
PROCEEDINGS OF THE CONFERENCE ON

DIFFERENTIAL

& DIFFERENCE

EQUATIONS AND

APPLICATIONS

EDITED BY

RAVI P. AGARWAL

AND KANISHKA PERERA



Hindawi Publishing Corporation

410 Park Avenue, 15th Floor, #287 pmb, New York, NY 10022, USA

Nast City Free Zone, Cairo 11816, Egypt

Fax: +1-866-HINDAWI (USA toll-free)

CONTEN

Preface..

A unified

J. O. Ade

On the i

argumen

Impulsiv
and M. I

Lp conve

George

Bounda

exponer

Backwa

Vo Anh

Second

couplec

On the

N. Apr

On str

the no

Well-F
Allabe

©2006 Hindawi Publishing Corporation

All rights reserved. No part of the material protected by this copyright notice may be reproduced or

utilized in any form or by any means, electronic or mechanical, including photocopying, recording,

or any information storage and retr
ieval system, without written permission from the publish

er.

ISBN 977-5945-380

On th

Allabe

An ex

R. B..



ferential equations with

,633-647.

plications to population

al equations with state-

,271-288.

ilsive functional differen-
1putational and Applied

MIXED RATIONAL-SOLITON SOLUTIONS
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We present a way to solve the Toda lattice equation using the Casoratian technique, and

construct its mixed rational-soliton soluti
ons. Examples of the resulting exact solutions

are computed and plotted.
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1. Introduction

Differential and/or difference equati
ons serve as mathematical models for various phe-

nomena in the real world. The study of differential and/or difference equatio
ns enhances

our understanding of the phenomena they describe. One of important fundamental ques-

tions in the subject is how to solve differential and/or difference equations.

There are mathematical theories on existence and representations of solutions of linear

differential and/or difference equations, especially constant-coefficient ones. Soliton the-

ory opens the way to studies of nonlinear differential and/or dif
ference equations. There

are different solution methods
 for different situations in soliton theory, for example, the

inverse scattering transforms for the Cauchy problems, Bäcklund transformations for ge-

ometrical equations, Darboux transformations for compatibility 
equations of spectral

problems, Hirota direct method for bilinear equations, and truncate
d series expansion

methods (including Painlevé series, an
d sech and tanh function expans

ion methods) for

Riccati-type equations.

Among the existing methods in soliton theor
y, Hirota bilinear forms are on

e of the

most powerful tools for solving soliton equations, a kind of nonlinear differential and/or

difference equations. In this paper, we would like to construct mixed
 rational-soliton so-

lutions to the Toda lattice equation:

ån =an(bn-1-bn), b= an-ant (1.1)

where àn = dan/dt and bn = db/dt. The approach we will adopt to solve this equation

is the Casoratian technique. Its key is to transform bilinear forms int
o linear systems
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712 Mixed rational-soliton solutions to the Toda lattice

of solvable differential-difference equations. For the Toda lattice equation (1.1), we will
present the general solutions to the corresponding linear systems and further generatemixed rational-soliton solutions.

2. Constructing solutions using the Casoratian technique

Let us start from the Toda bilinear form. Under the transformation

Let us n

(= 1. The o

ФN(и

where ФN =

similar trans

ratian soluti

ΦΝ = ΡΦΝS

d2
an=1+ log= nt1n-1 bn=

d

log In = nTn+i -Tnin+1
dtTn+1 (2.1)

TnTn+1

the Toda lattice equation (1.1) becomes

N(n-

[D²-4sint² (2) ]  to· TO、 (2.2)

where D, and D, are Hirota's operators. That is,

でヵヶー(で)²ー Tet TA-1 + T² = 0. (2.3)

Obviously, ti
factor differe

from Oy an

types of Jord

In the Casoratian formulation, we use the Casorati determinant
Γλ

1 AΦι(η)

2(п)

Φι(η +1) 1(n+N-1)

$2(n+1) $2(n+N-1)
τη = Cas (Φ1ι,φ2....,  Φ) =

(2.4)

ΦΝ(η) ON(n+1) ON(n+N-1)

to construct exact solutions, and we call such solutions Casoratian solutions. It is known
[7] that such a r-function T, solves the bilinear Toda lattice equation (2.3) if

φ;(n + 1) + φ;(n – 1) = 2ε;(cosha;)φ;(n),

where A, Aii

and I are pos

algebraic mu

eigenvalues λ(φί(n)), = φ:(n + 1), (2.5)

where ε; = ±1, a; are nonzero constants and (6;(nп)), = деФ;(п) = деФ;(п,t). The resulting
solutions are negatons, that is, a kind of solutions only involving exponential functions
of the space variable n.

