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Abstract

This paper presents a four-component integrable extension of the derivative nonlinear
Schrodinger (DNLS) soliton hierarchy, namely, the Kaup—Newell hierarchy of soliton
equations. Motivated by a general extension idea for the Kaup—Newell spectral matrix,
we propose a specially constructed 4th-order matrix-valued eigenvalue problem involving
four potentials and derive the corresponding integrable Hamiltonian hierarchy via the
Lax pair framework. A recursion operator and a bi-Hamiltonian structure are established
to demonstrate the Liouville integrability of the resulting hierarchy. As an illustrative
example, we derive an integrable system of four DNLS equations, each containing two
linear dispersion terms, which differs from standard integrable systems.

Keywords: matrix eigenvalue problem; zero-curvature equation; integrable hierarchy;
derivate nonlinear Schrodinger equations

MSC: 37K10; 37K15; 35Q51

1. Introduction

Integrable models are typically organized into soliton hierarchies [1], endowed with
hereditary recursion operators [2], and characterized by the existence of Lax pairs formu-
lated as matrix eigenvalue problems [3]. These eigenvalue problems form the foundation
of the inverse scattering transform, which offers an effective approach for solving Cauchy
problems of nonlinear integrable equations. In addition, they naturally induce Hamilto-
nian structures that establish intrinsic connections between symmetries and conserved
quantities. Owing to these profound mathematical features, integrable models have been
extensively utilized in the physical and engineering sciences, particularly in water wave
theory, nonlinear optics, quantum mechanics, and statistical physics.

A prototypical example is the well-known Ablowitz-Kaup-Newell-Segur (AKNS)
hierarchy [4], together with its various hierarchies of integrable couplings [5]. The theory
of Lax pairs provides a fundamental framework for the investigation of exactly solvable
models via the zero-curvature formulation [5-7]. Classical soliton hierarchies are typi-
cally associated with Lax pairs derived from semisimple Lie algebras, whereas integrable
couplings are often generated by Lax pairs related to non-semisimple Lie algebras. This
distinction motivates the exploration of new spectral problems capable of producing inte-
grable systems. In this paper, by studying integrable extensions of Kaup-Newell-type Lax
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pairs, we develop a novel 4th-order matrix-valued eigenvalue problem and construct the
corresponding integrable hierarchy of generalized Kaup—-Newell models.

The zero-curvature formulation serves as a systematic and unified framework for the
construction of integrable models (see [7,8] for detailed expositions). Let u = (uq,- -+ ,u,)T
denote the column vector of dependent variables, and let A be the spectral parameter.
We consider the loop algebra § = ¢ ® C[A, A~1] associated with the matrix Lie algebra g
and the loop parameter A. An element Ej belonging to this loop algebra is referred to as
pseudo-regular if it satisfies

Imadg, ® Keradg, = g, [Keradg, Keradg,] =0, (1)

where adg, indicates the adjoint action of Ey on the loop algebra. Fixing such a pseudo-
regular element E(, we choose r linearly independent elements Ey, - - - , E, in § and define
the spatial matrix in the spectral problem

U=Uu,A)=Ey(A) +u1Ey(A) + - +u,Ep(A). )
We then seek a Laurent-series expansion solution

W= Y AWl Wik ¢ o 3)
k>0

to the stationary zero-curvature equation

W = [U, W] (4)
in the underlying loop algebra §. The central task is to determine the coefficients VW
recursively from uitable initial data for W0,

In the next step, we construct an infinite sequence of temporal spectral matrices
!
VI =AWy, +a,= Y AW 1A, 1> 0, (5)

k=0

where A € &, | > 0. These matrices form the temporal parts of the associated Lax pairs.
The corresponding compatibility (zero-curvature) equations

Uy — VI, v =0,1>0, ©)
generate a hierarchy of integrable evolution equations

up, = X = xWw), 1> 0. )
These equations arise as the solvability conditions of the spatial and temporal matrix
eigenvalue problems

ox=Up, @1, = Vi, 1>0. (8)

In practice, suitable choices of the correction terms A; are often determined through a
trial-and-error procedure.

Finally, we endow the hierarchy (7) with a bi-Hamiltonian structure. This is carried
out through the derivation of a common recursion operator and the application of the

trace identity
o ou L x9 x ou
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where % stands for the functional derivative with respect to the potential vector u, and the
constant «, independent of A, is given by

K= —%%mur(wzn. (10)
As a consequence, each equation in the hierarchy admits a bi-Hamiltonian structure, thereby
establishing its Liouville integrability (see, e.g., [7-9]).

