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Wronskian and Grammian formulations are established for a (3 + 1)-dimensional general-
ized KP equation, based on the Plücker relation and the Jacobi identity for determinants.
Generating functions for matrix entries satisfy a linear system of partial differential equa-
tions involving a free parameter. Examples of Wronskian and Grammian solutions are com-
puted and a few particular solutions are plotted.
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1. Introduction

It is known that soliton equations such as the KdV equation, the Boussinesq equation and the KP equation possess multi-
soliton solutions generated from a combination of exponential waves. Hirota bilinear form plays a crucial role in construct-
ing soliton solutions [1,2]. The multiple exp-function method, oriented towards the ease of use and capability of computer
algebra systems, provides a direct and efficient way to search for generic multi-exponential wave solutions to nonlinear
equations including bilinear equations [3]. Besides soliton solutions, another class of interesting multi-exponential wave
solutions is a linear combination of exponential waves. It is shown that a kind of nonlinear equations can possess such a lin-
ear superposition principle, and a sufficient criterion for its existence was furnished for Hirota bilinear equations in [4].

Solitons, and positons (a kind of periodic solutions), can be expressed as Wronskian determinants [5,6]. Particular solu-
tions combining exponential functions and trigonometrical functions are presented and called complexiton (or briefly com-
plexitons) [7], and lattice soliton equations have a similar situation [8]. Complexitons are also shown to exist for source
solution equations [9] and soliton equations with sources [10]. For higher-dimensional soliton equations, there exist Gram-
mian solutions and Pfaffian solutions [1]. Grammian solutions to the KP equation were constructed by Nakamura [11] and
Pfaffian solutions to the BKP equation were presented by Hirota [12].

In this paper, we would like to study a (3 + 1)-dimensional generalized KP equation
uxxxy þ 3ðuxuyÞx þ utx þ uty � uzz ¼ 0;
which can be written in Hirota bilinear form but does not belong to a class of generalized KP and Boussinesq equations [13]
ðux1x1x1 � 6uux1 Þx1
þ
XM

i;j¼1

aijuxixj
¼ 0; aij ¼ constant; M 2 N:
We will show this generalized KP equation has a class of Wronskian solutions and a class of Grammian solutions, with all
generating functions for matrix entries satisfying a linear system of partial differential equations involving a free parameter.
The Plücker relation and the Jacobi identity for determinants are the key to establish the Wronskian and Grammian
. All rights reserved.
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formulations [1]. Examples of Wronskian solutions and Grammian solutions are computed, and a few plots of particular solu-
tions are made.

2. Wronskian formulation

Let us introduce the following helpful notation
j dN� j� 1; i1; . . . ; ijj ¼ jUð0Þ;Uð1Þ; . . . ;UðN�j�1Þ;Uði1Þ; . . . ;UðijÞj ¼ detðUð0Þ;Uð1Þ; . . . ;UðN�j�1Þ;Uði1Þ; . . . ;UðijÞÞ; 1 6 j 6 N � 1;

ð2:1Þ
where i1, . . . , ij are non-negative integers, and the vectors of functions U(j) are defined by
UðjÞ ¼ /ðjÞ1 ;/
ðjÞ
2 ; . . . ;/ðjÞN

� �T
; /ðjÞi ¼

@j

@xj
/i: ð2:2Þ
A Wronskian determinant is given by
Wð/1;/2; . . . ;/NÞ ¼ j dN� 1j: ð2:3Þ
We also use the assumption for convenience that if i < 0, the column vector U(i) does not appear in the determinant det
(. . . ,U(i) , . . .).

We consider the following (3 + 1)-dimensional nonlinear equation:
uxxxy þ 3ðuxuyÞx þ utx þ uty � uzz ¼ 0: ð2:4Þ
When y = x, this equation reduces the KP equation, and so we call it a generalized KP equation. The KP equation was also
generalized by constructing decomposition of (2 + 1)-dimensional equations into (1 + 1)-dimensional equations [14].