There are other type solutions such as rational solutions [3], positons [5, 8], and com-
plexitons [2]. Similar to [2, 3], we can prove that is a solution to the bilinear Toda
lattice equation (2.3) if

N

ф;(п+1) +ф;(n -1) = Σλι;φ;(η), (φ:(n)), = ζφ;(η+δ), (2.6)
j=1

where =±1, 8 = ±1 (i.e., [<] = |8[ = 1, ,8 ∈ R), and A are arbitrary constants. Un-
der the transformation t →-t, the bilinear Toda lattice equation (2.3) is invariant, and
(ф;(п)) = ф;(n+ 8) becomes (ф(n)), = -Ф;(n + 8). Therefore, we only need to consider
one of the cases = ±1 while constructing solutions, since the replacement of t with -t
generates solutions from one case to the other. We will only consider the case of = 1
below.

Case k; = 1 oj

where 8 = +]

;= C

Ф=C

+

ф; = C

where Ci and
rational solut

Generally,
detailed prooi
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(1.1), we will

ther generate

Let us now begin to analyze the system of differential-difference equations (2.6) with

(= 1. The corresponding system can be compactly written as

(2.1)

(2.2)

(2.3)

ФN(и+1, t) + ФN(n - 1, t) = АФN(n, t), (ФN(n,t)), = DN(n+8,t), (2.7)

where ФN = DN(n,t):= (ф1(n,t),...,  ØN(,  t))T and A:= (Aij)NXN. Note that a constant
similar transformation for the coefficient matrix A does not change the resulting Caso-

ratian solution. Actually, if we have M = P-1AP for an invertible constant matrix P, then

ΦΝ = ΡΦΝ satisfies

N(n+1,t) +N(n-1,f) = MФN(n,  t), (Ν(n,t)), = ΦΝ(1+  δ,t). (2.8)

Obviously,  the Casorati determinants generated from Oy and have just a constant-

factor difference, and thus the transformation (2.1) leads to the same Casoratian solutions

from N and №. Therefore, as in the KdV case [4], we can focus on the following two

types of Jordan blocks of A:

Γλ 0

Ai

ГА 01

I A
α; -Bi

A=
Bi

(2.9)
α

(2.4)
이 1 Ai 0 I

kxk AiJLx

s. It is known

f

where li, a; and ẞ; > 0 are all real constants, I2 is the identity matrix of order 2, and k;

and I are positive integers. A Jordan block of the first type has the real eigenvalue λ; with

algebraic multiplicity k;, and a Jordan block of the second type has the pair of complex

eigenvalues Ai α; ± Bi√-I with algebraic multiplicity l.
), (2.5)

Case k = 1 of type 1. The representative systems read as follows:

The resulting
tial functions (2.10)

8], and com-

pilinear Toda

(2.6)

onstants. Un-

variant, and

d to consider

: of t with-t

case of (= 1

φ;(η + 1) + φ;(n - 1) = λιφι(η), (φ;(n)), = φι(η + δ),

where 8 = ±1 and l; = consts. Their eigenfunctions are classified as

Φ =ιεit +  C2i (n + ειδί)ερ, λ₁ = 2ε;, ε; = ±1,

$i= Clietcosai cos (ain + St sina;)

+ Czier  cosai sin (an +Stsinx), i 2cosai, a mn, mE Z,

$; = Cρan+e;te5d + C2z£e-anterte-ba λ; = 2€;cosha, α; ± 0,

(2.11)

where Ci and C2 are arbitrary constants. The above three sets of eigenfunctions generate

rational solutions, positon solutions, and negaton solutions, respectively.

Generally, the following two results provide ways to solve the linear system (2.6). The

detailed proof will be published elsewhere.
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THEOREM 2.1 (λ; = ±2). Let ɛ = ±1 and 8 = ±1 (i.e., [ε| = [8| = 1, E, 8 ∈ R). If(f(n,t));=

f(n+8, t), then the nonhomogeneous system

$(n+1,t) +ф(n - 1, t) = 2eф(n, t) + f(n,t), (ф(п,t)), =ф(n+8,t), (2.12)

has the general solution

$(n,t) = [a{(n)t+B(n) + [[f(n + 8,r)e  "dr ds]e, (2.13)

where a(n) and B(n) are determined by

α(n+8) - εa(n) = f(n +8,0), B(n+8)-eB(n) = a(n). (2.14)

THEOREM 2.2 (1; ±2). Let l ≠ ±2 and 5 = ±1.

(a) The homogeneous system

ф(n+1,t) +ф(п - 1, t) = Лф(п, t), (4(n,t)), =ф(n+8,t), (2.15)

has its general solution

ф(λ;c,d)(n) = cw"etw" + dw~netw-s (2.16)

where c and d are arbitrary constants, and

1 = w+w1 (2.17)

that is,

w²-lw+1 = 0. (2.18)

(b) Define fk = ф(Ai;ck, dx), 1 ≤ k ≤ kj, where ck and dx are arbitrary constants. The

nonhomogeneous systeт

Φχ(n + 1,t) + φκ(n – 1, t) = λ;φκ(n,t) + φκ-1(η,t), (φκ(n,t)), = φκ(n + δ,t),
(2.19)

where 1 ≤k ≤ k; and фo = 0, has its general solution

1 P fk-p
Фк=

p!

xe

k-1
1 ӘРФ (Л;  Ск-p,dk-p)ive id od

p

1 s ks k. (2.20)

Remark 2.3. The soliton case of λ₁ = 2cosha; (a; 0) corresponds to wi =e in (a). The

nonhomogeneous system in (b) is associated with one Jordan block of type 1.