A wide variety of Liouville-integrable hierarchies with different numbers of dependent
variables have been extensively investigated in the literature (see, e.g., [4-18]). Representa-
tive single-component hierarchies include the NLS hierarchy, the KdV hierarchy, and the
mKdV hierarchy [1]. The case of two components has been studied in particular depth,
with representative examples including the Ablowitz—Kaup-Newell-Segur (AKNS) hier-
archy [4], the Kaup—Newell hierarchy [19,20], the Heisenberg integrable hierarchy [21],
and the Wadati-Konno-Ichikawa hierarchy [22]. All of these hierarchies of integrable
flows are generated from 2 X 2 spectral matrices. By contrast, the construction of integrable
hierarchies based on higher-dimensional spectral matrices is considerably more challenging
and remains an active area of research (see, for example, [23]).

In this paper, motivated by a general extension idea, we propose a four-component
integrable extension of the derivative nonlinear Schrodinger (DNLS) soliton hierarchy;,
namely the Kaup-Newell soliton hierarchy. Specifically, we introduce a novel 4 x 4 matrix
in the spectral problem and generate a hierarchy of Liouville-integrable four-component
dynamical systems within the zero-curvature framework. By exploiting the relations
among the associated vector fields, a recursion operator is derived, and the trace identity
is employed to establish a bi-Hamiltonian framework, thereby confirming the Liouville
integrability of the resulting hierarchy. As an illustrative example, we obtain a class
of generalized coupled integrable DNLS equations with four components. Concluding
remarks are provided in the final section of the paper.

2. An Integrable Extension Featuring Two Diagonal Blocks
2.1. An Extension Framework

We consider multi-component extensions of the Kaup—Newell spectral matrix of the
following block form:

2
u:[AAl v an

/\q AZAZ

where A and A; are two prescribed constant square matrices, and p and g are matrix-
valued potentials, not necessarily square. To ensure that there exists a Laurent-series
expansion solution

A B

W=lc b

, (12)

partitioned compatibly with the spectral matrix U/, to the stationary zero-curvature
Equation (4), it is necessary to impose the following conditions:

[A,A] =0, [D,A;] =0, [A,pg] =0, [D,qp] =0. (13)

The last two conditions do not arise in the AKNS-type framework and constitute a
major source of difficulty in constructing integrable hierarchies of Kaup-Newell type. To
overcome this obstacle, we consider specific block structures for the matrices involved,
which permit the recursive construction of solutions to the stationary zero-curvature
Equation (4) in Laurent series form.
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From now on, we restrict our attention to the case where p and g are square matrices
and Aq and A; are diagonal matrix blocks.

2.2. A Four-Component Integrable Extension
Let a1, ap € R satisfy
a=wn1—ap #0, (14)

and let u = u(x,t) = (uq,up, us, ug)" be a vector of four potentials. Define two diagonal
matrices
Ay = diag(aq,aq), Ay = diag(ap, az), (15)

and two 2 x 2 potential matrices

U Uz Us  Ug
= ,q= . 16
P [ —Uy —uUx ‘| 1 [ —Ug —U3 ] ( )
Then, the generalized Kaup—Newell spectral problem reads

apA? 0 Auq Ay
0 A2 —Aup  —Aug
Auz  Aug  apA? 0 ’
—Auy —Auz 0 apA?

px=Up=Uu,A)p, U = (17)

with spectral parameter A. This spectral matrix {/ represents a generalization of the standard
Kaup-Newell eigenvalue problem [19]. This specific eigenvalue problem provides an
opportunity to successfully construct an associated integrable hierarchy of bi-Hamiltonian
Kaup-Newell-type equations, all of which feature characteristic combined structures of
dispersive terms.

We look for a matrix-valued solution W to the stationary zero-curvature Equation (4)
in the form

a f —e —b

fooa booe —kyylK]

W = =) ATWHL (18)
g c —a f kgé)
—c -g [ -a

Substituting this ansatz into the stationary zero-curvature Equation (4) yields the following
equivalent system:
ay = Aguq — Acup + Aeus — Abuy,

v = aA%b 4+ 2\auy — 2\ fuy, (19)
cx = —aA?c + 2\aug + 2 fus,

and
ey = arZe — 2A fup + 2Aauy,

gx = —aA%g + 2A fuy + 2Aaus, (20)

fx = Acug — Agup — Abus + Aeuy.

