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The article is devoted to constructing a family of binary Darboux transformations for a skew-symmetric matrix
integrable mKdV system. AKNS-type Lax pairs associated with the orthogonal Lie algebra so(2m) are employed to
systematically develop the proposed binary Darboux transformations. Starting from the zero background state,
the application of these transformations generates explicit soliton solutions. A notable feature is that the M-

matrix underlying the binary Darboux transformations is constructed within an extended framework in which

Keywords:

Lax pair

Zero-curvature equation
Binary Darboux transformation

eigenvalues coincide with adjoint eigenvalues, thereby yielding generalized Darboux transformations.

1. Introduction

Integrable models exhibit rich structures of coherent phenomena,
such as solitons, breathers, lump waves, and rogue waves. Lax pairs
serve as the starting point for the study of such systems and comprise two
linear matrix spectral problems [1]. The inverse scattering transform
[2] is developed within this framework to solve initial value problems,
while the Riemann-Hilbert approach [3] provides an alternative method
for analyzing their analytic properties based on complex analysis. In
addition, Darboux transformations (DTs) [4,5] offer a direct technique
for constructing explicit solutions from known ones.

Let u = u(x, t) denote the potential in (1 4+ 1)-dimensions and A be the
spectral parameter. An integrable model is associated with two linear
spectral problems defining its Lax pair:

¢ =Up=U, )¢, ¢, =V =V, 1.1

where U and V are square matrices. The solvability of these spectral
problems is ensured by the compatibility condition ¢, = ¢,,, which de-
termines the integrable model. It is straightforward to verify that this
compatibility condition is equivalent to the zero-curvature equation [6]:

U -V, +[U,V]=0. 1.2)
The corresponding adjoint matrix spectral problems are given by

v, =—yU, y, =—yV, (1.3)
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which also play a crucial role in constructing binary DTs. Their compat-
ibility condition w,, = y,, yields the same zero-curvature equation and
therefore does not introduce any new constraint.

This paper considers an integrable modified Korteweg-de Vries
(mKdV) system with two skew-symmetric matrix potentials p and g:

1
P = Z(pm —3pap, —3p.ap),
1
6 = 7 (e = 30:P4 = 3400, ' =-pq" =—q a4

This system is generated from the following Lax pair associated with the
orthogonal Lie algebra so(2m):

U [/11," p ]
q —Al,
1, [lm 0 ] 2 [0 p] ~ 1/1[” —px] (1.5)
0 -I, g 0| % |q -ap
Wl [pqx —Dyd  DPxx— ZPqP]
G —2qpa  ap —aep |

where p and g are skew-symmetric matrices of order m and I, is the
identity matrix of order m.

We focus on constructing binary DTs for this skew-symmetric ma-
trix integrable mKdV system. A binary DT is implemented via a gauge
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$2m$


$M$


$\hat A_{2n}^{(2)}$


$N$


$u=u(x,t)$


$\lambda $


\begin {equation}\phi _x=U\phi =U(u,\lambda ) \phi ,\ \phi _t=V\phi =V(u,\lambda ) \phi , \label {Xeqn3-1.1}\end {equation}


$U$


$V$


$\phi _{xt}=\phi _{tx}$


\begin {equation}U_t-V_x+[U,V]=0. \label {eq:zce:ma826}\end {equation}


\begin {align}\psi _x = -\psi U, \
\psi _t = - \psi V, \label {Xeqn5-1.3}\end {align}


$\psi _{xt}= \psi _ {tx}$


$p$


$q$


\begin {align}p_{t}&=\frac 14 (p_{xxx} - 3 pq p_x - 3 p_x q p),\notag \\ q_{t} & = \frac 14 (q_{xxx} - 3 q_x pq -3 q p q_x ),\
p^T=-p,\ q^T=-q. \label {Xeqn6-1.4}\end {align}


$\textrm {so}(2m)$


\begin {equation}\left \{ \begin {array} {@{}l} U= \begin {bmatrix} \lambda I_m &p \vspace {1mm} \\ q & - \lambda I_m \end {bmatrix}, \vspace {2mm}\\ V= \lambda ^3 \begin {bmatrix} I_m &0 \vspace {1mm} \\ 0& - I_m \end {bmatrix} +\lambda ^2 \begin {bmatrix} 0 & p \vspace {1mm} \\ q &0 \end {bmatrix} -\frac 12 \lambda \begin {bmatrix} pq & - p_x \vspace {1mm} \\ q_x & -qp \end {bmatrix} \\+\frac 14 \begin {bmatrix} pq_x-p_xq & p_{xx}-2 pqp \vspace {1mm} \\ q_{xx} -2 qpq & qp_x -q_x p \end {bmatrix}, \end {array} \right . \label {eq:Laxpair:ma818}\end {equation}


$p$


$q$


$m$


$I_m$


$m$


\begin {equation}\phi ' =S^+ \phi ,\ \psi '= \psi S^-, \ S^+=S^+(u,\lambda ) ,\ S^-=S^-(u,\lambda ) , \label {Xeqn8-1.6}\end {equation}


$S^+$


$S^-$


$M$


\begin {equation}\left \{ \begin {array} {@{}l} S^+_x (S^+)^{-1} +S^+ U ( S^+)^{-1} =U(u',\lambda ),\vspace {2mm}\\ S^+_t (S^+)^{-1}+ S^+ V( S^+)^{-1}=V(u',\lambda ), \end {array} \right . \label {Xeqn9-1.7}\end {equation}


$u'$


\begin {equation}u'=f(u).\end {equation}


$\phi '$


$\psi '$


\begin {equation}\phi '_x= U' \phi ',\ \phi '_t =V' \phi ', \label {Xeqn10-1.9}\end {equation}


\begin {equation}\psi '_x= - \psi ' U',\ \psi '_t=- \psi ' V', \label {Xeqn11-1.10}\end {equation}


\begin {equation}U'=U(u',\lambda ),\ V'=V(u',\lambda ).\end {equation}


$\phi '$


$\psi '$


$(U',V')$


$u$


$u'$


$u'$


$(U,V)$


$n$


$N$


$M$


$m$


\begin {equation}\left \{ \ba {@{}l} \D p_{t}=\frac 14 (p_{xxx} - 3 pq p_x - 3 p_x q p), \vspace {2mm}\\ \D q_{t}= \frac 14 (q_{xxx} - 3 q_x pq -3 q p q_x ) , \ea \right . \label {eq:coupledmKdVeqns-gl:ma826}\end {equation}


$p$


$q$


$m\times m$


\begin {equation}\phi _x=U\phi ,\ \phi _t=V\phi , \label {eq:defofLaxpair:ma826}\end {equation}


$U$


$V$


$\textrm {so}(2m)$


\begin {equation}U=U(u,\lambda ) =\lambda \Lambda +P, \label {eq:defofU:ma826}\end {equation}


\begin {equation}V=V(u,\lambda ) = \lambda ^3 \Lambda +\lambda ^2 P -\frac 12 \lambda \Lambda (P^2-P_x) +\frac 14 ([P,P_x]+P_{xx}-2 P^3) , \label {eq:defofV:ma826}\end {equation}


$u=u(p,q)$


\begin {equation}\Lambda =\begin {bmatrix} I_m &0 \vspace {1mm} \\ 0 & - I_m \end {bmatrix},\ P= \begin {bmatrix} 0 &p \vspace {1mm} \\ q & 0 \end {bmatrix}.\end {equation}


\begin {equation}p^T=-p,\ q^T=-q,\end {equation}


\begin {equation}\Sigma P\Sigma ^{-1}=- P^T,\ \Sigma =\begin {bmatrix} 0 & I_m\cr I_m & 0 \end {bmatrix}, \label {eq:ReductionProperty:ma826}\end {equation}


$P$


$U$


$V$


$\textrm {so}(2m)$


$U$


\begin {equation}u_t=X^{[k]}= X^{[k]}(u)= \begin {bmatrix} 2 b^{[k+1]}\\ -2 c^{[k+1]} \end {bmatrix},\ k\ge 0, \label {Xeqn17-2.8}\end {equation}


