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Abstract
This study investigates dispersion-induced lump wave structures in a generalized Bogoyavlensky-Konopelchenko-type 
model in (2+1)-dimensions. A generalized bilinear representation of the governing equation is first established using 
generalized bilinear derivatives with p = 3. Positive quadratic wave solutions are then derived via symbolic computation, 
which in turn generate lump-type wave structures. Our analysis reveals that the stationary points of these quadratic waves 
lie on a straight line in the spatial plane and propagate with constant velocities. Along this characteristic trajectory, the 
lump amplitude vanishes. The emergence of these lump structures is attributed to the interplay between nonlinear and 
dispersive effects in the model.
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Dispersion-Driven Lump Waves in a (2+1)-Dimensional Generalized 
Bogoyavlensky-Konopelchenko-like Model

Wen-Xiu Ma1,2,3,4

waves are of central interest. These dispersive structures 
emerge from the intricate balance between nonlinearity and 
dispersion, and their construction, analytical or numeri-
cal, remains a central theme in the study of nonlinear wave 
dynamics.

Two cornerstone approaches for generating exact solu-
tions are the inverse scattering transform (IST) [1, 2] and 
Hirota’s bilinear method [3]. The IST, viewed as a nonlinear 
generalization of the Fourier transform, provides a powerful 
tool for solving initial value problems of integrable PDEs 
via their associated Lax pairs [4]. It has been widely applied 
to capture soliton dynamics and long-time asymptotics of 
dispersive waves, including those without solitons [5]. In 
contrast, Hirota’s method offers a direct algebraic frame-
work for constructing exact wave solutions, including soli-
tons and lumps, articularly in higher-dimensional nonlinear 
dispersive systems [6]-[10].

Formally, let x, y denote spatial variables and t time. A 
general Hirota bilinear equation in (2 + 1)-dimensions can 
be written as

P (Dx, Dy, Dt)f · f = 0,� (1.1)

where Dx, Dy  and Dt are Hirota’s bilinear operators [3], 
defined by

1  Introduction

Exact closed-form solutions play a fundamental role in 
mathematical physics and engineering sciences, as they 
not only reveal intrinsic structures of nonlinear models but 
also provide systematic frameworks for addressing complex 
phenomena. Yet, obtaining such solutions is often a nontriv-
ial task. Much research has therefore been devoted to either 
deriving explicit expressions or identifying the precise con-
ditions under which they can exist.

Within soliton theory and the analysis of integrable mod-
els, wave structures such as solitons, rogue waves, and lump 

http://crossmark.crossref.org/dialog/?doi=10.1007/s40010-026-01073-7&domain=pdf&date_stamp=2026-5-29
https://doi.org/10.1007/s40010-026-01073-7
mailto:wma3@usf.edu
http://orcid.org/0000-0001-5309-1493


1 3

W.-X. Ma

Dm
x Dn

y Dk
t f · f

= ( ∂

∂x
− ∂

∂x′ )m( ∂

∂y
− ∂

∂y′ )n( ∂

∂t
− ∂

∂t′ )k

f(x, y, t)f(x′, y′, t′)|x′=x,y′=y,t′=t,

with m, n, k ≥ 0. Based on the Bell polynomial theory, 
nonlinear PDEs for a scalar field u can be obtained from 
bilinear forms through logarithmic derivative transforma-
tions (see, e.g., [11]), such as

u = β(ln f)xx, β(ln f)yy, β(ln f)xy, β(ln f)x, β(ln f)y,� (1.2)

where β ̸= 0 is a constant. The bilinear framework admits 
N-soliton solutions expressed in exponential superposition 
form (see, e.g., [6, 12]):

f =
∑

ν=0,1
exp(

N∑
i=1

νiζi +
∑
i<j

νiνjdij),� (1.3)

where the summation runs over all νi ∈ 0, 1. The phase 
shifts dij  and linear phases ζi are determined from

exp(dij) = −P (ωj − ωi, ki − kj , li − lj)
P (ωj + ωi, ki + kj , li + lj)

, where 1 ≤ i < j ≤ N,� (1.4)

and

ζi = kix + liy − ωit + ζi,0, where 1 ≤ i ≤ N,� (1.5)

subject to the dispersion relations

P (−ωi, ki, li) = 0, where 1 ≤ i ≤ N.� (1.6)

Verifying that f of the form (1.3) satisfies (1.1) under condi-
tions (1.6) is a central task, for which systematic algorithms 
have been established in both (1 + 1)- and (2 + 1)-dimen-
sional cases [12, 13].