From (19) and (20), one can directly verify the following identities:

—aAfy = uzby + u1cy — ugey — Ugx,
(21)
—aAay = ugby — upcy — uzex + u1gx,
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which play a key role in deriving the recursion relations. We further assume that the entries
of W allow Laurent expansions with respect to A of the following particular form

a="Y,0 )\72ka[k], b= Y0 Afzkflb[k], c=Y>0 )szqc[k]/ -
- - - 22
e=Yuso A X e, f= Yo A W, g = Trspg A H gl
Comparing powers of A in Equations (19) and (20) leads to the initial relations
aLO] = 11819 — 1yl 4 wzel0) — 14y bl0], 23
AU = el — gl — 15pl0) 4yl
and the recursion relations for k > 0:
af = L (ugbl) — uped! — uzel? + urgl?), b
el —%(Msba[ck] +upel — el — g,
bl = 1 (pl  2ypqlkr1] 4 oy flk1]y,
: (25)
1] — %(—c&k] + 2ugall 1) 4 0y flier )y,
and
elk+1] — %(e,[(k] + 2up fIkH) — 2y gty
(26)
g[k+l] _ %(—gp[ck} —|—2u4f[k+” +2u3a[k+1])_

These relations determine the Laurent-series solution W and thus generate the associated
integrable hierarchy.

The uniqueness of the Laurent-series solution can be guaranteed via prescribing the
combined initial data for the first coefficients as

{ b = Buy — qyuy, % = Bus + yuy, @
el = Buy — yuy, g% = Buy + yus,
where § and vy are two arbitrary constants. It follows from (19) and (20) that
abl + 2400y — 200y =0, —acl®) 42410, + 2700y =0,
{ wel® — 2700y 42400y = 0, —agl0) + 20014y, + 2400045 = 0,
from which one obtains . .
al0l — >V f[O] - E’B' (28)

Additionally, to fix higher-order coefficients consistently, we impose the normalization

conditions
a¥, o =0, fHl,_o=0k>1 (29)

These normalization conditions, together with the prescribed initial choices, guarantee
that the recursion relations uniquely determine all subsequent Laurent coefficients W
Different values of B and -y produce different integrable hierarchies, whereas the specific
values of al% and f[% do not affect the resulting hierarchies.

By means of the recursion relations derived above, one can compute the first nontrivial
set of coefficients explicitly. Specifically, we obtain
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alll = % (Buy — yup)ug + (yuy — Bup)us),
[(yur — Buz)ug + (Buy — yuz)us),

Q\H

= LBuy x — yup — 2[(Bus + yus)us — (yusz + Bua)uz]ug

+2l(vyus + Bua)ur — (Bus + yug)uzjuz},
el = 3{—Busx — yugx — F[(Bus + yua)ur — (yus + Pua)us)us
= 2(vus + ug)ur — (Bus + yus)uzlus},
and
elll = L {—yuurx + Puax + 2 [(7yus + Pua)ur — (Bus + yua)u)uy
—2[(Bus + yug)ur — (yus + Bua)uolur},
gt = H{—yusx — Pugx — 2[(yus + pua)ur — (Bus + yua)usus
—2[(Bus +yug)ur — (yus + Pua)uslus}.
These recursion relations enable us to introduce the temporal matrix eigenvalue
problems:

o, = Ve =V, 1)p, VI = A(AZFIW),, 1 >0, (30)

where the subscript + indicates the polynomial part of the expansion in A. The com-
patibility conditions between the spatial and temporal matrix eigenvalue problems (17)
and (30) recover precisely the zero-curvature equations given in (6). As a consequence,
these compatibility (zero-curvature) equations generate the four-potential hierarchy of
integrable equations:

= XU = XV () = (—e), b, g0, )T, 1> 0. (31)
Equivalently, component-wise,
ul,tl = —BLZ], uZ,tl - _bJ[Cl]/ u3,t1 g)[c]/ Uy 4t — CJ[C]/ l > 0. (32)

2.3. An Illustrative Example
The first nontrivial nonlinear member of this hierarchy corresponds to ! = 1 and yields

a system of combined integrable DNLS equations:
Uty = 3 (Viex — Brigax) — S{[(vus + Bua)ur — (Bus + yuug)uzlus }x

+ 2 {[(Bus + yug)us — (yus + Bug)uzluz}x,
Uaty = — 3 (Bt xx — Yi2xx) + S {[(Buts + yua)uy — (yuz + Bug)ua)ur }x

—Z{[(yus + Bua)us — (Buz + yuq)uz)uz }r, )
Uz, = —a (YUzxx + Ptiger) — S{[(vu3 + Bua)us — (Buz + yua)uz)us}

— 2 {[(Bus + yug)ur — (yus + Pug)uz]ug}r,
Ugpy = — 5 (Buzxx + Yitanr) — Z{[(Bus + yua)uy — (yus + Bug)uaus}

— 5 {[(yus + Bua)ur — (Buz + yua)uz)ttg }x.

