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1. Introduction

It is known that soliton equations such as the KdV equation, the Boussinesq equation and the KP equation possess multi-
soliton solutions generated from a combination of exponential waves. Hirota bilinear form plays a crucial role in construct-
ing soliton solutions [1,2]. The multiple exp-function method, oriented towards the ease of use and capability of computer
algebra systems, provides a direct and efficient way to search for generic multi-exponential wave solutions to nonlinear
equations including bilinear equations [3]. Besides soliton solutions, another class of interesting multi-exponential wave
solutions is a linear combination of exponential waves. It is shown that a kind of nonlinear equations can possess such a lin-
ear superposition principle, and a sufficient criterion for its existence was furnished for Hirota bilinear equations in [4].

Solitons, and positons (a kind of periodic solutions), can be expressed as Wronskian determinants [5,6]. Particular solu-
tions combining exponential functions and trigonometrical functions are presented and called complexiton (or briefly com-
plexitons) [7], and lattice soliton equations have a similar situation [8]. Complexitons are also shown to exist for source
solution equations [9] and soliton equations with sources [10]. For higher-dimensional soliton equations, there exist Gram-
mian solutions and Pfaffian solutions [1]. Grammian solutions to the KP equation were constructed by Nakamura [11] and
Pfaffian solutions to the BKP equation were presented by Hirota [12].

In this paper, we would like to study a (3 + 1)-dimensional generalized KP equation

Upoy + 3(Uxlly), + Uk + Uy — Uz, = 0,

which can be written in Hirota bilinear form but does not belong to a class of generalized KP and Boussinesq equations [13]
M
(g — 6Blilly, ) + Y Gyll, =0, @; = constant, M € N.
ij=1

We will show this generalized KP equation has a class of Wronskian solutions and a class of Grammian solutions, with all
generating functions for matrix entries satisfying a linear system of partial differential equations involving a free parameter.
The Pliicker relation and the Jacobi identity for determinants are the key to establish the Wronskian and Grammian
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formulations [1]. Examples of Wronskian solutions and Grammian solutions are computed, and a few plots of particular solu-
tions are made.

2. Wronskian formulation

Let us introduce the following helpful notation

IN=j—1,i,....i)| = |09, 0D, dNTD ¢i) 0| =det(@® V) ... NIV o0 ) 1<j<N-1,
(2.1)
where iy,. . .,i; are non-negative integers, and the vectors of functions @Y are defined by
00 = (0,60, 00) . @) == (22)
A Wronskian determinant is given by
W1, by, ) = IN-1]. (2.3)
We also use the assumption for convenience that if i < 0, the column vector & does not appear in the determinant det

(.., @D, ).
We consider the following (3 + 1)-dimensional nonlinear equation:
Uyoy + 3(Uxlly), + Uy + Uy — Uz, = 0. (2.4)

When y = x, this equation reduces the KP equation, and so we call it a generalized KP equation. The KP equation was also
generalized by constructing decomposition of (2 + 1)-dimensional equations into (1 + 1)-dimensional equations [14].
Under the dependent variable transformation

u=2(Inf),, (2.5)
the above (3 + 1)-dimensional generalized KP equation is mapped into a Hirota bilinear equation
(DD, + DiDy + DDy = D2 )f -f =0, (2.6)

where Dy, Dy, D, and D, are Hirota bilinear differential operators [1,15]. Equivalently, we have

(Fooy +fox + Foy = o) = 3f i+ 3Fxufioe = fifi = ffi = fify + (£)* = 0. (2.7)

The equation was presented for the first time in a study on the linear superposition principle for exponential waves [4], and it
is similar to a generalized (3 + 1)-dimensional BKP equation

(3D,D, — 2D,D, — D,D})f - f = 0,
which has Wronskian and Grammian solutions [16,17]. We would like to present a sufficient condition under which the
Wronskian determinant solves the generalized Hirota bilinear KP Eq. (2.6).
Theorem 2.1. Let a set of functions ¢; = ¢i(x,y,z,t) satisfy the following condition:
biy = V1Pix» iz = Vabines Pir = V3Piwx» 1IN (2.8)
with
a? 4q?

h=—3 12=06 =375

=, (2.9)

where a # + /3 is a free parameter. Then the Wronskian determinant fy = \Nfl | defined by (2.3) solves the (3 + 1)-dimensional
generalized bilinear KP Eq. (2.6).