Beyond solitons, lump waves and rogue waves consti-
tute another important class of explicit structures (see [14] 
for a general study). Lump waves are rationally localized 
in space, decaying algebraically in all directions at fixed t 
[14, 15]. For instance, the KPI equation is well known to 
admit diverse lump solutions [7], some of which arise as 
long-wave limits of multi-soliton configurations [16]. Such 
structures are not restricted to integrable models: lump-type 
solutions also appear in nonintegrable KP-, BKP-, and KP–
Boussinesq-type systems [17], and even in linear higher-
dimensional wave models via superposition principles [18, 
19].

A widely used approach to constructing lumps is the 
sum-of-squares ansatz, where a positive quadratic form is 

substituted into a bilinear equation [7, 14]. Applying loga-
rithmic derivative transformations then produces lump solu-
tions for various nonlinear PDEs. In this work, we adopt 
this method to investigate a (2 + 1)-dimensional general-
ized Bogoyavlensky-Konopelchenko-like (gBK-like) equa-
tion that incorporates eight nonlinearities and five distinct 
dispersive terms. These nonlinear and dispersive contribu-
tions together provide the balancing mechanisms that sus-
tain lump structures. Symbolic computations are employed 
to derive lump solutions and analyze the stationary points 
of the quadratic form, offering insight into the associated 
wave dynamics.

2  A Generalized BK-like Model

It is well established that Hirota’s bilinear derivatives can be 
extended to encompass all-order differential terms. A broad 
class of such operators, known as generalized bilinear dif-
ferential operators, was introduced in [20] and is defined by

Dm
p,xDn

p,yDk
p,tf · f

= ( ∂

∂x
+ αp

∂

∂x′ )m( ∂

∂y
+ αp

∂

∂y′ )n( ∂

∂t
+ αp

∂

∂t′ )k

f(x, y, t)f(x′, y′, t′)|x′=x,y′=y,t′=t,

� (2.1)

where

αk
p = (−1)r(k) where k ≡ r(k) mod p, 0 ≤ r(k) < p.� (2.2)

For example, when p = 3, the sequence of coefficients is

α3 = −1, α2
3 = α3

3 = 1, α4
3 = −1, α5

3 = α6
3 = 1, · · · ,� (2.3)

and when p = 5, it takes the form

α5 = −1, α2
5 = 1, α3

5 = −1, α4
5 = α5

5 = 1,

α6
5 = −1, α7

5 = 1, α8
5 = −1, α9

5 = α10
5 = 1, · · · .

� (2.4)

2.1  A Generalized Bilinear Form

For the case p = 3, we propose the following generalized 
Bogoyavlensky-Konopelchenko-like (gBK-like) bilinear 
equation:

FgBK-like(f)
:=

(
σ1D4

3,x + σ2D3
3,xD3,y + δ1D3,tD3,x + δ2D3,tD3,y

+ δ3D2
3,x + δ4D3,xD3,y + δ5D2

3,y

)
f · f

= 2[3σ1f2
xx + 3σ2fxxfxy + δ1(ftxf − ftfx)

+ δ2(ftyf − ftfy) + δ3(fxxf − f2
x)

+ δ4(fxyf − fxfy) + δ5(fyyf − f2
y )] = 0,

� (2.5)
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where D3,x, D3,y and D3,t are the generalized bilin-
ear derivatives, and σ1, σ2, δi for 1 ≤ i ≤ 5 are arbitrary 
constants. This construction extends the classical Bogoy-
avlensky-Konopelchenko equation; the p = 2 case was pre-
viously analyzed in [21].