This system defines a combined coupled integrable model with four potentials, extending
the class of coupled integrable DNLS equations (see, e.g., [24-29]). It is worth noting that
each equation contains a linear combination of two second-order dispersion terms, and this
distinctive feature justifies the terminology “combined models”.

https:/ /doi.org/10.3390/math14122081


https://doi.org/10.3390/math14122081

Mathematics 2026, 14, 2081

7 of 12

Two special reductions, corresponding to § = 0 or v = 0, lead to uncoupled dispersive
terms while preserving integrability.

For example, choosing &« = B = 1 and v = 0 in (33) gives the coupled integrable
DNLS system

Uyp = —Upxx — 2[(qug — upuz)uy — (U3 — Uplig)Un)y,
Up g = —Ulxx — 2[—(uguz — upug)uy + (uyuy — upuz)usly, (34)
Uzp, = —Ugxy — 2[(urug — upuz)uz + (U3 — Upliy)uy)y,
Ugp, = —U3xx — 2[(u1Uz — upug)uz + (Uq1ty — UpU3)Uy)y,
while # = ¢ = 1 and = 0 produces another coupled integrable DNLS model,
Ui g, = Uiy — 2[(urus — uptig)uqg — (uquy — upuz)us)y,
Up g, = Upxy — 2[—(uquy — upuz)uy + (uguz — oy )us)yx, (35)
Uz g, = —U3xx — 2[(uguz — upuig)uz + (Ugty — U3 )Uy)x,
Ugp, = —Ugxy — 2[(U11g — upuz)uz + (U3 — Uiy )Uy)y.

These two reduced systems are equivalent under the replacement

(U1, Uy, Uy Uapy ) — (U, — U1, Usp,, U3 ),

corresponding to a permutation of the components together with sign changes in the time
derivatives.

3. Bi-Hamiltonian Formulation

The spatial matrix eigenvalue problem (17) forms the foundation for a bi-Hamiltonian
framework of the soliton hierarchy (32). In particular, the Liouville integrability of the
hierarchy can be rigorously established via the trace identity (9).

Using the Laurent expansion corresponding to the stationary zero-curvature solution
W given in (18), one can explicitly compute the corresponding Hamiltonian densities
and associated conserved quantities of the hierarchy. The basic quantities in the trace
identity are

tr(Y%) = 2(2aMa + buy — cupy — euz + guq), Ny
tr(Y%) =2(Ag, —Ac, —Ae, Ab)T. o
An application of the trace identity leads to
% / A2 2  pgyy p — gyp el — ygeld 3y oK) dx
= A DN (g )T, k> 37)

We first consider the case (k = 0). Since
20l 4 1,0 — 1500 — y5el0) 4 u1g[0] =0,

it follows that
K<g[0], _C[O], —e[o],b[o]) —0.

Since ( g[O], —C[O], —E[O], b[O]) # 0, we conclude that ¥ = 0. Therefore, the following equalities
hold for the Hamiltonian functionals:
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)
Eﬂ[k] — (_C[k], K _e[k],b[k])T, k>0, (38)
where the Hamiltonian functionals are defined as
O = /[,B(ulu4 — upuz) + y(urus — upuy)] dx,
, (39)
HIK = — / z—k(Zaa[kH] + ugb® — gy ek — gkl 4 ulg[k]) dx, k > 1.
As a result, the hierarchy (32) admits the Hamiltonian formulation
] s
Uy = XU = hW' [ >0, (40)
where the Hamiltonian operator | is given by
0 0
0
0 —d
h= 70 (41)
0

Therefore, for each flow in the hierarchy, there exists a one-to-one correspondence
oH
X=]1—
N i

between a conserved functional H to a Lie symmetry X, exhibiting the integrable Hamilto-
nian structure of the hierarchy.