Begin with

Γ2ε 01

* 2E

*-arbitrary consts., (2.21)

* 2ε
kixki



Wen-Xiu Ma 715

R). If (f(n,t)), = where & = ±1. By the general solution formula in Theorem 2.1, we can have

;(n,t) = e"efy;(n,t), 1sisN, (2.22)5,f), (2.12)
where y(n, t) are polynomials in n and t. Thus,

(Nץ....Tn = Cas (y1 (2.23)
(2.13)

presents polynomial solutions to the bilinear Toda lattice equation (2.3) and thus rational
solutions to the Toda lattice equation (1.1) through (2.1).

(2.14)
THEOREM 2.4. The Jordan block of type 1 with λ;= ±2 leads to rational solutions to the
Toda lattice equation (1.1).

This adds one case of λ =-2 to the result in [3]. A few examples of rational solutions
associated with one Jordan block case with λ = 2 were presented in [3].

(2.15)
3. Mixed rational-soliton solutions

(2.16)

Let us now show a way to construct mixed rational-soliton solutions. We use the following
procedure.

(2.17)

(2.18)

constants. The

1+8,t),

(2.19)

Step 1. Solve the triangular systems whose coefficient matrices possess Jordan blocks of
type 1 with A; = ±2 or A; = 2 coshα; (α; ≠ 0) to form a set of eigenfunctions (ф1,..., N).
Step 2. Evaluate the r-function T, = Cas(1...,N).

Step 3. Evaluate a, and b, by the transformation (2.1), to obtain mixed rational-soliton
solutions to the Toda lattice equation (1.1).

The r-functions generated above are quite general. In what follows, we would like to
present two sets of special eigenfunctions required in forming such T-functions.

Special eigenfunctions yielding rational solutions. We take two specific Taylor expansions
as in [9]:

+(n,t) = ekn+te +e-knttek

$(n,t) = ekn+te-e-kntte-k

=a41(n,  t)k2i,
i=0

(3.1)

ΣaAi+1(n,  t)k2i+1,
0

(2.20)

in (a). The the coefficients of which satisfy
1.

(2.21)

2

a(¥1,1) +afa一1、) = 三2 (23)1i-j+1(1,  1), (ai(n,t)),  =  a(n +1,t), (3.2)i=0

where i ≥ 1. These two sets of functions are given by

21

a1  (n,t) =2721-1
(2i-j)B(t), ai+1(n,t) =et

2i+1
2n2i+1-j

(2i+1-j)B;(t), (3.3)
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respectively. The functions ẞ; (t) above are defined by

B(1)k
j=0 p=0Pq= b

This is a rational solution case, since A=2,1si≤N.

Special eigenfunctions yielding solitons. We start from the same eigenfunctions

(3.4)

P+(n,t) = ekn+te +e-kntte* = 2efcoshk cosh(kn+tsinhk),

4_(n,t) = ekn+te -e-kn+te-* = 2etsinhk cosh (kn+  tsinhk),
(3.5)

which solve

$(n+1,t)+ф(n -1, t) = 2(coshk)ф(n, t), (ф(n,t)), =$(n+8,t). (3.6)

Computing derivatives of the above system with the parameter k leads to a set of eigen-
functions as follows:

b;(n,t) = 1$(n,t), 1sisN, (3.7)

which satisfies

b;(n+1,  t) +b,(n-1,  t) = ijb;(n,t), (b,(n,t)), = b;(n+8,t),
j=1

where 1 ≤i≤ N and Aij = 2(1)( coshk). This is a soliton case if k ≠ 0, since A

2 coshk, lsisN.

(3.8)

Examples of mixed rational-soliton solutions. Mixed rational-soliton solutions can now

be computed, for example, by

Tn= Cas (ea1,...,  e*ap,b1....,  bN-p).

In particular (in the case of o+), we have

Tn Cas (ea1,b1) = 4etcoshk {cosh [k(n+1) + tsinhk] - cosh(kn+ tsinhk)},

Tn= Cas (e'a1,e'a2,  b1)

= 4etcoshk {2(n+t+1)  cosh [k(n+2) +tsinhk]

(3.9)

-4(2n +2t +1) cosh [k(n+1) +tsinhk]

+ (2n+2t+3) cosh(kn+tsinhk)}.

(3.10)

The

anc
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Figure 3.3. Contour plots of (a) a and (b) b.

The solution from T = Cas(e1, b1) with k = 1 is depicted in Figures 3.1, 3.2, and 3.3,
and the solution from = Cas(e'a1,ea2,b1) with k = -1 in Figures 3.4, 3.5, and 3.6.
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4. Discussions

(a)

Figure 3.6. Contour plots of (a) a and (b) b.

A careful analysis based on Theorems 2.1 and 2.2 can prove that the Jordan blocks of type
1 with λ; = ±2, |A;| > 2, and |λ| < 2 generate rational solutions, negatons, and positons,

where 1

Casoratiaj

of constru
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