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Abstract-An integrable theory is developed for the perturbation equations engendered from small 
disturbances of solutions. It includes various integrable properties of the perturbation equations, such 
as hereditary recursion operators, master symmetries, linear representations (Lax and zero curvature 
representations) and Hamiltonian structures, and provides us with a method of generating hereditary 
operators, Hamiltonian operators and symplectic operators starting from the known ones. The 
resulting perturbation equations give rise to a sort of integrable coupling of soliton equations. Two 
examples (MKdV hierarchy and KP equation) are carefully carried out. Copyright 0 1996 Elsevier 
Science Ltd 

1. INTRODUCTION 

Integrable nonlinear wave or evolution equations (such as KdV, NLS, SG and KP 
equations) are ideal mathematical models of real physical phenomena although they play 
an outstanding role in physical problems. Therefore for these equations we often need to 
take into account the effect of small perturbation so that their applicability may be 
extended to higher order nonlinearity or larger amplitude waves. There are two main kinds 
of perturbation worthy studying for integrable equations. One is the perturbation situation 
of integrable equations themselves and the other is the perturbation situation of solutions 
of the original unperturbed integrable equations. They all can provide approximate 
solutions to real physical problems. 

In the context of soliton perturbation, what one usually considers is the first kind of 
perturbation situation. There have been quite a few powerful techniques for dealing with 
this kind of perturbation (see [l-5] and references therein). Various perturbed cases of 
integrable equations have been considered, including the perturbed KdV and MKdV 
equations [3,6,7], the perturbed nonlinear Schrijdinger equation [8,9], the perturbed 
Burgers equation [lo] and the perturbed Benjamin-On0 equation [ll]. A detailed survey 
for this kind of perturbation theory based upon the inverse scattering transformation was 
provided by Kivshar and Malomed [12]. However there do not exist so many works 
devoted to the second kind of perturbation situation. Among them are the following. 
Tamizhmani and Lakshmanan considered the complete integrability of the perturbed 
equations by small disturbance of solutions of KdV equation [13]. We analyzed the similar 
perturbation situation of the whole KdV integrable hierarchy and pointed out a mistake in 
Ref. [13] for the Hamiltonian structure [14]. Recently it has been observed by Kraenkel et 
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al. that a multiple time scale expansion may relate the solutions of long surface 
water-waves and the Boussinesq equation to KdV integrable hierarchy [15,16]. 

In this paper we consider the second kind of perturbation. Mathematically, this kind of 
perturbation yields interesting results. For example, we shall show that it preserves 
complete integrability. In other words, the equations generated by the perturbation are still 
integrable and thus give rise to new examples of integrable equations. Morever they are all 
special integrable coupling of the original integrable equations. 

We now introduce our notation and conception. Some notation comes from Refs 
[17-191. Let M = M(u) be a s$table_manifold possessing a manifold variable u (we write 
u as a column vector) and MN = MN(SjN) be another suitable manifold possessing a 
manifold variable qN = (vi, r$, . . . , a;)‘, N Z= 1, where vi, 0 s i s N sare column vectors 
and T means the transpose of matrice? Assume that T(M), T($,,,) denote the tangent 
bundles on M and aN, T*(M), T*(M,) denote the cotangent bundles on M and A, 
and Cm(M), Cm(hkN) denote the spaces of smooth functions on M and fiN, respectively. 
Throughout this paper we require that the column vector vi (0 s i G N) has the same 
dimension as the column vector U. Therefore we have rli E I34 (0 s i s N) when u E 034. 
Further let T:(M) be the s-times co- and r-times contravariant tensor bundle and 
(T:),(M) the space of s-times co- and r-times contravariant tensors at u E M. We use 
X(u) (not Xl,) to denote a tensor of X E T:(M) at u E M but sometimes we omit the 
point u for convenience if there is no chance of confusion. Note that linear maps 
a: T(M)+ T(M), Y: T*(M)+ T*(M), J: T*(M)+ T(M), 0: T(M)+ T*(M) may be 
identified with the second degree tensor fields TQ E T,(M), TV E T:(M), TJ E T:(M), 
T@ E Ti( M) by the following relations [19,20]: 