Furthermore, the vector fields X (k]

property

commute pairwise, satisfying the characteristic

[xtal, xlkl] = xtkl ) xlkl] — xtel ) [xI)] = 0, ki, k, > 0, (42)

which reflects the integrability of the hierarchy. This commutativity follows directly from
the algebraic relations of the temporal spectral matrices:

[NVl Al = Al ) [xal) — Akl () [xTal] 4 Tl Artl) = 0, &y, by > 0. (43)

These identities can be verified directly through the zero-curvature flows being isospectral;
see, for instance, ref. [30,31] for further details.
On the other hand, beginning with the recursion relation

xU+1 — exl

we can explicitly construct a hereditary recursion operator ® = (CD]-k) 4x4 [32]. The individ-
ual entries of ® are given by

https:/ /doi.org/10.3390/math14122081
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{ @11 = 10y — 2 (0119 "us — 9120 uy), Prp = — 5 (019 Vg + 9120 1 u3), w
D3 = %(aula’lm — 0upd tuy), d1y = ’X%(aula*luz + up0~ tuy);

{ ®y1 = (0u10 1y + 0uzd uz), ®op = 10y — L (0u10 s — dupd uy), 5
Doy = —“%(aula’luz + 0up0 tuy), Pyy = %(aula’lul — 0up0 tuy);

{ D31 = %(a%a*lug — 0ugd tuy), O = a%(aug,a*m + dugd'u3), 6)
D33 = —%ax - “%(auga’lul — duyd luy), O3y = —“%(81138’1@ + 0ugd tuy);

{ Py = — 5 (0u30 g +0usduz), Pap = 3 (0usd Nuz — dusdMuy), W
Dy3 = %(8u38’1u2 +0ugd tuy), Pgg = — 10, — j—z(au38’lu1 — 0ugd tuy).

A straightforward calculation shows that the Hamiltonian operators J; and J, = ®J;
consitute a Hamiltonian pair; that is, any linear combination of [; and J, preserves the
Hamiltonian structure. Consequently, the hierarchy (32) admits a bi-Hamiltonian formula-
tion in the sense of Magri [33]:

oH! oH -]

u, = X =, 5 =k 121 (48)

As a result, the Hamiltonian functionals #H!!! are pairwise in involution under both Poisson
brackets defined by J; and > [7]:

SH k] SH K]
{H[m,mkﬂ}h:/( iy V' s dx =0, ky,ky >0, (49)

and

sH Mkl s k2]
(bl qlely, = /( = ) T s—dx =0, ki ky > 0. (50)

This bi-Hamiltonian structure also guarantees the recursion operator @ is hereditary, and
hence serves as a unified recursion operator governing the entire hierarchy (32).

In summary, every model within the hierarchy (32) is integrable in the Liouville sense,
admitting infinitely many mutually commuting Lie symmetries {X¥}%  and conserved
Hamiltonian functionals {# ¥ }ooo- Notably, the coupled system (33) serves as a concrete
example of a nonlinear, combined, Liouville-integrable Hamiltonian four-component Kaup-
Newell-type model, thereby extending the known class of such integrable systems (see,
e.g., [34,35]).

4. Concluding Remarks

By studying integrable extensions of the matrix eigenvalue problem corresponding to
the Kaup—Newell hierarchy, we introduce a specially constructed 4th-order matrix eigen-
value formulation and derive, via the zero-curvature approach, a hierarchy of Liouville-
integrable four-component dynamical ntegrable flows. A central step is the construction
of a particular Laurent-series solution of the stationary compatibility (zero-curvature)
equation with appropriately combined initial data. Via the trace identity, we demonstrate
that the resulting hierarchy is equipped with a bi-Hamiltonian formulation associated
with a hereditary recursion operator, providing a natural four-component extension of the
Kaup-Newell soliton hierarchy.

Understanding the mathematical structures of soliton solutions for these integrable
models is of particular interest. Among the powerful tools for this purpose are Darboux
transformations [36-38], the Riemann-Hilbert method [39], the Zakharov-Shabat dressing
approach [40], and determinant-based techniques [41]. Beyond solitons, other coherent
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structures, in particular, lumps, kinks, breathers, and rogue waves, and their interaction
solutions are also of significant interest (see, e.g., [42-49]). Many of these solutions can be
obtained by applying suitable reductions to multi-soliton solutions.

Recently, nonlocal integrable reductions have attracted considerable attention. These
arise from nonlocal symmetry reductions or similarity transformations of Lax pairs, and
their soliton solutions exhibit novel mathematical structures and physical behaviors [50,51].
Nonlocality introduces a rich variety of linear and nonlinear phenomena, warranting
detailed study [52].

Integrable models are of broad interest because they reveal deep connections between
mathematics and physical phenomena. They are intimately related to areas such as Lie
theory, algebraic geometry, and the theory of special functions. Studying these models not
only enhances our understanding of universal dynamical behaviors in physical systems but
also provides a foundation for analyzing complex wave phenomena across mathematics
and physics.
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