2.2  Nonlinear Form of the Model

By redefining the dependent variable as

u = 2(ln f)x, v = 2(ln f)y,� (2.6)

we obtain the generalized gBK-like model in nonlinear 
form:

PgBK-like(u, v) := σ1
(
3uxuxx + 3uu2

x + 3
2

u3ux + 3
2

u2uxx

)

+ σ2
(9

8
u2uxv + 3

8
u3uy

+ 3
4

uuxxv + 3
4

u2
xv + 3

4
u2uxy + 9

4
uuxuy

+ 3
2

uxxuy + 3
2

uxuxy

)

+ δ1utx + δ2uty + δ3uxx + δ4uxy + δ5uyy = 0,

� (2.7)

subject to the compatibility condition vx = uy . This equa-
tion incorporates two sets of nonlinear terms together with 
five linear dispersive terms. The nonlinear terms differ sig-
nificantly from those in the classical generalized Bogoyav-
lensky-Konopelchenko equation associated with p = 2 (see, 
e.g., [21]). Their complexity arises from two fourth-order 
generalized bilinear derivatives associated with the prime 
number p = 3.

Special reductions occur when only one dispersive coef-
ficient is active: If δ1 = 1 and others vanish, the generalized 
equation (2.7) reduces to a BK-like equation with utx:

σ1
(
3uxuxx + 3uu2

x + 3
2

u3ux + 3
2

u2uxx

)

+ σ2
(9

8
u2uxv + 3

8
u3uy + 3

4
uuxxv

+ 3
4

u2
xv + 3

4
u2uxy + 9

4
uuxuy

+ 3
2

uxxuy + 3
2

uxuxy

)
+ utx = 0.

� (2.8)

If δ2 = 1 and others vanish, it reduces reduces instead to a 
BK-like equation with uty:

σ1
(
3uxuxx + 3uu2

x + 3
2

u3ux + 3
2

u2uxx

)

+ σ2
(9

8
u2uxv + 3

8
u3uy + 3

4
uuxxv

+ 3
4

u2
xv + 3

4
u2uxy + 9

4
uuxuy

+ 3
2

uxxuy + 3
2

uxuxy

)
+ uty = 0.

� (2.9)

Here, vx = uy  is defined as before.

2.3  Relation Between Bilinear and Nonlinear Forms

The bilinear form (2.5) and the nonlinear Equation (2.7) are 
related through

PgBK-like(u, v) =
[FgBK-like(f)

f2

]
x
.� (2.10)

Thus, if f satisfies the bilinear equation, the fields u, v defined 
in (2.6) solve the corresponding nonlinear gBK-like model.

This generalized framework raises important questions 
regarding integrability, such as the existence of lump solu-
tions, a hallmark of integrable systems. In the next section, 
we investigate lump wave solutions generated by dispersive 
contributions.

3  Lump Waves Induced by Dispersion

We now turn to the explicit construction of lump wave 
solutions for the gBK-like Equation (2.7), by analyzing its 
generalized bilinear form (2.5) with the aid of symbolic 
computation. In particular, we emphasize the role of the five 
dispersion terms, which are indispensable for the formation 
of lump structures, and we investigate the stationary points 
of the associated quadratic function.

3.1  Sum-of-Squares Ansatz

A standard approach for deriving lump solutions in higher-
dimensional nonlinear evolution equations is the sum-of-
squares ansatz, originally proposed and applied to the KPI 
equation in [7]. The central idea is to represent the depen-
dent variable in terms of a logarithmic derivative of a posi-
tive quadratic function. Specifically, we adopt the quadratic 
form

f = ζ2
1 + ζ2

2 + a9, ζ1 = a1x + a2y + a3t + a4,

ζ2 = a5x + a6y + a7t + a8,
� (3.1)

which guarantees rational localization in both spatial direc-
tions. Substituting (3.1) into the bilinear Equation (2.5) 
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results in a large algebraic system for the parameters ai, 
reducing the problem to solving this nonlinear system. For-
tunately, this system is solvable for the parameters a3, a7, 
and a9. Symbolic computation then yields explicit expres-
sions for a3, a7, and a9, while leaving the remaining coef-
ficients free:

a3 = − 1
(a1δ1 + a2δ2)2 + (a5δ1 + a6δ2)2

[
a1(a2

1 + a2
5)δ1δ3

+ a2(a2
1 + a2

5)δ1δ4

+ (a1a2
2 − a1a2

6 + 2a2a5a6)δ1δ5

+ (a2
1a2 + 2a1a5a6 − a2a2

5)δ2δ3

+ a1(a2
2 + a2

6)δ2δ4 + a2(a2
2 + a2

6)δ2δ5
]
,

� (3.2)

a7 = − 1
(a1δ1 + a2δ2)2 + (a5δ1 + a6δ2)2

[
a5(a2

1 + a2
5)δ1δ3

+ a6(a2
1 + a2

5)δ1δ4

+ (2a1a2a6 − a2
2a5 + a5a2

6)δ1δ5

+ (2a1a2a5 − a2
1a6 + a2

5a6)δ2δ3

+ a5(a2
2 + a2

6)δ2δ4 + a6(a2
2 + a2

6)δ2δ5
]
,

� (3.3)

and

a9 = −3σ1(a2
1 + a2

5)2[(a1δ1 + a2δ2)2 + (a5δ1 + a6δ2)2]
(a1a6 − a2a5)2(δ2

1δ5 − δ1δ2δ4 + δ2
2δ3)

− 3σ2(a1a2 + a5a6)(a2
1 + a2

5)[(a1δ1 + a2δ2)2 + (a5δ1 + a6δ2)2]
(a1a6 − a2a5)2(δ2

1δ5 − δ1δ2δ4 + δ2
2δ3)

.
� (3.4)

The resulting expressions, (3.2), (3.3), and (3.4), encode the 
dispersion relations and the structural conditions underlying 
the lump. In particular, a3 and a7 characterize temporal fre-
quencies linked to higher-order dispersive effects, while a9 
is determined by a delicate balance among the wave num-
bers and dispersion coefficients. Similar dispersion relations 
appear in lump solutions associated with the second flow of 
the KP hierarchy [22] and in generalized KP-type models 
(see, e.g., [23]-[27]).

Well-posedness of the solution requires two essential 
non-degeneracy conditions, including a dispersion condition

δ2
1δ5 − δ1δ2δ4 + δ2

2δ3 ̸= 0,� (3.5)

which guarantees

δ2
1 + δ2

2 ̸= 0,� (3.6)

and the determinant condition

a1a6 − a2a5 ̸= 0,� (3.7)

which ensures

a2
1 + a2

5 ̸= 0, a2
2 + a2

6 ̸= 0,� (3.8)

thereby guaranteeing that the solution u and v, defined via 
the logarithmic derivative transformation (2.6), decays to 
zero as x2 + y2 → ∞, confirming spatial localization.

The positivity of f, and thus analyticity of the resulting 
lump waves u and v, is secured by the following necessary 
and sufficient mixed condition involving the wave numbers 
and dispersion parameters:

σ1(a2
1 + a2

5) + σ2(a1a2 + a5a6)
δ2

1δ5 − δ1δ2δ4 + δ2
2δ3

< 0.� (3.9)

This condition can be ensured by either of the following two 
sufficient conditions:

σ1

δ2
1δ5 − δ1δ2δ4 + δ2

2δ3
≤ 0,

σ2(a1a2 + a5a6)
δ2

1δ5 − δ1δ2δ4 + δ2
2δ3

< 0.� (3.10)

σ1

δ2
1δ5 − δ1δ2δ4 + δ2

2δ3
< 0,

σ2(a1a2 + a5a6)
δ2

1δ5 − δ1δ2δ4 + δ2
2δ3

≤ 0.� (3.11)

The condition (3.9) ensures that a9 > 0, as seen from (3.4), 
and consequently that f, defined in (3.1), is positive. This, in 
turn, guarantees that the corresponding solutions u and v are 
analytic throughout the (x, y, t)-domain.

In summary, the construction of lump wave solutions 
via the logarithmic derivative transformation requires the 
two essential conditions (3.9) and (3.7). The former ensures 
the well-posedness of u and v across the spatial-temporal 
domain, while the latter guarantees spatial localization in all 
directions. The specific conditions (3.10) or (3.11) are suf-
ficient to ensure analytic regularity. Under the two essential 
requirements, the resulting u and v indeed represent lump 
wave solutions.