$V^{[k]}$


\begin {equation}V^{[k]}=\sum _{l=0}^k \lambda ^{k-l}W^{[l]} ,\ W^{[l]}=\begin {bmatrix} a^{[l]} & b^{[l]}\\ c^{[l]} & d^{[l]} \end {bmatrix}. \label {Xeqn18-2.9}\end {equation}


\begin {equation}W=\sum _{l\ge 0} W^{[l]}\lambda ^{-l} ,\ W^{[0]}=\Lambda , \label {Xeqn19-2.10}\end {equation}


\begin {equation}W_x=[U,W]. \label {Xeqn20-2.11}\end {equation}


\begin {equation}W^{[l]}|_{u=0}=0,\ l\ge 1.\end {equation}


$k=3$


\begin {equation}V=\lambda ^3\thinspace W^{[0]} +\lambda ^2\thinspace W^{[1]}+\lambda W^{[2]}+ W^{[3]}.\end {equation}


\begin {equation}[\![X^{[k]},X^{[l]} ]\!] :=X^{[k]}{'}(u)[X^{[l]}]-X^{[l]}{'}(u)[X^{[k]}]=0,\ k,l\ge 0,\end {equation}


\begin {equation}[\![V ^{[k]},V^{[l]} ]\!] :=V^{[k]}{'}(u)[X^{[l]}]-V^{[l]}{'}(u)[X^{[k]}]+[V^{[k]},V^{[l]}]=0,\ k,l\ge 0,\end {equation}


\begin {equation}p(t,x)= v(\mp \frac t 4, x), \ q(t,x)=\mp v^\dagger (\mp \frac t4 , x), \label {Xeqn21-2.16}\end {equation}


$\dagger $


\begin {equation}v_t + 3 vv^\dagger v_x + 3 v_x v^\dagger v \pm v_{xxx} =0, \label {eq:reducedNLSeqns:ma825}\end {equation}


$v$


\begin {equation*}v=\left [\ba {cc}0 & w \\ - w &0 \ea \right ],\end {equation*}


$w$


\begin {equation}w_t - 6 |w|^2 w_x \pm w_{xxx}=0, \label {Xeqn23-2.18}\end {equation}


\begin {equation}w_t -6\thinspace w^2 w_x \pm w_{xxx}=0,\end {equation}


$w$


$U$


$V$


$M$


$2m$


$2m$


$(2m)$


$u$


$p$


$q$


$N$


$N$


$\lambda _i$


$\hat \lambda _i$


$1\le i\le N$


$v_i$


$\hat v_i$


\begin {equation}v_{i,x}= U(u,\lambda _i)v_i,\
v_{i,t }=V (u,\lambda _i)v_i, \ 1\le i\le N, \quad \ \, \label {eq:defofv_i:ma826}\end {equation}


\begin {equation}\hat v_{i,x}= - \hat v_i U(u,\hat \lambda _i), \ \hat v_{i,t }= - \hat v_i V (u,\hat \lambda _i),\ 1\le i\le N. \label {eq:defofhatv_i:ma826}\end {equation}


$N$


\begin {equation}\left \{ \ba {@{}l} \D \Theta _{ij} :=\frac {U(u,\lambda _j)-U(u,\hat \lambda _i )}{\lambda _j -\hat \lambda _i}=\Lambda , \vspace {2mm} \\ \D \Xi _{ij} := \frac {V (u,\lambda _j)-V (u,\hat \lambda _i)}{\lambda _j-\hat \lambda _i} = (\lambda _j^2 + \lambda _j \hat \lambda _i +\hat \lambda _i ^2 ) \Lambda +(\lambda _j +\hat \lambda _i) P - \frac 12 \Lambda (P^2-P_x) . \ea \right . \label {eq:3ndorthogonalconditionforBDT:ma826}\end {equation}


$N$


$N\times N$


$M=(m_{ij})$


\begin {equation}M=(m_{ij})_{N\times N},\
m_{ij} = \left \{ \begin {array} {@{}cl} \displaystyle \frac {\hat v_i v_j} {\lambda _j -\hat \lambda _ i}, & \textrm {if} \ \lambda _j\ne \hat \lambda _i, \vspace {2mm}\\ m_{ij}^c(x,t ) , &\textrm {if} \ \lambda _j= \hat \lambda _i, \end {array} \right . \ \textrm {where}\ 1\le i,j\le N, \label {eq:defofM:ma826}\end {equation}


$v_i$


$\hat v_i$


$m_{ij}^c(x,t )$


$\lambda _j= \hat \lambda _i$


\begin {equation}m_{ij,x}^c= \hat v_i \Theta _{ij} v_j ,\
\textrm {if}\ \lambda _j=\hat \lambda _i, \label {eq:2ndorthogonalconditionforBDT-x:ma826}\end {equation}


\begin {equation}m_{ij,t }^c= \hat v_i \Xi _{ij} v_j,\
\textrm {if}\ \lambda _j=\hat \lambda _i, \label {eq:2ndorthogonalconditionforBDT-t_k:ma826}\end {equation}


$1\le i,j\le N$


$M$


\begin {equation}m_{ij}^c=0,\ \textrm {if}\ \lambda _j=\hat \lambda _i.\end {equation}


\begin {equation}\hat v_i \Theta _{ij} v_j=0,\
\hat v_i \Xi _{ij} v_j=0,\
\textrm {if}\ \lambda _j=\hat \lambda _i.\end {equation}


$N\times N$


$M$


$N$


\begin {equation}S^{\pm }_1 = \lim _{\lambda \to \infty } [\lambda (S^\pm (\lambda )-I_{2m})]. \label {eq:defofS^pm_1:ma826}\end {equation}


$v_i$


$\hat v_j$


\begin {equation}S^+_x= U'S^+- S^+ U, \label {eq:xpartofconditionsforDT:ma826}\end {equation}


\begin {equation}S^+_{t}= V{'}S^+ - S^+ V. \label {eq:tpartofconditionsforDT:ma826}\end {equation}


$(U',V')$


$P'$


\begin {equation}P'= \begin {bmatrix} 0&p'\\q'&0 \end {bmatrix}= P +S^+_1 \Lambda + \Lambda S^{-}_1. \label {eq:defofPprime:ma826}\end {equation}


\begin {equation}\left \{ \ba {@{}l} \{\lambda _i \, |\, 1\le i \le N\} \cap \{\hat \lambda _i \,|\, 1\le i \le N\}=\emptyset ; \vspace {2mm}\\ \lambda _i \ne \lambda _j,\ 1\le i,j\le N; \vspace {2mm}\\ \hat \lambda _i \ne \hat \lambda _j,\ 1\le i,j\le N; \ea \right . \label {eq:non-degeneracycondition:ma826}\end {equation}


$N$


$M$


$S^+$


$S^-$


$S^+$


$S^-$


\begin {equation}S^+=I_{2m}-\sum _{i=1}^N \frac {v_i^{M} \hat v_i }{\lambda -\hat \lambda _i },\ S^-=I_{2m}+\sum _{i=1}^N \frac { v_i \hat v_i^{M} } {\lambda -\lambda _i} \label {Xeqn37-3.16}\end {equation}


$v_i^{M}$


$\hat v_i^{M}$


$N\times N$


$M$


\begin {equation}\left \{ \begin {array} {@{}l} \displaystyle (v_1^{M},v_2^{M},\cdots , v_N^{M}) M =(v_1,v_2,\cdots , v_N),\vspace {2mm}\\ \displaystyle M ((\hat v_1^{M})^T,(\hat v_2^{M})^T,\cdots , (\hat v_N^{M})^T)^T=(\hat v_1^T,\hat v_2^T,\cdots , \hat v_N^T)^T . \end {array} \right . \label {Xeqn38-3.17}\end {equation}


