)

D3t = P3,zaz + 3pP3(P3P2,2 + 3P203.2) + 3p1(P103)=,
where p = £1.

Example 3.4. Lastly, we explore the fourth scenario by defining the following
specific matrix pairs:

o0 0 0 51 0 0
A1:A2: 0 62 0 5 21— 0 g9 0 5
0 O 51 0 0 g3
52
<L 0 0
o1
52
Yo=|0 2 0], (3.18)
g9 62
0o o0 -+
g3
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where once again, we have d1, d2 and o;, 1 < i < 3, as arbitrary non-zero constants.
After setting these matrices, the similarity transformations outlined in (2I7) pro-
vide the explicit expressions for p and ¢:

0 P2 1 0 o102 o193
(;1(;2 P2 6% P1
01 0109 0903
D 5 D2 P3|, q 52 D2 3104 P3| . (3.19)
02 0103 0203
— - 0 - P1 ——=DP3 0
P1 o P3 5% 5%

Thus, it is clear that the corresponding reduced matrix mKdV integrable model,
with u = (p1, p2, p3)T, takes the following form:

3
pl,t == pl,xxx - W{ [25501031)% + 02(5%0'11)% + 530313%)]131,1
1Y2

+02p1 (8701 p2p2,e + 0303D3D3,2) }

3 2 9 | 2 2 2 2
D2t = D2,awx — w5551 | 201010205 + 0503(01p] + 02p3) | P2, + 05032
t 5%5%{[ 1 2 2 ( 1 3)] 2 (320)

X(o1p1p1,e + U2p3p3,x)},

3
D3t = P3,zax — W{ [2030203p3 + 01(8503p; + 0102p3) | P3.a
103

+01p3(8303p1p1,0 + 6302p2p2.2) }

where 91, 02 and o;,1 < ¢ < 3, are arbitrary non-zero constants.
When choosing

0 =—-02=1 o1=1, o9=p, o3=1, (3.21)
we obtain the simplified mKdV integrable model:
Prt = Draas — 3205 + p(p3 + P3)IP1a — 3pp1(P2p2.0 + P3P3.2),
P2t = P2aae — 307 + p(203 + P3)Ip2.0 — 3p2(P1P1w + pP3D3.z), (3.22)

P3.t = P3,zee — 30T+ p(P3 + 203)]p3.0 — 3p3(P1p1,2 + PP2D2,2),

where p is an arbitrary non-zero constant.

It is also easy to compute the Lax matrix V3!, as defined by @13), for each
of these four scenarios. This matrix represents the temporal component of the Lax
pairs for the resulting reduced matrix mKdV integrable models.

4. Concluding Remarks

This paper studies a pair of distinct similarity transformations applied to the matrix
AKNS spectral problems, which lead to reduced matrix mKdV integrable mod-
els. Four representative cases of these reduced matrix integrable mKdV models
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are constructed, together with their corresponding reduced matrix AKNS spectral
problems. A primary emphasis of this work is the introduction of two suitably
designed similarity transformations that yield novel mKdV integrable models,
thereby extending the theoretical framework developed in earlier studies (see, e.g.
(925,261,

This research further develops a systematic framework for the formulation and
in-depth analysis of integrable models. The examples presented herein highlight
the versatility and richness of reduced Lax pairs in constructing integrable systems.
Comparative analysis of these models with other existing frameworks could yield
valuable insights into the underlying algebraic and geometric structures of various
integrable systems.

By employing a variety of similarity transformations within the zero-curvature
formulation, a broad class of integrable reductions can be realized (see, e.g. [28131]).
The selection of diagonal and off-diagonal block matrices in these transformations
plays a crucial role in shaping the structure of the resulting systems. Moreover, these
constructions contribute to the ongoing development of integrable models associated
with higher-order matrix spectral problems, as explored in [32[33[33L35-H37].

Additionally, the investigation of intriguing solution phenomena — such as rogue
waves, lump solutions, and soliton waves — within these newly developed integrable
models promises to be a fruitful direction for future research (see, e.g. [3840]).
The use of similarity transformations not only enriches the theoretical landscape
but also opens new avenues for the exploration of nonlinear wave phenomena, with
meaningful applications in the physical and engineering sciences.

Overall, the integrable models introduced in this study offer fresh perspectives
on the classification of multi-component integrable systems within the Lax pair
framework. It is anticipated that these models will contribute to future advance-
ments in both theoretical studies and practical applications across various fields of
science and engineering.
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