Proof. Under the condition (2.8), we can compute various derivatives of the Wronskian determinant fy = |N/—\l\ with
respect to the variables ¥, y, z, t. It is not difficult to obtain, using (2.8), that

fux = |N/—\2,N|7

fyax = |N/;3,N— 1,N|+ |N/,\271\1Jr 1],
fuxx=IN—4,N-2N—1,N|+2IN-3,N—1,N+1|+|[N—2,N+2|,
fuy = 1IN=2,N],



10018 W.X. Ma et al./Applied Mathematics and Computation 217 (2011) 10016-10023

fuxy =7 (N=3,N=1,N|+|[N=2,N+1|),
fyxy =71 (IN—4,N=2,N—1,N|+2IN=3,N-1,N+1|+|[N-2,N+2|),
fuxwy =71 (N=5,N-=3 N—2 N—1,N|+3[N-4,N-2,N—1,N+1]|
+2IN=3,N,N+1[+3[N=3,N—1,N+2|+|N—2,N+3J),
fuz=7(N=2,N+1| = [N=3,N - 1,N]),
fyuz=72(~IN—4N-2N—1,N+1|+2[N=3,N,N+1|+|[N—2,N +3|
+IN-5N-3,N-2,N—1,N| - [N—3,N—1,N +2J),
fue=7s(N—=4,N-2N—1,N|—[N—=3,N—1,N+1|+|N—2,N+2|),
fux=73(IN—=5N-=3,N-2,N—1,N|—|[N-3,N,N+1|+|N—2,N+3|),
fury =7175(N=5,N=3N=2N—1,N|—[N—3,N,N+ 1|+ |N—2,N + 3)).

In the above expressions, the column @™~ does not appear if N < 5, as we assumed before since N — 5 < 0. Therefore, under
the selection (2.9) of y4,y, and 73, we can now compute that

fN.xxxy + fuax +fN.ty *fN,zz = *402‘NT3,N,N +1y,
- 3fN,xxny,x _fNAny,xxx _fN,th.x —fN,th\y = 4(12|N/—\27NHN/—\37N — 17N + 1‘7
3fwofiiss + ()’ = ~4°|N=3,N — N[N =2,N + 1],

and further obtain that

(D?(Dy + Dth + DtDy - Dﬁ)fN 'fN = (fN.xxxy +fN.tx +fN.ty _fN,zz)fN - 3fN,)o<ny,x + 3fN.xny.,xx _fN.ny,xxx _fN.th.,x _fN.LfN,y + (fN.z)z
= —4a>(N=1|N=3,NN+1|—[N=2,N|[N-3,N—1,N+1]|
+IN=3,N—1,N|[N-2,N+1])=0.
This last equality is nothing but the Pliicker relation for determinants:
B, Av, Az|B, As, As| — B, A1, As||B, Az, Aa| + |B, A1, Aq||B, Az, As| = O,
where B denotes an N x (N — 2) matrix, and A;, 1 < i < 4, are four N-dimensional column vectors. Therefore, we have shown
that f=fy solves the (3 + 1)-dimensional generalized Hirota bilinear KP Eq. (2.6), under the condition (2.8). O
The condition (2.8) is a linear system of partial differential equations. It has an exponential-type function solution:

p
b= dye"i, = kX + 9, ksy + pokiz + pskit, (2.10)
=

where djj and k;; are free parameters and p is an arbitrary natural number.
In particular, we can have the following Wronskian solutions:

u=2(nfy),, fn=W(¢1,¢2,... ¢n). (2.11)
where
¢ = ekixtrikiy+rkiz skt 4 elixﬂ'l’i}’+“/'2'f22+“/'3’f3f7 (2.12)

where k; and [; are free parameters. To illustrate Wronskian solutions, we set N = 3. The following three Figs. 2.1, 2.2 and 2.3
of three dimensional plots and two dimensional contour plots show the Wronskian solutions defined by (2.11) on the indi-
cated specific regions, with specific values being chosen for the parameters. In the contour plots, we see the interaction re-
gions and patterns of the involved solitons.