$S^+$


$S^-$


\begin {equation}S^+(\lambda _i)v_i=0,\ \hat v_i S^-(\hat \lambda _i)=0, \ 1\le i\le N, \label {Xeqn39-3.18}\end {equation}


$S^+(\lambda _i)$


$S^-(\hat \lambda _i )$


\begin {equation}S^+(\lambda )S^-(\lambda )=I_{2m},\ S^+_1=- S^-_1, \label {eq:propertyofSpm:ma826}\end {equation}


\begin {equation}\hat v_i v_j=0,\ \textrm {if} \ \lambda _j= \hat \lambda _i, \ \textrm {where}\ 1\le i,j\le N, \label {eq:OrthogonalConditionforv_kandhatv_k:ma826}\end {equation}


$S^+(\lambda )$


$S^-(\lambda )$


\begin {equation}v=(v_1,v_2,\cdots , v_N),\ \hat v = (\hat v_1^T,\hat v_2^T,\cdots ,\hat v_N^T)^T, \label {eq:defofvandhatv:ma826}\end {equation}


\begin {equation}\left \{ \ba {@{}l}\D S^+=I_{2m}-vM^{-1}\hat F \hat {v}, \vspace {2mm}\\ S^-=I_{2m}+v F M^{-1}\hat {v}. \ea \right . \label {eq:compactformofSpm:ma826}\end {equation}


\begin {equation}\hat v v = \hat F ^{-1}M-MF^{-1}, \label {eq:propertyofM:ma826}\end {equation}


\begin {equation*}S^+S^-=I_{2m}-vM^{-1}\hat F \hat v +v F M^{-1}\hat v- v M^{-1}\hat F \hat v v F M^{-1}\hat v=I_{2m}.\end {equation*}


\begin {equation}\left \{ \ba {@{}l} \D S^+_1 =- \sum _{i,j=1}^N (M^{-1})_{ij} v_i \hat v_j = -vM^{-1} \hat v, \vspace {2mm}\\ \D S^-_1 = \sum _{i,j=1}^N (M^{-1})_{ij} v_i \hat v_j =v M^{-1}\hat v , \ea \right . \label {eq:compactformofSpm_1:ma826}\end {equation}


$S^+_1=-S^-_1$


$p$


$q$


$v_i$


$\hat v_i$


$1\le i\le N$


$M$


$m_{ij}^c$


\begin {equation}\phi ' = S^+ \phi , \ \psi ' =\psi S^{-} ,\ P'= P +S^+_1\Lambda + \Lambda S^{-}_1, \label {eq:gBDTforsymmetricmatrixintegrableequations:ma826}\end {equation}


$S^\pm $


$S^\pm _1$


$U'$


$V'$


$P'$


\begin {equation}v_x=\Lambda v D +P v, \ \hat {v}_x= - (\hat D \hat {v} \Lambda + \hat {v} P), \label {eq:Derivateofvandhatv:ma826}\end {equation}


\begin {equation}D = \textrm {diag}( \lambda _1,\lambda _2, \cdots , \lambda _N),\ \hat D =\textrm {diag}(\hat {\lambda }_1,\hat {\lambda } _2,\cdots , \hat { \lambda }_N).\end {equation}


$M$


\begin {equation}M_x= \hat {v}\Theta v, \ \Theta =(\Theta _{ij})_{N\times N}=(\Lambda )_{N\times N}. \label {eq:DerivateofMunder2ndorthogonalcondition:ma826}\end {equation}


$S^+$


$S_1^\pm $


\begin {equation}\hat D =-\hat F ^{-1}+\lambda I_{N},\ D=-F^{-1}+\lambda I_{N}, \label {eq:propertyforhatDandD:ma826}\end {equation}


\begin {equation}\left \{ \ba {@{}l} v_t=\Lambda v D^3+Pv D^2 +W^{[2]}v D +W^{[3]}v, \vspace {2mm}\\ \hat v_t=-(\hat D^3 \hat v \Lambda +\hat D ^2 \hat v P +\hat D \hat v W^{[2]} + \hat v W^{[3]}), \ea \right .\end {equation}


\begin {equation}W^{[2]} = -\frac 12 \Lambda (P^2-P_x), \
W^{[3]}= \frac 14 ([P,P_x]+P_{xx} -2 P^3 ) ,\end {equation}


\begin {equation}M_{t } =\hat {v}\Xi v, \ \Xi =(\Xi _{ij})_{N \times N} =\bigl ((\lambda _j ^2 +\lambda _j \hat \lambda _i + \hat \lambda _i ^2 )\Lambda +(\lambda _j +\hat \lambda _i) P -\frac 12 \Lambda (P^2-P_x) \bigr )_{N\times N}. \label {eq:DerivateofMunder3ndorthogonalcondition:ma826}\end {equation}


$\Xi $


\begin {equation}\Xi = \hat D^2 \Lambda + \hat D \Lambda D +\Lambda D ^2 +\hat D P + P D -\frac 12 \bigl (\Lambda (P^2-P_x)\bigr )_{N\times N} .\end {equation}


$S^+$


$S_1^+$


\begin {equation*}P'=P+ S_{1}^+ \Lambda -\Lambda S_1^+ =P-v M^{-1}\hat v \Lambda +\Lambda v M^{-1}\hat v,\end {equation*}


$(2m)$


$P'$


$(2m)$


\begin {equation}\Sigma P' \Sigma ^{-1}= - (P')^T, \label {eq:reductionforP'-sp:ma826}\end {equation}


$\Sigma $


\begin {equation}\Sigma [S_1^+,\Lambda ] \Sigma ^{-1} =[(S_1^{+})^T,\Lambda ], \label {eq:reductionforS-ma826}\end {equation}


$S_1^+$


\begin {equation}\hat \lambda _i = \lambda _i, \
1\le i \le N , \label {eq:defofhatlambda_k-sp:ma826}\end {equation}


$U$


$V$


\begin {equation}\hat v_i= v_i^T \Sigma ^T = v_i^T \Sigma , \ 1\le i\le N. \label {eq:defofhatv_k-sp:ma826}\end {equation}


\begin {equation}\hat v_j v_i=0,\ \textrm {when}\ \hat \lambda _j =\lambda _i,\ 1\le i,j\le N, \label {eq:finalconds0:ma826}\end {equation}


$S^+$


$S^-$


$\hat \lambda _j\ne \lambda _i$


\begin {equation*}m_{ij}= \frac { \hat v_i v_j } {\lambda _j -\lambda _i }= \frac { v_i^T \Sigma v_j } {\lambda _j -\lambda _i } =- \frac { v_i^T \Sigma v_j } {\lambda _i -\lambda _j }=-\frac { \hat v_j v_i } {\lambda _i -\lambda _j }=- m_{ji},\end {equation*}


$\hat \lambda _j=\lambda _i,\ 1\le i, j\le N$


\begin {equation}(m_{ij}^c + m_{ji}^c)_x=(m_{ij}^c + m_{ji}^c)_{t }=0,\label {Xeqn56-3.40}\end {equation}


$M^T=- M.$


\begin {equation}\Sigma S^+_1 \Sigma ^{-1}=- (S^+_1)^T , \label {eq:conditionforS^+_1-sp:ma826}\end {equation}


\begin {equation}\Sigma \Lambda \Sigma ^{-1}=-\Lambda , \label {Xeqn58-3.42}\end {equation}


$P'$


$\{\hat \lambda _i \, |\, 1\le i\le N\}$


$\{\hat v _i \, |\, 1\le i\le N\}$


$M$


$\hat \lambda _j=\lambda _i$


$1\le i, j\le N,$


$m_{ij}^c$


$M$


\begin {equation}m^c_{ij}=-m^c_{ji},\
\textrm {when}\ \hat \lambda _j= \lambda _i,\ 1\le i, j\le N, \label {Xeqn59-3.43}\end {equation}