Under the dependent variable transformation
u ¼ 2ðln f Þx; ð2:5Þ
the above (3 + 1)-dimensional generalized KP equation is mapped into a Hirota bilinear equation
D3
x Dy þ DtDx þ DtDy � D2

z

� �
f � f ¼ 0; ð2:6Þ
where Dx, Dy, Dz and Dt are Hirota bilinear differential operators [1,15]. Equivalently, we have
ðfxxxy þ ftx þ fty � fzzÞf � 3f xxyfx þ 3f xyfxx � fyfxxx � ftfx � ftfy þ ðfzÞ2 ¼ 0: ð2:7Þ
The equation was presented for the first time in a study on the linear superposition principle for exponential waves [4], and it
is similar to a generalized (3 + 1)-dimensional BKP equation
ð3DxDz � 2DyDt � DyD3
x Þf � f ¼ 0;
which has Wronskian and Grammian solutions [16,17]. We would like to present a sufficient condition under which the
Wronskian determinant solves the generalized Hirota bilinear KP Eq. (2.6).

Theorem 2.1. Let a set of functions /i = /i(x,y, z, t) satisfy the following condition:
/i;y ¼ c1/i;x; /i;z ¼ c2/i;xx; /i;t ¼ c3/i;xxx; 1 6 i 6 N ð2:8Þ
with
c1 ¼ �
a2

3
; c2 ¼ a; c3 ¼

4a2

3� a2 ; ð2:9Þ
where a – �
ffiffiffi
3
p

is a free parameter. Then the Wronskian determinant fN ¼ j dN� 1j defined by (2.3) solves the (3 + 1)-dimensional
generalized bilinear KP Eq. (2.6).
Proof. Under the condition (2.8), we can compute various derivatives of the Wronskian determinant fN ¼ j dN� 1j with
respect to the variables x, y, z, t. It is not difficult to obtain, using (2.8), that
fN;x ¼ j dN� 2;Nj;

fN;xx ¼ j dN� 3;N � 1;Nj þ j dN� 2;N þ 1j;

fN;xxx ¼ j dN� 4;N � 2;N � 1;Nj þ 2j dN� 3;N � 1;N þ 1j þ j dN� 2;N þ 2j;

fN;y ¼ c1j dN� 2;Nj;
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fN;xy ¼ c1ðj dN� 3;N � 1;Nj þ j dN� 2;N þ 1jÞ;

fN;xxy ¼ c1ðj dN� 4;N � 2;N � 1;Nj þ 2j dN� 3;N � 1;N þ 1j þ j dN� 2;N þ 2jÞ;

fN;xxxy ¼ c1ðj dN� 5;N � 3;N � 2;N � 1;Nj þ 3j dN� 4;N � 2;N � 1;N þ 1j

þ 2j dN� 3;N;N þ 1j þ 3j dN� 3;N � 1;N þ 2j þ j dN� 2;N þ 3jÞ;

fN;z ¼ c2ðj dN� 2;N þ 1j � j dN� 3;N � 1;NjÞ;

fN;zz ¼ c2
2ð�j dN� 4;N � 2;N � 1;N þ 1j þ 2j dN� 3;N;N þ 1j þ j dN� 2;N þ 3j

þ j dN� 5;N � 3;N � 2;N � 1;Nj � j dN� 3;N � 1;N þ 2jÞ;

fN;t ¼ c3ðj dN� 4;N � 2;N � 1;Nj � j dN� 3;N � 1;N þ 1j þ j dN� 2;N þ 2jÞ;

fN;tx ¼ c3ðj dN� 5;N � 3;N � 2;N � 1;Nj � j dN� 3;N;N þ 1j þ j dN� 2;N þ 3jÞ;

fN;ty ¼ c1c3ðj dN� 5;N � 3;N � 2;N � 1;Nj � j dN� 3;N;N þ 1j þ j dN� 2;N þ 3jÞ:
In the above expressions, the column U(N�5) does not appear if N < 5, as we assumed before since N � 5 < 0. Therefore, under
the selection (2.9) of c1,c2 and c3, we can now compute that
fN;xxxy þ fN;tx þ fN;ty � fN;zz ¼ �4a2j dN� 3;N;N þ 1j;