TQ(u)(~u), K(u)) = (44, Wd K(u)) > a E T*(M), K E T(M), 

TV, K(u)) = (‘Vubu(u), K(u)), a E T*(M), K ET(M), 

TJ(u>(4uL P(u)) = b(u), J(u)P(uh (~7 P E T*(M), 

Tdu)(K(u), S(u)) = (@WWu), S(u)), K, S E T(M), 

where ( +, .) denotes the duality between cotangent vectors and tangent vectors. 
A basic tool to handle various kinds of tensor fields is the conception of the Gateaux 

derivative. For a tensor field X E T i( M), its Gateaux derivative at the direction S E T(M) 
is defined by 

x’(u)[cqu)] = axtu + ES(U)) 
aE E=O 

For four kinds of operator between the tangent bundle and the cotangent bundle, their 
Gateaux derivatives may be given similarly or by means of their tensor fields. The 
commutator of two vector fields K, S E T(M) and the adjoint map ad, are defined by 

[K, S](u) = K'(u)[S(u)] - S'(u)[K(u)], adKS = [K, S]. (2) 

The conjugate operator of an operator between the tangent bundle and the cotangent 
bundle is established in terms of the duality between cotangent vectors and tangent vectors. 
For example, we may calculate the conjugate operator at: T*(M) --, T*(M) of an operator 
Cp: T(M) + T(M) through 

(*+(u)+), K(u)) = (du), WW(u)), c.x E T*(M), K E T(M). 

If an operator J: T*(M) + T(M) (or 0: T(M) -+ T*(M)) plus its conjugate operator 
equals zero, then it is called skew-symmetric. 
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Definition I .1. For H E Cm(M), its variational derivative (SH/Gu) E T*(M) is defined 
by 

( $+,7 K(u) = 1 ( F, K(u) = H’(u)[K(u)], 1 K E T(M). 
If for y E T*(M) there exists H E Cm(M), so that 

H’(u)[K(u)] = (y(u), K(u)), for all K E T(M), 

holds, then y E T*(M) is called a gradient field with a potential H E Cm(M). 

A cotangent vector field y E T*(M) is a gradient field iff 

(W(u)(K(u), S(u)) 

:= (Y’(ww)1, W) - (Y’(~&wl~ W)) = 0, K, s E T(M). (3) 

If y E T*(M) is gradient, then its potential H E Cm(M) is given by 

H(u) = 
I 

l(y(Au), u) dA. 
0 

Definition 1.2. A linear operator a: T(M) ---, T(M) is called a recursion operator of 
u, = K(u), K E T(M) if, for all S E T(M) and u E M, 

y(u) + @‘(u)[K(u)]s(u) - K’(u)[aqu)S(u)] + a?(u)K’(u)[S(u)] = 0. (4) 

Evidently a recursion operator Q: T(M) + T(M) of U, = K(u) maps symmetries into 
new symmetries of u, = K(u). 

Definition 1.3. A linear operator Cp: T(M) + T(M) is called a hereditary operator [21] if 
the following equality holds: 

@‘(~)[~(~>~(~>I~(~> - @(~)~‘(~)[~(~)I~(~> 

- @‘(~)[~(~)~(~)l~(u) + @‘(u)@‘(u)[qu)l~(u) = 0, (5) 

for all vector fields K, S E T(M). 

When an evolution equation U, = K(u) possesses a time-independent hereditary recur- 
sion operator a’, a hierarchy of vector fields W K, n 3 0 are all symmetries and commute 
with each other. If the conjugate operator W = @,t of the hereditary operator 
Cp: T(M) + T(M) maps a gradient field y E T*(M) into another gradient field, then Vy, 
n 3 0, are all gradient fields [22,23]. 

Definition 1.4. A linear skew-symmetric operator J: I’*(M) + T(M) is called a Hamilto- 
nian operator if, for all CY, fi, y E T*(M), 

(K(u), J’(u)[J(u)S(u)]T(u)) + cycle(K, S, T) = 0. (6) 
The corresponding Poisson bracket is defined by 

{HI, H,l.du) = HI, H2 E Cm(M). (7) 
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A pair of operators J, M: T*(M) + T(M) is called a Hamiltonian pair if J + CM is always 
Hamiltonian for any constant c. 