3. Grammian formulation

Let us now introduce the following Grammian determinant
X
fn= det(aij)léiJgN, aj = Cjj +/ ¢p;dx, ¢ = constant, (3.1)

with ¢; and ; satisfying
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Fig. 21. N=3 with k; =1, kp =2, ks=— 2,1, =1,,=3,l5=—1,a=1,y=0, t= 1.
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Fig. 2.2. N=3 with ky=—1,k;=2,ks=-1,1=-2,b=3,13=1,a=2,y=0,t=1.
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Fig. 2.3. N=3 with k;=1,k;=3,ks=-2,11=2,b=4,13=-3,a=-1,y=0,t=0.
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¢i,y =M ¢i,x7 ¢’:z ’))2¢1xx7 ¢i,t = V3¢i,xxx: 1< i < N7 (32)
Viy = Y¥ixs Viz = VWi Vie = V3V¥james 1

where the constants 7; are defined by (2.9).

Theorem 3.1. Let ¢; and y; satisfy (3.2) and (3.3), respectively. Then the Grammian determinant fy = det(a;;)1<ij<n defined by
(3.1) solves the (3 + 1)-dimensional generalized bilinear KP Eq. (2.6).

Proof. Let us express the Grammian determinant fy by means of a Pfaffian as
fN:(1727'"7N7N*7"'72*71*)7 (34)
where (i,j*) = a; and (i,j) = (i*,j*) = 0. To compute derivatives of the entries a; and the Grammian fy, we introduce new Pfaffian
entries
" "
(@) =5ty () =gz (dndy) = (dnd) = (&) =0, m.n >0, 35)

as usual. In terms of these new entries, derivatives of the entries a;; = (i,j*) are given, upon using (3.2) and (3.3), by

0 s o
alj ¢!P] (dﬂvd()»l-,] )7

0 X X P
gyaij = / (Piy; + dith;y)dx = V1/ (Pixth; + St )dx = yydh; = (do, dg,i,j"),

19} X X .o P
oz 50 = / (d)i,z‘//j + ¢i¢j,z)dx = VZ/ ((rbzxxl//] - d)il//j.xx)dx = Vz(‘ﬁi‘x% - d’ilpj.x) =Y [_ (dl ) d07 L] ) + (d07 dl 1] )]

%aij = / (PicW; + ithj)dx = Va/ (GixxtVj + ¢i¢j,xxx)dx = V3(PixlVj — Pixljx + Pithjxx)
= 73[(dz, do, 1.7) = (dh, dy,1,5°) + (do, 3, 1.J7)]-
Then we can develop differential rules for Pfaffians as in [1], and compute various derivatives of the Grammian determi-
nant fy = det(a;) with respect to the variables x, y, z, t as follows:
fN,x = (d07d67°),
fN,xx = (d]7d87°) + (d07d;7')7
S = (da2, dg, @) +2(dy,d7, @) + (do, d5, 0),
fuy = 71(do, dy, ),
fuw = [(d1,d6,0) + (d07d77')}7
fuxy =M [(dz.,dg,o) +2(d1.,d;,o) + (do,d;.,O)].,
fusoy =71 [(d3,dy, @) +3(da, d}, @) + 2(do, dy. dy,d}, 8) + 3(dy,d, @) + (do, d5, e)],
fnz=72[~(d1,dg, ) + (do.dy )],
fyz = yﬂ(d3,d6,o) — (dz,d7, @) +2(do,dy, dy,d7, @) — (di,d5, 8) + (do,d3, )],
fue =73[(dz, dg, ) — (di,d}, 0) + (do,d5, @)],
fuw =73[(d3, dg, @) — (do,dy, dy,d}, @) + (do, d5, )],
Iy =7117;3[(ds,dg, @) — (do,dy, dv, dy, @) + (do, d5, )],
where the abbreviated notation e denotes the list of indices 1,2,...,N,N*,...,2* 1" common to each Pfaffian.
Noting the selection (2.9) of y4, 7, and Y3, we can now compute that