$M^T=-M$


$N$


$M$


$m=4$


$N=2$


\begin {equation*}\left \{ \ba {@{}l} p_{12,t}=\frac 14 p_{12,xxx} +\frac 34 ( 2p_{12}q_{12} +p_{13}q_{13} + p_{14}q_{14} + p_{23}q_{23} +p_{24}q_{24}) p_{12,x} \vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{12}q_{13} + p_{24}q_{34} ) p_{13,x} +\frac 34 (p_{12}q_{14} - p_{23}q_{34}) p_{14,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{12}q_{23} - p_{14}q_{34} ) p_{23,x} +\frac 34 ( p_{12}q_{24} + p_{13}q_{34} ) p_{24,x} , \vspace {2mm}\\ p_{13,t}= \frac 14 p_{13,xxx} +\frac 34 ( p_{12}q_{12} +2 p_{13}q_{13} + p_{14}q_{14} + p_{23}q_{23} +p_{34}q_{34}) p_{13,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 ( p_{13}q_{12} + p_{34}q_{24} ) p_{12,x} +\frac 34 (p_{13}q_{14} + p_{23}q_{24}) p_{14,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{13}q_{23} + p_{14}q_{24} ) p_{23,x} +\frac 34 ( p_{12}q_{24} + p_{13}q_{34} ) p_{34,x} , \vspace {2mm}\\ p_{14,t}= \frac 14 p_{14,xxx} +\frac 34 ( p_{12}q_{12} + p_{13}q_{13} + 2 p_{14}q_{14} + p_{24}q_{24} +p_{34}q_{34}) p_{14,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{14}q_{12} - p_{34}q_{23} ) p_{12,x} +\frac 34 (p_{14}q_{13} + p_{24}q_{23}) p_{13,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{13}q_{23} + p_{14}q_{24} ) p_{24,x} -\frac 34 ( p_{12}q_{23} - p_{14}q_{34} ) p_{34,x} , \ea \right .\end {equation*}


\begin {equation*}\left \{ \ba {@{}l} p_{23,t}= \frac 14 p_{23,xxx} +\frac 34 ( p_{12}q_{12} + p_{13}q_{13} + 2 p_{23}q_{23} + p_{24}q_{24} +p_{34}q_{34}) p_{23,x} \vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{23}q_{12} - p_{34}q_{14} ) p_{12,x} +\frac 34 (p_{23}q_{13} + p_{24}q_{14}) p_{13,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{13}q_{14} + p_{23}q_{24} ) p_{24,x} -\frac 34 ( p_{12}q_{14} - p_{23}q_{34} ) p_{34,x} , \vspace {2mm}\\ p_{24,t}= \frac 14 p_{24,xxx} +\frac 34 ( p_{12}q_{12} + p_{14}q_{14} + p_{23}q_{23} + 2 p_{24}q_{24} +p_{34}q_{34}) p_{24,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{24}q_{12} + p_{34}q_{13} ) p_{12,x} +\frac 34 (p_{23}q_{13} + p_{24}q_{14}) p_{14,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{14}q_{13} + p_{24}q_{23} ) p_{23,x} +\frac 34 ( p_{12}q_{13} +p_{24}q_{34} ) p_{34,x} , \vspace {2mm}\\ p_{34,t}= \frac 14 p_{34,xxx} +\frac 34 ( p_{13}q_{13} + p_{14}q_{14} + p_{23}q_{23} + p_{24}q_{24} + 2 p_{34}q_{34}) p_{34,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{24}q_{12} + p_{34}q_{13} ) p_{13,x} -\frac 34 (p_{23}q_{12} - p_{34}q_{14}) p_{14,x} \vspace {2mm}\\ \qquad \ \
-\frac 34 (p_{14}q_{12} - p_{34}q_{23} ) p_{23,x} +\frac 34 ( p_{13}q_{12} +p_{34}q_{24} ) p_{24,x} ; \ea \right .\end {equation*}


\begin {equation*}\left \{ \ba {@{}l} q_{12,t}= \frac 14 q_{12,xxx} +\frac 34 ( 2p_{12}q_{12} +p_{13}q_{13} + p_{14}q_{14} + p_{23}q_{23} +p_{24}q_{24}) q_{12,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{13}q_{12} + p_{34}q_{24} ) q_{13,x} +\frac 34 (p_{14}q_{12} - p_{34}q_{23}) q_{14,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{23}q_{12} - p_{34}q_{14} ) q_{23,x} +\frac 34 ( p_{24}q_{12} + p_{34}q_{13} ) q_{24,x} , \vspace {2mm}\\ q_{13,t}= \frac 14 q_{13,xxx} +\frac 34 ( p_{12}q_{12} +2 p_{13}q_{13} + p_{14}q_{14} + p_{23}q_{23} +p_{34}q_{34}) q_{13,x} \vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{12}q_{13} + p_{24}q_{34} ) q_{12,x} +\frac 34 (p_{14}q_{13} + p_{24}q_{23}) q_{14,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{23}q_{13} + p_{24}q_{14} ) q_{23,x} +\frac 34 ( p_{24}q_{12} + p_{34}q_{13} ) q_{34,x} , \vspace {2mm}\\ q_{14,t}= \frac 14 q_{14,xxx} +\frac 34 ( p_{12}q_{12} + p_{13}q_{13} + 2 p_{14}q_{14} + p_{24}q_{24} +p_{34}q_{34}) q_{14,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{12}q_{14} - p_{23}q_{34} ) q_{12,x} +\frac 34 (p_{13}q_{14} + p_{23}q_{24}) q_{13,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{23}q_{13} + p_{24}q_{14} ) q_{24,x} -\frac 34 ( p_{23}q_{12} - p_{34}q_{14} ) q_{34,x} , \ea \right .\end {equation*}


\begin {equation*}\left \{ \ba {@{}l} q_{23,t}= \frac 14 q_{23,xxx} +\frac 34 ( p_{12}q_{12} + p_{13}q_{13} + 2 p_{23}q_{23} + p_{24}q_{24} +p_{34}q_{34}) q_{23,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{12}q_{23} - p_{14}q_{34} ) q_{12,x} +\frac 34 (p_{13}q_{23} + p_{14}q_{24}) q_{13,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{14}q_{13} + p_{24}q_{23} ) q_{24,x} -\frac 34 ( p_{14}q_{12} - p_{34}q_{23} ) q_{34,x} , \vspace {2mm}\\ q_{24,t}= \frac 14 q_{24,xxx} +\frac 34 ( p_{12}q_{12} + p_{14}q_{14} + p_{23}q_{23} + 2 p_{24}q_{24} +p_{34}q_{34}) q_{24,x}\vspace {2mm} \\ \qquad \ \
+\frac 34 ( p_{12}q_{24} + p_{13}q_{34} ) q_{12,x} +\frac 34 (p_{13}q_{23} + p_{14}q_{24}) q_{14,x} \vspace {2mm}\\ \qquad \ \
+\frac 34 (p_{13}q_{14} + p_{23}q_{24} ) q_{23,x} + \frac 34 ( p_{13}q_{12} + p_{34}q_{24} ) q_{34,x} , \vspace {2mm}\\ q_{34,t}= \frac 14 q_{34,xxx} +\frac 34 ( p_{13}q_{13} + p_{14}q_{14} + p_{23}q_{23} + p_{24}q_{24} + 2 p_{34}q_{34}) q_{34,x}\vspace {2mm} \\ \qquad +\frac 34 ( p_{12}q_{24} + p_{13}q_{34} ) q_{13,x} -\frac 34 (p_{12}q_{23} - p_{14}q_{34}) q_{14,x} \vspace {2mm}\\ \qquad \ \
-\frac 34 (p_{12}q_{14} - p_{23}q_{34} ) q_{23,x} + \frac 34 ( p_{12}q_{13} + p_{24}q_{34} ) q_{24,x}; \ea \right .\end {equation*}