When J: T*(M) + T(M) is Hamiltonian, we have [22,23] 

$+I, Hz), = 
[ 

6Hl 
J-7 

pb 1 624 su' 
HI, H2 E Cm(M). 

Moreover if J, M: T*(M) + T(M) is a Hamiltonian pair and J is invertible, then 
CD = MJ-': T(M) + T(M) is hereditary [17]. 

Definition 1.5. A linear skew-symmetric operator 0: T(M) + T*(M) is called a sym- 
plectic operator if, for all K, S, T E T(M), 

(K(u), @'(u)[S(u)]T(u)) + cycle(K, S, T) = 0. (8) 

If 0: T(M) + T*(M) is a symplectic operator, 
To E T:(M) may be expressed as 

then its second degree tensor field 

To = dy with (y(u), K(u)) = /'(@(lu)hu, K(u))dL, K E T(M), 
0 

where dy is defined by equation (3). It is not difficult to prove that the inverse of a 
symplectic operator is Hamiltonian if it exists and vice versa. 

Definition 1.6. An evolution equation u, = K(u), K E T(M), is called a Hamiltonian 
equation if there exists a function H E Cm(M), so that 

u, = K(u) = J(u)%(u), (9) 

It is called a bi-Hamiltonian equation if there exist two functions HI, H2 E Cm(M) and a 
Hamiltonian pair 1, M: T*(M) + T(M) so that 

u, = K(u) = J(u) 6Hl --(u) =I M%(u). (10) 

There is another kind of Hamiltonian equation, which may be defined by symplectic 
operators. However, the definition above is more advantageous. For a bi-Hamiltonian 
equation above, there exist several beautiful characteristics in the aspects of algebra and 
geometry [22,23]. 

In this paper, we shall analyze the perturbation equations of the evolution equation 

u, = K(u), K E T(M) (11) 
under the perturbation series 

~~ = Heidi, qrv = (rlc?, d, * * ., q;y, N z= 1, (12) 
i=O 

and their integrable properties. The paper is organized as follows. In Section 2 we propose 
three useful theorems to generate hereditary operators, Hamiltonian operators and 
symplectic operators from the perturbation series in equation (12) in a natural and explicit 
way. We show in Section 3 that the perturbation of equation (12) preserves complete 
integrability, i.e. we want to show that the perturbation equations are still integrable 
equations provided that the equation under consideration is integrable. In Section 4, we 
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apply the resulting theory to MKdV hierarchy and KP equation as illustrative examples. 
Section 5 contains some concluding remarks, where we give another perturbation series 
and compare its co~es~nding results with those given by equation (12). 

2. HEREDITARY, HAMILTOMAN OR SYMPLECTIC OPERATORS BY PERTURBATION 

We make a perturbation series, for any m b 0, 

where vi, OCiG m, are column vectors possessing the same dimension as U. We first 
analyze a few properties of tensor fields and then establish three useful theorems to 
construct hereditary, H~~tonia~ or symplectic operators in terms of a ~~urbation. 

Lemma2.1. For any X E T:(M), 

akX(aj) = akxtu^j) 
aek aek ’ 

i, j Z= k 3 0. 04) 

Proof: Let j 7 i without loss of generality. Then we have 

Further we get X(tij) = X(Q,) -I- o(8), from which the required equality follows. # 

Let us assume, for any X E T:(M), 

(X(u))(‘)(qj) =L: ~ “~~~~’ ) X(i) = (X(U))(‘) =~ (X(u))r’)(qi), j 2 i a 0. (15) 
two 

We write 

(per, X)($&J = ~~(~~) = (X(‘~r(~~), X(‘)‘(~~}, ,. . ., X(~)r~~~))~ (m a 0) (16) 

and call perm X = 8, the perturbation tensor field of order m. From Lemma 2.1, we see 
that 

2&jm) = (X(*)=(@*), X(QT($l), . * .) X(*qfjm))T 

and hence the perturbation tensor field per, X = 8, has a characteristic: the i-th 
component depends only on no, ql, . . ., vi, not on any vj, j > i. 