� 3f N;xxyfN;x � fN;yfN;xxx � fN;t fN;x � fN;t fN;y ¼ 4a2j dN� 2;Nk dN� 3;N � 1;N þ 1j;

3f N;xyfN;xx þ ðfN;zÞ2 ¼ �4a2j dN� 3;N � 1;Nk dN� 2;N þ 1j;
and further obtain that
D3
x DyþDtDxþDtDy�D2

z

� �
fN � fN ¼ ðfN;xxxyþ fN;txþ fN;ty� fN;zzÞfN �3f N;xxyfN;xþ3f N;xyfN;xx� fN;yfN;xxx� fN;t fN;x� fN;tfN;yþðfN;zÞ2

¼�4a2ðj dN�1k dN�3;N;Nþ1j � j dN�2;Nk dN�3;N�1;Nþ1j

þ j dN�3;N�1;Nk dN�2;Nþ1jÞ ¼ 0:
This last equality is nothing but the Plücker relation for determinants:
jB;A1;A2kB;A3;A4j � jB;A1;A3kB;A2;A4j þ jB;A1;A4kB;A2;A3j ¼ 0;
where B denotes an N � (N � 2) matrix, and Ai, 1 6 i 6 4, are four N-dimensional column vectors. Therefore, we have shown
that f = fN solves the (3 + 1)-dimensional generalized Hirota bilinear KP Eq. (2.6), under the condition (2.8). h

The condition (2.8) is a linear system of partial differential equations. It has an exponential-type function solution:
/i ¼
Xp

j¼1

dijegij ; gij ¼ kijxþ c1kijyþ c2k2
ijzþ c3k3

ijt; ð2:10Þ
where dij and kij are free parameters and p is an arbitrary natural number.
In particular, we can have the following Wronskian solutions:
u ¼ 2ðln fNÞx; f N ¼Wð/1;/2; . . . ;/NÞ; ð2:11Þ
where
/i ¼ ekixþc1kiyþc2k2
i zþc3k3

i t þ elixþc1 liyþc2 l2i zþc3 l3i t; ð2:12Þ
where ki and li are free parameters. To illustrate Wronskian solutions, we set N = 3. The following three Figs. 2.1, 2.2 and 2.3
of three dimensional plots and two dimensional contour plots show the Wronskian solutions defined by (2.11) on the indi-
cated specific regions, with specific values being chosen for the parameters. In the contour plots, we see the interaction re-
gions and patterns of the involved solitons.
3. Grammian formulation

Let us now introduce the following Grammian determinant
fN ¼ detðaijÞ16i;j6N; aij ¼ cij þ
Z x

/iwjdx; cij ¼ constant; ð3:1Þ
with /i and wj satisfying
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/i;y ¼ c1/i;x; /i;z ¼ c2/i;xx; /i;t ¼ c3/i;xxx; 1 6 i 6 N; ð3:2Þ
wi;y ¼ c1wi;x; wi;z ¼ �c2wi;xx; wi;t ¼ c3wj;xxx; 1 6 j 6 N; ð3:3Þ
where the constants ci are defined by (2.9).

Theorem 3.1. Let /i and wj satisfy (3.2) and (3.3), respectively. Then the Grammian determinant fN = det(aij)16i,j6N defined by
(3.1) solves the (3 + 1)-dimensional generalized bilinear KP Eq. (2.6).
Proof. Let us express the Grammian determinant fN by means of a Pfaffian as
fN ¼ ð1;2; . . . ;N;N�; . . . ;2�;1�Þ; ð3:4Þ
where (i, j⁄) = aij and (i, j) = (i⁄, j⁄) = 0. To compute derivatives of the entries aij and the Grammian fN, we introduce new Pfaffian
entries
ðdn; j
�Þ ¼ @n

@xn
wj; ðd�n; iÞ ¼

@n

@xn
/i; dm;d

�
n

� �
¼ ðdn; iÞ ¼ d�m; j

�� �
¼ 0; m;n P 0; ð3:5Þ
as usual. In terms of these new entries, derivatives of the entries aij = (i, j⁄) are given, upon using (3.2) and (3.3), by
@