Obersving that the conditions in (3.9), (3.10) and (3.11) 
depend strongly on the coefficients of the five dispersion 
terms, the resulting lump wave solutions are governed by 
the dispersive effects in the model.

3.2  Path of Stationary Points

The dynamical behaviour of the lump waves can be further 
elucidated by computing the stationary points of f. Setting 
fx = fy = 0 leads to the linear system

a1ζ1 + a5ζ2 = 0, a2ζ1 + a6ζ2 = 0,� (3.12)

which, under the non-degeneracy condition (3.7), reduces to

ζ1 = 0, ζ2 = 0,� (3.13)
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with ζ1, ζ2 given by (3.1). Solving (3.13) yields explicit lin-
ear relations for x(t) and y(t), stationary points of the qua-
dratic function:

x(t)

= [(a2
1 + a2

5)δ3 − (a2
2 + a2

6)δ5]δ1 + [2(a1a2 + a5a6)δ3 + (a2
2 + a2

6)δ4]δ2

(a1δ1 + a2δ2)2 + (a5δ1 + a6δ2)2 t

+ a2a8 − a4a6

a1a6 − a2a5
,

� (3.14)

y(t)

= [(a2
1 + a2

5)δ4 + 2(a1a2 + a5a6)δ5]δ1 − [(a2
1 + a2

5)δ3 − (a2
2 + a2

6)δ5]δ2

(a1δ1 + a2δ2)2 + (a5δ1 + a6δ2)2 t

− a1a8 − a4a5

a1a6 − a2a5
.

� (3.15)

These parametric formulas describe a straight-line trajec-
tory in the (x, y)-plane, along which the lump attains zero 
amplitude. In other words, the lump vanishes identically on 
this characteristic path, while retaining its rational localiza-
tion elsewhere.

4  Concluding Remarks

A (2+1)-dimensional generalized Bogoyavlensky–Kono-
pelchenko-type model is formulated and analyzed, and its 
lump wave structures are investigated through symbolic 
computation with computer algebra systems. The con-
structed lump waves vanish along a characteristic trajectory 
determined by the stationary points of the associated qua-
dratic function.

Lump waves arise in a broad range of physical and math-
ematical contexts, reflecting both their versatility and the 
complexity of modeling nonlinear dispersive phenomena. 
Previous studies have explored lump solutions in linear 
models [18, 19], as well as in nonlinear and nonintegrable 
models across (2+1) dimensions [28]–[37], (3+1) dimen-
sions [23, 38, 39], and (4+1) dimensions [40]. Their con-
struction frequently relies on Hirota bilinear forms and their 
generalizations, which serve as powerful tools for identify-
ing localized coherent structures [14].

Moreover, lump waves display rich interactions with 
other coherent structures in (2+1)-dimensional integrable 
systems, including homoclinic and heteroclinic waves [41–
43]. At the same time, N-soliton solutions and integrabil-
ity have been systematically investigated in both local and 
nonlocal frameworks, for example via Riemann–Hilbert 
techniques and bi-Hamiltonian formulations [44]–[49]. 
Long-time asymptotics of Cauchy problems have been 
studied for various integrable models, including the three-
component coupled nonlinear Schrödinger system [50], the 
spin-1 Gross–Pitaevskii equation [51], and the modified 
Korteweg-de Vries hierarchy [52], the latter two of which 
can be reduced from matrix integrable models via group 

reductions (see (4.10) in [53] and (3.9) with m = n = 1 
and Σ1 = −1, Σ2 = 1, ∆1 = 1, and ∆2 = 1 in [54], 
respectively), as well as the modified Camassa-Holm equa-
tion [55], for which the soliton resolution conjecture and 
the asymptotic stability of N-soliton solutions has been 
established and studied [55]. The existence, structure, and 
dynamics of lump waves in (2+1)-dimensional extensions 
of integrable systems–whether scalar or multi-component, 
standard or generalized bilinear–remain active and compel-
ling topics for further study (see, e.g., [56]-[60]).

In summary, the investigation of lump waves deepens our 
understanding of nonlinear dispersive dynamics and offers 
potential applications in physical and engineering systems 
where localized, coherent, and energy-concentrated struc-
tures play a fundamental role.
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