$p=(p_{ij})_{4 \times 4}$


$q=(q_{ij})_{4 \times 4}$


\begin {equation}v_i=(\textrm {e}^{\lambda _i x +\lambda _i^3 t } \mu ^{[i] T}_1,\textrm {e}^{-\lambda _i x -\lambda _i^3 t } \mu ^{[i] T}_2)^T, \ 1\le i\le 2, \label {Xeqn60-3.44}\end {equation}


\begin {equation}\hat v_i= v_i^T \Sigma ,\ 1\le i\le 2. \label {Xeqn61-3.45}\end {equation}


$\mu ^{[i]}_j \in \mathbb {C}^{4}, \ 1\le i, j\le 2,$


$\hat \lambda _i=\lambda _i$


$1\le i\le 2$


\begin {equation}\hat v_i v_i= v_i^T \Sigma v_i =0,\ 1\le i\le 2, \label {eq:finalconds2-so:ma826}\end {equation}


\begin {equation}\mu ^{[i]T} _1 \mu ^{[i]} _2 =0,\ 1\le i\le 2. \label {eq:finalconds2-so_s:ma826}\end {equation}


$m_{11}^c=m_{22}^c=0,$


\begin {equation}\hat v_i \Lambda v_i =0,\ 1\le i\le 2, \label {eq:finalconds3-so_s:ma826}\end {equation}


\begin {equation}3 \lambda _i ^{2} \hat v_i \Lambda v_i =0,\ 1\le i\le 2, \label {Xeqn65-3.49}\end {equation}


\begin {equation*}p' =[S_1^+,\Lambda ]_{12}= -2 (S_1^+)_{12},\ q'= [S_1^+,\Lambda ]_{21}=2 (S_1^+)_{ 21},\end {equation*}


\begin {align}p'_{ij}=-p'_{ji}=\frac {2 (\lambda _1 -\lambda _2) (\mu _{1,1,i}\mu _{ 2,1,j}- \mu _{1,1,j}\mu _{ 2,1,i}) } { \mu ^{[1]T}_2 \mu ^{[2]}_1 \textrm {e}^{ -2(\lambda _1 x + \lambda _1 ^3 t ) } +\mu ^{[1]T}_1 \mu ^{[2]}_2 \textrm {e}^{-2(\lambda _2 x + \lambda _2 ^3 t ) } } ,\ 1\le i,j\le 4, \label {Xeqn66-3.50}\end {align}


\begin {equation}q'_{ij}=-q'_{ji}= -\frac {2 (\lambda _1 -\lambda _2) ( \mu _{1,2,i}\mu _{ 2,2,j} - \mu _{1,2,j}\mu _{ 2,2,i} ) }{ \mu ^{[1]T}_2 \mu ^{[2]}_1 \textrm {e}^{ 2(\lambda _2 x + \lambda _2 ^3 t ) } +\mu ^{[1]T}_1 \mu ^{[2]} _2 \textrm {e}^{ 2(\lambda _1 x + \lambda _1 ^3 t ) } } ,\ 1\le i,j\le 4. \label {Xeqn67-3.51}\end {equation}


\begin {equation}p'=(p'_{ij})_{4\times 4},\ q'=(q'_{ij})_{4\times 4},\
\mu ^{[r]}_s=(\mu _{r,s,1},\mu _{r,s,2},\mu _{r,s,3},\mu _{r,s,4})^T,\ 1\le r,s\le 2. \label {Xeqn68-3.52}\end {equation}


\begin {equation*}\lambda _1=1,\ \lambda _2 =2,\end {equation*}


\begin {equation*}\left \{ \ba {@{}l} \D \mu _{1,1,1}= 1,\ \mu _{1,1,2}= 2,\ \mu _{1,1,3}= 3,\ \mu _{1,1,4}= \frac 14,\
\vspace {2mm}\\ \D \mu _{1,2,1}= -23,\ \mu _{1,2,2}= 3,\ \mu _{1,2,3}= 5,\ \mu _{1,2,4}= 8,\
\vspace {2mm}\\ \D \mu _{2,1,1}= 3,\ \mu _{2,1,2}= 4,\ \mu _{2,1,3}= 5,\ \mu _{2,1,4}= 6, \vspace {2mm}\\ \D \mu _{2,2,1}= -\frac {74} 3 ,\ \mu _{2,2,2}= 7,\ \mu _{2,2,3}= 8,\ \mu _{2,2,4}= 1, \ea \right .\end {equation*}


\begin {equation*}p'_{ij}=-p'_{ji}=\frac {c_{ij}^{(p)} \,\textrm {e}^{3x + 9t }}{192 \,\textrm {e}^{x+7t}+163 \,\textrm {e}^{ -x-7t } }, \ 1\le i< j \le 4,\end {equation*}


\begin {equation*}c_{12}^{(p)}=48,\ c_{13}^{(p)}=96,\ c_{14}^{(p)}=-126,\ c_{23}^{(p)}=48,\ c_{24}^{(p)}=-264,\ c_{34}^{(p)}=-402.\end {equation*}


\begin {equation*}q'_{ij}=-q'_{ji}=\frac {c^{(q)}_{ij} \, \textrm {e}^{-3x - 9t }}{192\, \textrm {e}^{x+7t}+163\, \textrm {e}^{ -x-7t }},\
\ 1\le i< j \le 4,\end {equation*}


\begin {align*}c_{12}^{(q)}=-2088,\ c_{13}^{(q)}=-1456,\ c_{14}^{(q)}=4184,\ c_{23}^{(q)}=-264,\ c_{24}^{(q)}=-1272,\ c_{34}^{(q)}=-1416.\end {align*}


$M$


$2m$


$M$


$M$

mailto:wma3@usf.edu
https://doi.org/10.1016/j.physd.2026.135406
https://doi.org/10.1016/j.physd.2026.135406

W.-X. Ma

transformation (see, e.g., [7]):
¢ =S,y =yST, StT=5"w 1), ST =5, 1.6)

where S* and S~ are mutual inverses and can be derived from a so-
called M-matrix formulation (see, e.g., [7] for a general framework).
The transformation is required to satisfy

SHSHT+stUSHT =UW, b,
1.7)
SHSHTT+ STV (SH =V, A,
where the transformed potential «’ is defined by
W = f). 1.8)

Accordingly, ¢’ and y’ form a new eigenfunction and its adjoint satis-
fying

P.=Ud, =V, (1.9)
and

vl =—y'U, gy =—y'V', (1.10)
where

U =Uu@, i,V =vu,i. (1.11)

Thus, the transformed eigenfunctions ¢’ and y’ ensure that the resulting
Lax pair (U’, V") satisfies the same zero-curvature equation as the orig-
inal, with u replaced by «’. Consequently, the transformed dependent
variable v’ yields a new solution to the integrable model determined by
w,v).

In modern soliton theory, binary DTs have been widely applied to a
variety of integrable models. Two representative examples are the non-
linear Schrodinger (NLS) equation and the mKdV equation (see, e.g.,
[8-10]). Determinant representations of n-fold binary DTs have been
developed for the AKNS NLS equation and the Gerdjikov-Ivanov mKdV
equation [11,12]. These binary DTs enable the generation of N-soliton
solutions, including breathers, rogue waves, and lump waves as special
cases. For Lax pairs with specific structures, it is also common to impose
orthogonality conditions between eigenfunctions and adjoint eigenfunc-
tions (see, e.g., [8]), particularly in situations where eigenvalues coin-
cide with adjoint eigenvalues.

In this paper, we establish a class of binary DTs for the skew-
symmetric matrix integrable mKdV system introduced above. The result-
ing transformations are constructed via an extended M-matrix generat-
ing procedure, which accommodates cases where eigenvalues coincide
with adjoint eigenvalues. Applying the proposed transformations once
yields explicit soliton solutions. The paper concludes by summarizing
the main results and providing concluding remarks.