@x
aij ¼ /iwj ¼ ðd0; d

�
0; i; j

�Þ;

@

@y
aij ¼

Z x

ð/i;ywj þ /iwj;yÞdx ¼ c1

Z x

ð/i;xwj þ /iwj;xÞdx ¼ c1/iwj ¼ c1 d0;d
�
0; i; j

�� �
;

@

@z
aij ¼

Z x

ð/i;zwj þ /iwj;zÞdx ¼ c2

Z x

ð/i;xxwj � /iwj;xxÞdx ¼ c2ð/i;xwj � /iwj;xÞ ¼ c2 � d1;d
�
0; i; j

�� �
þ d0;d

�
1; i; j

�� �� �
;

@

@t
aij ¼

Z x

ð/i;twj þ /iwj;tÞdx ¼ c3

Z x

ð/i;xxxwj þ /iwj;xxxÞdx ¼ c3ð/i;xxwj � /i;xwj;x þ /iwj;xxÞ

¼ c3 d2; d
�
0; i; j

�� �
� d1;d

�
1; i; j

�� �
þ d0; d

�
2; i; j

�� �� �
:

Then we can develop differential rules for Pfaffians as in [1], and compute various derivatives of the Grammian determi-
nant fN = det(aij) with respect to the variables x, y, z, t as follows:
fN;x ¼ d0;d
�
0; �

� �
;

fN;xx ¼ d1;d
�
0; �

� �
þ d0;d

�
1; �

� �
;

fN;xxx ¼ d2;d
�
0; �

� �
þ 2 d1; d

�
1; �

� �
þ d0;d

�
2; �

� �
;

fN;y ¼ c1 d0;d
�
0; �

� �
;

fN;xy ¼ c1 d1; d
�
0; �

� �
þ d0;d

�
1; �

� �� �
;

fN;xxy ¼ c1 d2;d
�
0; �

� �
þ 2 d1;d

�
1; �

� �
þ ðd0; d

�
2; �Þ

� �
;

fN;xxxy ¼ c1 d3;d
�
0; �

� �
þ 3 d2; d

�
1; �

� �
þ 2 d0;d

�
0;d1;d

�
1; �

� �
þ 3 d1; d

�
2; �

� �
þ d0; d

�
3; �

� �� �
;

fN;z ¼ c2 � d1;d
�
0; �

� �
þ d0;d

�
1; �

� �� �
;

fN;zz ¼ c2
2 d3; d

�
0; �

� �
� d2;d

�
1; �

� �
þ 2 d0;d

�
0;d1;d

�
1; �

� �
� d1; d

�
2; �

� �
þ d0; d

�
3; �

� �� �
;

fN;t ¼ c3 d2; d
�
0; �

� �
� d1; d

�
1; �

� �
þ d0;d

�
2; �

� �� �
;

fN;tx ¼ c3 d3; d
�
0; �

� �
� d0;d

�
0;d1;d

�
1; �

� �
þ d0;d

�
3; �

� �� �
;

fN;ty ¼ c1c3 d3;d
�
0; �

� �
� d0;d

�
0;d1;d

�
1; �

� �
þ d0;d

�
3; �

� �� �
;

where the abbreviated notation � denotes the list of indices 1,2, . . . ,N,N⁄, . . . ,2⁄,1⁄ common to each Pfaffian.
Noting the selection (2.9) of c1, c2 and c3, we can now compute that
fN;xxxy þ fN;tx þ fN;ty � fN;zz ¼ �4a2 d0;d
�
0;d1;d

�
1; �

� �
;

� 3f N;xxyfN;x � fN;yfN;xxx � fN;t fN;x � fN;tfN;y ¼ 4a2 d0; d
�
0; �

� �
d1;d

�
1; �

� �
;