fN.xxxy + faum +fN,ry —fnz= —4a? (do-, dg,dl-,d;7°)7
= 3f nagfvx — Fugfuse — fuifux — fuifuy = 40 (do, d, o) (d1, d}, ),
3yl + () = —4a?(dy, dy, o) (do, d; . @),
and further obtain that
(DiDy + DDy + DDy, — D?)fN v = Uy + e + vty — vz )i = 3w + 3 nspfva — fugfvson = fvdfvx — fufny + (fnz)?
= —4a?((e)(do, dy, d1,dy, ) — (do, dy, @) (d1,d}, e) + (di,dy, e) (do, d}, e)] = 0.

This last equality is nothing but the Jacobi identity for determinants. Therefore, we have shown that fy = det(a;);<;j<n defined
by (3.1) solves the (3 + 1)-dimensional generalized Hirota bilinear KP Eq. (2.6) under the condition of (3.2) and (3.3). O
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The systems (3.2) and (3.3) have solutions

p
di=Y dgeli, ny = kX + 9, ksy + p,kez + pakit, (3:6)
=
a ; 2 3
v = Z eie”,  Gi = lix + 1 liy — 7.6z + st (3.7)
i=1

where dy, ej;, k; and [;; are free parameters and p, q are two arbitrary natural numbers. In particular, we have the following
specific solutions

di=el = kix+ 7y ky + Kz + p,kt (3.8)
V= ey, =Ilx+yLy- Vzljzz + V3Ij3t’ (3.9)

where k; and J; are free parameters. To illustrate Grammian solutions, we further choose (c;)nxn as the identity matrix of or-
der N. The following three Figs. 3.1, 3.2 and 3.3 of three dimensional plots and two dimensional contour plots show the cor-
responding Grammian solutions u = 2(Infy)x on the indicated specific regions with N =2, 3, 4, respectively, with specific
values being chosen for the parameters. In the contour plots, we see the interaction regions and patterns of the involved
solitons.

4. Conclusions and remarks

We have established one Wronskian formulation and one Grammian formulation for the (3 + 1)-dimensional generalized
KP equation

Uy + 3(Uxlly), + Uk + Uy — Uz = 0.

The facts used in our construction of Wronskian and Grammian solutions are the Pliicker relation for determinants and the
Jacobi identity for determinants, respectively. Theorems 2.1 and 3.1 present the main results on Wronskian and Grammian
solutions, which say that

u=2(Inf),, f=IN=1]=W(dy,¢s-..,¢n),
with ¢; satisfying

4q?

@
biy = =5 bix Piz =i Pie = 3 7 P

and

X
u=2(Inf),, f= det(a,,-)KiKN, a; = Cj +/ ¢i;dx, ¢ = constant,

30 4

20 4

Z 10 -

Fig. 3.1. N=2 with k;=1,k;=2,1;=1,1,=3,a=1,y=0,t=1.
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Fig. 3.3. N=4 with k1 =1,ky=3,k3=2,ks=2,11=1,1b=2,13=1,14=2,a=3,y=1,t=2.

with ¢; and y; satisfying

a? 4q?

biy = — ?(ﬁi,xa iz =0i, Gi¢= md’i.xxx:
a? 4a?

‘ijy = 7?‘/’j,x: l»[’j,z = 7a¢j,xxv lpi,t = 3_ag2 lpj.xxm

solve the above (3 + 1)-dimensional generalized KP equation. Here a can be any real number, except ++/3. Examples of
Wronskian and Grammian solutions were made, along with a few plots of particular solutions.

In Theorems 2.1 and 3.1, we considered only specific sufficient conditions: (2.8), (3.2) and (3.3), though there is a free
parameter a in the conditions. There should exist more general conditions involving combined equations for Wronskian
and Grammian solutions. Such conditions were presented for Wronskian solutions of the KdV equation [18], the Boussinesq
equation [19,20] and the Toda lattices [8,21], and for Grammian solutions of the KP equation [22]. It should be interesting to
find such a condition consisting of combined equations for the (3 + 1)-dimensional generalized KP equation.
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