2. A skew-symmetric matrix integrable mKdV system

Let m be an arbitrary natural number. We consider the following
coupled system of integrable mKdV equations:

1
P = Z(pxxx —3pgpy —3p.ap),
2.1)

1
q; = Z(q”" —3q,pq — 34pq),

where p and g are two m X m skew-symmetric matrices. This system is
generated from the Lax pair of matrix spectral problems:

b =Ug, ¢, =V, (2.2)

where U and V are associated with the orthogonal Lie algebra so(2m)
and are given by (1.5). The Lax pair can be written as

U=U@,A)=iA+P, (2.3)
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and

V=Vt =A+iP- %AA(Pz - P)+ 3—‘([P, P+ P, —2P>,

2.9

where « = u(p, q¢) and

I 0 0
A= I 2.5)

0 -1, qg O
The skew-symmetric conditions
p’=-p, ¢ =—q, (2.6)
are equivalent to the potential reduction

0 I
-1 _ _pT — m

IPY =—-P', X [Im 0 ], 2.7)

which ensures that P, and hence U and V, belong to the orthogonal Lie
algebra so(2m).

Associated with the above spatial spectral matrix U, there exists an
infinite number of commuting isospectral flows:

2plk+1]

= XM = xW@) = [_ZC[kHJ

], k>0, (2.8
which are generated from the Lax operators VI

6N gpetytn gy @ oY

v = Y atwi W= (2.9)
1=0

Here, the Laurent series

W=y wliil, wil = a,
120

(2.10)

is assumed to solve the stationary zero-curvature equation (see, e.g.,

[13,14]):
W, =[U,W]. (2.11)

The hierarchy is uniquely determined by imposing the normalization

condition
wil|,_,=0,1>1 (2.12)

In particular, the member corresponding to k = 3 coincides with the ma-
trix integrable mKdV system (2.1), noting that

V=2wO 4 2wl w4 wil, (2.13)
The commutativity of these flows,
[x™, x17 = Xx™ @) x1] - xW @y x*] =0, k,1 >0, (2.14)

can be verified via the isospectral Lax operator algebra (see, e.g., [15]):

™MLy = v @ x ] - v @ x M+ v v = 0, k1> 0,
(2.15)

By imposing suitable reductions, the integrable mKdV system (2.1)
reduces to several well-known coupled integrable models, thereby en-
larging the category of multi-component mKdV-type systems studied
previously (see, e.g., [16-20]).

In particular, under the reduction

Pt x) = v(:%, X, q(t,x) = :v"‘(:i,x), (2.16)

where 1 denotes the Hermitian conjugate, the system (2.1) reduces to
the matrix focusing/defocusing mKdV equation:
v, + 300 v, + 30,0 v £ v, =0, (217)

where v is a square skew-symmetric matrix.
When

b= 0 w
| —w 0|
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with w a scalar function, this matrix equation further reduces to the
standard scalar focusing/defocusing mKdV equations:

w, — 6lw|*w, + W,y =0, (2.18)

which become

w, — 6 W, + W,y =0, (2.19)

when w is real. These equations possess a variety of interesting exact so-
lutions (see, e.g., [21-24]) and have important applications in nonlinear
wave propagation (see, e.g., [25]).

3. Binary Darboux transformations

We consider the skew-symmetric matrix integrable mKdV system
(2.1) together with its associated Lax pair defined in (2.2), where the
matrices U and V are given by (2.3) and (2.4), respectively.

The objective of this section is to construct a class of binary DTs based
on this Lax pair formulation. To incorporate both eigenfunctions and
adjoint eigenfunctions, we develop an extended M-matrix framework
for generating DTs for the matrix integrable mKdV system (2.1).

In the first subsection, we establish a binary DT formulation for the
Lax pair associated with the general linear Lie algebra gl(2m). In the
second subsection, this construction is reduced to the case associated
with the orthogonal Lie algebra so(2m).

3.1. The general case associated with gl(2m)

Let u be a prescribed solution of the integrable mKdV system (2.1),
with two unreduced matrix potentials p and ¢. Suppose that N is an
arbitrary natural number, and consider a class of binary DTs constructed
from N eigenfunction and adjoint eigenfunction pairs.

Assume that 4; and 4, (1 <i < N) are eigenvalues and adjoint eigen-
values, respectively, and that v; and o; are the corresponding eigenfunc-
tions and the associated adjoint eigenfunctions. Then we have

vy = U, A)v;, v, =V, A)v;, 1 <i<N, 3.1

0 =—0;U, A), 0, =-0,V(w, 4), 1<i<N. (3.2)

We employ these eigenfunctions and adjoint eigenfunctions to establish
a formulation for N-fold binary DTs. This framework enables the con-
struction of new solutions of the matrix integrable mKdV system (2.1)
from known ones.

To construct binary DTs, we introduce

Uu, 4;) = Uu, 4)
— L T =
A =4

V(,A) =V i)
A=A

= (5 + A4+ IDA+ (4 + AP - %A(PZ - P).

(3.3)

A crucial step in constructing the N-fold binary DTs is the introduction
ofan N x N matrix M = (m,;), based on these quantities. To encode the
interactions between the eigenfunctions and adjoint eigenfunctions (see,
e.g., [10,26]), we define

ﬁ[vj . .
—, if A # 4,
M = (m;;)nyn»> My = Aj— 4 wherel1 <i,j <N, (3.4)
mfj(x, 1, if A; = /Al,-,

where v; and 9; are the eigenfunctions and adjoint eigenfunctions intro-
duced in (3.1) and (3.2), respectively. The entries mfj(x, t) correspond to

the coinciding-eigenvalue case 4; = 1;, and are defined by

mé  =0,0,v;, if 4; =1, (3.5)

ij.x ijvj>
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and

m,, = 0,;E,v;, if ; = 4, (3.6)

for1 <i,j<N.

The M-matrix plays a central role in constructing the higher-rank
projector that defines the binary Darboux matrices. In particular, it en-
compasses generalized DTs in which eigenvalues may coincide with ad-
joint eigenvalues. One particular case is obtained by setting

m; =0, if 4; = 4;. (3.7)
This requires the orthogonality conditions (see, e.g., [7,8]):
0;0,;0; =0, 8,8;0; =0, if A;; = 4,. (3.8)

As soon as the N x N matrix M defined in (3.4) is invertible, we can
formulate the N-fold binary DTs as follows. More precisely, the Darboux
matrices are defined by

Nov(M™Y.b, Nop(MY. D
St=S*W)=1,- Y —2L s =5 =1 -7
() =1, ,-,; 7, o) 2m+[7/2:‘,1 T,
(3.9
together with their leading-order terms at infinity:
S;—' = lim [A(SE(A) — I,)]. (3.10)
A—o0

In the above formulation, v; and o; are the eigenfunctions and adjoint
eigenfunctions defined in (3.1) and (3.2), respectively.

Based on the general theory of binary DTs, we need to verify the
following two gauge conditions:

S;rzU’S*—S*U, (3.11)
and
S:r =V'st-5tV. (3.12)

Here, the resulting Lax pair (U’, V") is defined by

U =iN+P, V' = PA+ 1P - %AA(PQ -P)H+ %([P’, P14+ P -2P"),

(3.13)
where the transformed potential matrix P’ is given by
/ 0 pl + -
P =1, =P+ STA+AS]. (3.14)
q 0

Thus, constructing a family of binary DTs for the matrix integrable
mKdV system (2.1) reduces to verifying the two conditions (3.11) and
(3.12).

We observe that, under the non-degeneracy conditions

{(LI1<i<NYn{4|1<i<N}=¢

/11- * /ljw 1<i,j<N; (3.15)

Ji# A, 1<i,j<N;

the expression (3.9) reduces to the standard N-fold Darboux transforma-
tion (DT) formulation, corresponding to Darboux matrices of the clas-
sical type, which has been extensively studied in the literature (see,
e.g., [4,5,26-30]). If some eigenvalues coincide with adjoint eigenval-
ues, the construction of the matrix M requires additional care, leading
to more intricate solution structures [10]. Such cases arise naturally,
for instance, in spectral problems associated with reductions, including
those related to orthogonal Lie algebras.