3f N;xyfN;xx þ ðfN;zÞ2 ¼ �4a2 d1;d
�
0; �

� �
d0;d

�
1; �

� �
;

and further obtain that
D3
x Dy þ DtDx þ DtDy � D2

z

� �
fN � fN ¼ ðfN;xxxy þ fN;tx þ fN;ty � fN;zzÞfN � 3f N;xxyfN;x þ 3f N;xyfN;xx � fN;yfN;xxx � fN;t fN;x � fN;t fN;y þ ðfN;zÞ2

¼ �4a2½ð�Þ d0; d
�
0; d1; d

�
1; �

� �
� d0; d

�
0; �

� �
d1; d

�
1; �

� �
þ d1; d

�
0; �

� �
d0; d

�
1; �

� �
� ¼ 0:
This last equality is nothing but the Jacobi identity for determinants. Therefore, we have shown that fN = det(aij)16i,j6N defined
by (3.1) solves the (3 + 1)-dimensional generalized Hirota bilinear KP Eq. (2.6) under the condition of (3.2) and (3.3). h
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The systems (3.2) and (3.3) have solutions
/i ¼
Xp

j¼1

dijegij ; gij ¼ kijxþ c1kijyþ c2k2
ijzþ c3k3

ijt; ð3:6Þ

wj ¼
Xq

i¼1

ejiefji ; fji ¼ ljixþ c1ljiy� c2l2
jizþ c3l3

jit; ð3:7Þ
where dij, eji, kij and lji are free parameters and p, q are two arbitrary natural numbers. In particular, we have the following
specific solutions
/i ¼ egi ; gi ¼ kixþ c1kiyþ c2k2
i zþ c3k3

i t; ð3:8Þ
wj ¼ efj ; fj ¼ ljxþ c1ljy� c2l2

j zþ c3l3
j t; ð3:9Þ
where ki and lj are free parameters. To illustrate Grammian solutions, we further choose (cij)N�N as the identity matrix of or-
der N. The following three Figs. 3.1, 3.2 and 3.3 of three dimensional plots and two dimensional contour plots show the cor-
responding Grammian solutions u = 2(lnfN)x on the indicated specific regions with N = 2, 3, 4, respectively, with specific
values being chosen for the parameters. In the contour plots, we see the interaction regions and patterns of the involved
solitons.

4. Conclusions and remarks

We have established one Wronskian formulation and one Grammian formulation for the (3 + 1)-dimensional generalized
KP equation
uxxxy þ 3ðuxuyÞx þ utx þ uty � uzz ¼ 0:
The facts used in our construction of Wronskian and Grammian solutions are the Plücker relation for determinants and the
Jacobi identity for determinants, respectively. Theorems 2.1 and 3.1 present the main results on Wronskian and Grammian
solutions, which say that
u ¼ 2ðln f Þx; f ¼ j dN� 1j ¼Wð/1;/2; . . . ;/NÞ;
with /i satisfying
/i;y ¼ �
a2

3
/i;x; /i;z ¼ a/i;xx; /i;t ¼

4a2

3� a2 /i;xxxx;
and
u ¼ 2ðln f Þx; f ¼ detðaijÞ16i;j6N; aij ¼ cij þ
Z x

/iwjdx; cij ¼ constant;
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with /i and wj satisfying
/i;y ¼ �
a2

3
/i;x; /i;z ¼ a/i;xx; /i;t ¼

4a2

3� a2 /i;xxx;

wj;y ¼ �
a2

3
wj;x; wj;z ¼ �awj;xx; wi;t ¼

4a2

3� a2 wj;xxx;
solve the above (3 + 1)-dimensional generalized KP equation. Here a can be any real number, except �
ffiffiffi
3
p

. Examples of
Wronskian and Grammian solutions were made, along with a few plots of particular solutions.

In Theorems 2.1 and 3.1, we considered only specific sufficient conditions: (2.8), (3.2) and (3.3), though there is a free
parameter a in the conditions. There should exist more general conditions involving combined equations for Wronskian
and Grammian solutions. Such conditions were presented for Wronskian solutions of the KdV equation [18], the Boussinesq
equation [19,20] and the Toda lattices [8,21], and for Grammian solutions of the KP equation [22]. It should be interesting to
find such a condition consisting of combined equations for the (3 + 1)-dimensional generalized KP equation.
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