We are now in a position to state the following two propositions, in
a manner analogous to many related settings (see, e.g., [8,10]).

Using the expressions for the Darboux matrices S* and .S~ in (3.9),
one can obtain their partial fraction decompositions, as summarized be-
low.
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Proposition 3.1. Let St and S~ be the Darboux matrices defined by (3.9).
Then their partial fraction decompositions are given by
N My
U D;
S+=12m_2/1’ ’vS_=12m+

= (3.16)
P i
M

N oM
1
7=

where the vectors v™ and o) are defined via the N x N matrix M by
UMM = (), 0y, 0y,

(vf”, vé\”,
(3.17)
M@, @, @)D = @], 05, -, 3.

From the above proposition, we immediately obtain the following
result.

Proposition 3.2. For the Darboux matrices St and S~ defined in (3.9),
the following properties hold:

S*(A)v; =0, 5,S"(4) =0, 1 <i <N, (3.18)
provided that S*(4;) and S‘(i,-) are well-defined. Moreover,

STS™(A) = Ly, S1+ =-=S, (3.19)
holds under the orthogonality condition

v, =0, if A; = 4;, where 1 <i,j < N, (3.20)

is satisfied.

The condition (3.20) is required in the case of coincidence between
eigenvalues and adjoint eigenvalues. In particular, the first identity in
(3.19) implies that S*(4) and S~(4) are mutual inverses.

For brevity, we introduce the block vectors:

0= (U1, U, UN)s ﬁ:([)lT,ﬁg’...’f)T )T, (3.21)
together with the diagonal matrices
. 1 1 1
F=d R S, X
ey ntly yay Iy
A . 1 1 1
F = diag( —, —, —). (3.22)
A= A=l T A=ly
Then the Darboux matrices admit the compact representations
S* =L, —vM~ Fo,
(3.23)
S =1, +vFM~'o.
One can directly verify the identity
ov=F'M-MF, (324

which holds entrywise. Using this relation, a straightforward computa-
tion shows that

StST =1L, — oM ' Fo+ vFM™'0— oM™ FovFM ™0 = I,,,.

Taking the expansion at infinity, we obtain

N
Sf ==Y (M™h,00, = —oM™"d,
ij=1
(3.25)
N
Sy= D (MY, 00, =oM™"p,
ij=1
which immediately implies S} = -S7.
We are now in a position to present a class of general binary DTs
for the matrix integrable mKdV system (2.1), without imposing skew-

symmetric reductions on p and gq.

Theorem 3.1. Let v; and o; (1 <i < N) be defined by (3.1) and (3.2),
respectively, and let the M-matrix be given by (3.4), with the entries mfj
defined via (3.5), (3.6), and (3.3). Assume that the orthogonality condi-
tion (3.20) holds. Then the matrix integrable mKdV system (2.1) admits the
binary DT:

¢ =Stp. w' =yS™, P'=P+STA+AS], (3.26)
where S* and Sli are given by (3.9) and (3.10), or equivalently by (3.23)
and (3.25), respectively.
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Proof. Let U’ and V' be defined as in (3.13), with P’ given by (3.14).
The proof reduces to verifying the spatial and temporal compatibility
conditions (3.11) and (3.12).

We first verify the spatial condition (3.11). From the spectral prob-
lems, we have

v, = AvD + Pv, b, = —(DOA + OP), (3.27)
where
D = diag(A, Ay, -+, Ay), D =diag(d;, Ay, -, Ay). (3.28)

Using the definition of M in (3.4), together with (3.5) and (3.6), we
obtain

M, =000, © = (©;)yun = (M) yxy- (3.29)

With the compact representations (3.23) and (3.25) for S* and Sli,
a direct computation verifies the spatial condition (3.11). In this calcu-
lation, we use the identities

D=-F"'+Aly, D=-F ' +1Iy, (3.30)
together with (3.24). Hence, the spatial condition is satisfied.
Next, we verify the temporal condition (3.12). We have
v, = AvD? + PuD? + WRlyD + wBly,
N N N (3.31)
0, = —(D30A + D*0P + Dow 2! + ow B3y,
where
wil = —%A(Pz -pP), whl= JT([P, P+ P, —2P%), (3.32)
and
FEy B — (2 5 A 1
M, = 680, E = E))yxn = (4 + 44+ ADA+ (4, + 2)P - EA(PZ = P)) yen-
(3.33)
Equivalently, = can be written in the compact form
=_ A A 2. A 1 2
E=D*A+DAD+AD* + DP+ PD = 5 (AP* = P) - (3.39)

A direct (though lengthy) computation using the compact forms of
S* and S, together with
P'=P+SFA—ASH=P—vM™'0A+AvM™'D,

and the identities (3.30) and (3.24), shows that the temporal condition
(3.12) is also satisfied.

Therefore, both compatibility conditions hold, and the binary DT is
established. [

3.2. The skew-symmetric case associated with so(2m)

The transformed potential matrix P’ defined by (3.14) must satisfy
the orthogonal symmetry condition associated with so(2m):
TPl = (P, (3.35)

where X is defined in (2.7). Equivalently, using the binary DT in (3.26)
together with (3.19), this reduction condition can be reformulated as

ST AR =[S, AL (3.36)
where S;“ is given explicitly by (3.25).

To this end, we choose the adjoint eigenvalues as
A=A, 1<i<N, (3.37)

and define the adjoint eigenfunctions according to the symmetry of U
and V:

6, =0v"xT =078, 1<i<N. (3.38)
We impose the orthogonality condition
o;0;=0, when i, =4, 1<i,j<N, (3.39)

to ensure that the two Darboux matrices S* and .S~ are mutual inverses.
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For ; # 4;, we compute

~ T T A
I v,y Zv; _ b Zv; _ b e
L P R R Y e Y T
j i Jj i i Jj i Jj

jis

showing that the off-diagonal entries are skew-symmetric.
In the resonant case 1 =4, 1<i,j <N, we observe

(), = oy + ), =0, (3.40)
so that we can choose M7 = —M.

Then, from (3.25), it follows that
STt = —(sPHT, (3.41)
and together with
TAZ! = A, (3.42)

this implies (3.36), and consequently the reduction property (3.35) for
the transformed potential P’.
The following theorem summarizes the main result.

Theorem 3.2. Let the adjoint eigenvalues {4, |1 < i < N} and the adjoint
eigenfunctions {9; | | <i < N} be defined by (3.37) and (3.38), respectively.
Let M be given by (3.4), and assume that whenever A j=4for1<ij<
N, the corresponding entries m; of M are determined by (3.5) and (3.6),
satisfying

mf, =—m, when i; =4, 1<i,j<N,

¢ =—m,, (3.43)

so that MT = —M. Moreover, if the orthogonality conditions (3.39) are
satisfied, then the transformation (3.26) yields a binary DT for the skew-
symmetric matrix integrable mKdV system (2.1).

3.3. An illustrative example

We note that N must be even to ensure that M is skew-symmetric
and invertible. Let us now present an example with m =4 and N =2,
starting from the zero seed potential. The resulting mKdV system is given
by

1 3
P1os = 7P12xxx T 7(2P12G12 + P13d13 + Pradia + 23423 + P2adaa)Pi2x
3 3
+31 (012913 + P2ud3)P13x + T (P12d14 — P23934)P1a
3 3
+31(P12423 = P14934)P23 x + T (P12G24 + P13834)P24 1
1 3
P13s = 7P13xx T 1(P12012 + 2P13413 + Pradia + P23d23 + P34434)P13.x
3 3
9 +3(P13912 + P3a2)P12.x + 7(P13914 + P23924)P 14 x
3 3
+31(P13923 + P14924)P23 x + (12924 + P13934)P34 1
| 3
Prag = 3Puxex T 7012812 + P13013 + 2P144914 + P2adoa + P3ad34)P14x
3 3
+2(P1a412 = Pa3)IP12x + 3(P1adi3 + P24d23)P13
3 3
+31(P13923 + P14924)P24 x — 3 (P12923 — P14434)P34.x»
| 3
P23y = 7PBxxx T 1P12012 + P13413 + 2P23003 + P2adoa t+ P34934)P23 x
3 3
+2 (23912 = PaadiadPiox + 3(P23d13 + P2d1a)P13
3 3
+3 (13914 + P23 D2a)P2ax — 7(P12914 — P23934)P34 x5
1 3
P2yt = 7P xxx T 7(P124912 + P1ad14 + P23923 + 2D24904 + P34934)P24 x
3 3
3 +31 (024912 + P309130P12,x + T (P23013 + P24914)P14
3 3
+5 14413 + P24d23)P23x + 3 (P12413 + P24434)P34 x5
1 3
P3as = 7P3axxx T 1(P13013 + P1adia + P23dos + P2ads + 2P344934)P3a x
3 3
+3(P24412 + P344913)P13.x — 7(P23912 — P3ad14)P14x

3 3
—1(P12412 = P344923)P23 x + T (P13912 + P34924)P24 x5
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and
124 = %qIZ,xxx + %(21712‘112 + P13913 + P1ad14 + P23923 + P2ud24)412,x
+%(l’|3‘112 + P34924)013 5 + %(1’14412 — P344923)414.x
+%(P231112 ~ P34d1a)%3 . t %(1’24‘112 + P344913)924,>
qi34 = iql_’),xxx + %(1’12‘112 +2p13913 + Pradia + P23423 + P34434)913
A +%(P12‘113 + P2ad3a)q12.x + %(meha + P24423)914 x
+%(1’23‘113 + Paud1a) 3 x + %(1’24‘112 + P3ad13)934 x>
di4; = %‘114,xxx + %(1’12412 +P13913 + 2P14914 + P2ados T P34434)914.x
+%(P12‘114 — P3Gy T %(1’13‘114 + P23d24)413 x

3 3
+21(P23413 + P244914)404 x — 7(P23412 — P34914)934.x0

1 3
@3 = 7923.xxx + 3(P12d12 + P13diz + 2P23d03 + Paadog + P34434)403 x
3 3
+2(P12923 = P1ad3)q12,x + 3 (P13823 + P1ad2a)d13
3 3
+2(P14413 + P24923)%04x — 3 (P1ad12 — P34923)934 x5
1 3
D4 = 7D4xxx T 7(P12612 + Pradia + P23d23 + 2024404 + P34934)4924 5
3 3
3 +31 P14 + P1333a)012,x + 1 (P13923 + P1adaa)iax
3 3
T3 (013914 + P23%24) 0235 + T (P13%12 + P34924)834 10
1 3
Pap = 7B4xxx T Z(PB‘IIS + P14q14 + P23G23 + Poadoa + 2P34q34)q34 x

3 3
+31 (12824 + P13930)913.x — 3 (P12923 — P1a934)914x

3 3
=3 (P12d14 = P3030) 903 x + 5 (P12413 + P2a@34)d0a x5

where the two potentials are assumed to be p = (p;;)4xs and g = (g;;)axa-
The eigenfunctions take the form

v = (el,x+/1?t”£i]7"’e—A,x—A?rﬂg]T)T’ 1<i<2, (3.44)
and the corresponding adjoint eigenfunctions are given by

6 =0'%, 1<i<2. (3.45)
Here r“,['i] eC* 1<i, j <2, are constant column vectors.

Since 4; = 4;, 1 < i <2, the orthogonality conditions
bv;=0vTZp,=0, 1<i<2, (3.46)
must be satisfied, which is equivalent to
Tl =0, 1<i<2. (3.47)

If we choose mj’l =

ditions arise. The first,

ms, = 0, two additional sets of orthogonality con-

0;Av; =0, 1<i <2, (3.48)
is automatically satisfied. The second,
3220;A0; =0, 1 <i<2, (3.49)

follows directly from (3.48). Hence, only the conditions in (3.47) need
to be imposed.
A direct computation using

P =18/, Aljp = —2(S|+)1z’ ¢ =[S, Al = 2(S|+)21,

yields
Jo=—p = 204y = )y 1M1 = B jH2,0,0) <4
ij — " Fji T _ 3 _ 30’ =
M&”Tﬂgﬂe 24y x4 230) +ﬂ[|1]Tﬂ£2]e 2y x4 230)
(3.50)
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and
J =g = 204y — A1 M0, — H12,jH22.0) l<ij<4
ij T T4 T 3 3y — =T
ﬂy]r”%zjezuzxuzx) L ”EIJTM£2Je2(/11x+A]r)
(3.51)

Here we assume
P, = (p,(j)4><4’ l]’ = (q,{j)4><4’ ME-’] = (”‘r,s,lvﬂr,s,Z’ ”r,s,3’ ”r,s,4)T’ 1< r,s < 2.
(3.52)

Under the conditions in (3.47), these expressions yield explicit solutions
of the matrix integrable mKdV system with skew-symmetric matrix po-
tentials in (2.1).

When taking the eigenvalues

M=1 4=2,

and the parameters

1
T
Mo =-23, wip2 =3, mi1p3 =35 Hi24=238,

mar =L =2 p3 =3 miga=

11 =3, M1 =% Ho13=35, Up14=0,

74
H221 = 3 Hrpp =T, M3 =8, Hops=1,

we obtain the following particular solutions:

c_(l_’) e3x+9t
/ ij
ij

;=P l<i<j<4,

T 192ex+7 4163 e~x-T1
where the coefficients are
e =48, ¢ =96, ) =-126, ) =48, ) = -264, ¢ = —402.
Similarly,
CQ_I) e—3x=91

Y ij
9 = 74 = 192 ex+7t + 163 e—x—71"
with coefficients

1<i<j<4,

@ _ @ _ @ _ @ _ @ _ @) _
¢y =—2088, ¢7 =—1456, c;, =4184, c;7 = -264, c,, = —1272, cj; = —1416.
4. Concluding remarks

This paper studies binary DTs for the integrable mKdV system with
two skew-symmetric matrix potentials, based on an extended M-matrix
generating scheme. The resulting DT framework plays a central role in
analyzing the integrable dynamics of the matrix mKdV model. Starting
from the vacuum state, iterative applications of these binary DTs pro-
duce a broad class of explicit exact soliton solutions.

The example presented here is associated with the orthogonal Lie al-
gebra so(2m) and highlights the diversity of coupled nonlinear integrable
systems, demonstrating both the practical effectiveness of the approach
and the richness of the underlying integrability structures. In particu-
lar, the M-matrix must be extended to accommodate cases in which
eigenvalues coincide with adjoint eigenvalues, for which the classical
‘M -matrix formulation is no longer applicable.

By examining the eigenvalues of the corresponding spectral prob-
lems, soliton-type solutions can be classified into categories such
as negatons, positons, and complexitons, and further divided into
breathers, solitons, rogue waves, kinks, anti-kinks, lump waves, and di-
verse mixed interaction solutions. Some interaction solutions may even
involve arbitrary functions. Specific solutions can also be constructed via
wave-number reductions of general soliton families (see, e.g., [31,32]).
In particular, lump wave solutions have been widely investigated in both
linear and nonlinear settings (see, e.g., [33-37]).

Furthermore, increasing the number of dependent variables or in-
cluding higher powers of the auxiliary spectral parameter in the spatial
spectral problem leads to larger and more intricate integrable systems
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(see, e.g., [38,39]), among which integrable couplings provide represen-
tative examples (see, e.g., [40]). Such extensions—especially those in-
volving nonlocal structures—introduce additional analytical challenges.
Nevertheless, the classification of these generalized systems and the
study of their dynamical behavior are expected to deepen our under-
standing of the underlying mechanisms governing nonlinear dynamics
and integrable structures in mathematical physics [41,42].
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