Lemma 2.2. For X E T:(M) and S E T(M), 

(x’t~)~~t~)~)(i)t~i~ = ((X(U))“‘>‘(9i)[S^,i, 
where s^i = (S(O)r , +Sfr)r , . . . , ,Si)r)r. 

i 2 0, (17) 
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Proof: We first have 

X(iii))‘(fji)[s^i] = 5 6=oX(iii + iiiEkS(k)) 
k=O 

=- ia d=OK(Ci + GS(iii) + dO(Ei)) 
= X’(iii)[S(Gi)] + O(Ei)e 

We apply the equality above to the following Taylor series 

+ O(2) 
&=O 

and then get the required equality (17). # 

Evidently, (17) implies that, for X E T:(M), S E T(M), 

Wm W’WN~>l>)(9m) = (per, X(Sm))‘(%A(perm Wtdl. 

Lemma2.3. Let X E T:(M). The following equalities hold for any vector field 
s, = (S,‘, ST, . . ., Si)’ E T(k,), where Sip 0 G i s N, are of the same dimension: 

Proof: First, from Taylor series 

N Ei aix(iiN) 

x(6,> = c- aei 
i=O i! E=o 

we directly obtain 

(X(~~))‘(ii~>[s~l = $$( aitTN’ iE=J’Cfj~NS,l + 4~~). 

On the other hand, we have 

(X(.GN))‘(f)N)[SN] = $ s=oX(iiN + 6iEjSj) = x~(o,)[~e’~j]. 
j=O j=O 

These two equalities give (18) again according to Taylor series. The proof is finished. # 

Theorem 2.1. If the operator Cp: T(M) + T(M) is hereditary, then the operator 
6,: T(ICiN) + T(fiN) defined by 

(perN@)(fiN) = $N(qN) 

= [(~N(~N))ijli,j=O,1,..., N = ti’% ai-~?~~N’ I 1 E=O (N+l)X(N+l) 



= 

is also hereditary. 
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O 1 

-___ Wrlo) * . * 
l! a.5 E=O 

(19) 

1 aN@(u^N) -- 

Proof: Let RN = (K,T, KT, . . ., Ks)r, s,,! = (S,‘,ST,. . ., S;F>’ E T(~N), where Ki, Si, 
0 =z i s N, are of the same dimension. It suffices to prove that 

~‘N<SN>[~N~NISN - 6No”,@N)[KNl~N 

- ~~(QN)[BNSN]RN + &N$~(~~N)[SN]RN = 0. (20) 

First we easily get the i-th element of the vector field 6;NKN and the element in the (i, j) 
position of the matrix O b(qN)[RN]: 

Here we use Lemma 2.3 for the calculation of the second equality. Now we can compute 
the i-th element of Q’,( fiN)[iP NRN]SN: 
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Theorem2.2. If the operator J: T*(M) + T(M) is Hamiltonian, then the operator 
TN : T*( fi,) + T( AN) defined by 

fperN J)@N) = 3N(qN) 

= [f3N(rlN))ijli,j=o,1,...,N = G&$’ ~‘~~~~~~N’ 
t I I &=O (N+l)x(N+l) 

0 

= ~~ 

. . . . . . J(rlo) 

1 3J(EN) I.. -- 

-** I*- : 
I! a& 

’ ~ 

&=O 
(21) . . . 

1 aNwiN) 

. * po 

is also Hamiltonian, 

Prcof: Let ZN = (a:, af, . . ., a;)‘, PN = (/If, ST,. . .,/I:)‘, yN = (r,‘, yr, . . ., r;)’ e 
T*(MN), where ai, /3i, yi, 0 c i 
that 

s N, are of the same dimension. We only need to prove 

(ii;y, ~~~~N)[~N~N]~N} + cycletgNy )g~, 7~) = 0, (22) 
because there doesn’t exist any problem on linearity and the skew-symmetric property. 
First not@& Lemma 2.3, we can compute the element in the (i, j) position of the matrix 
~',(QN)[JNPNI: 



Integrable theory of the perturbation equations 1235 

ak+l-N.f(i&) 

aEk+l-N I 1 fik 
E=O 

Therefore we have 

(ZN, ~‘N(QN)[~NBNIPN) + cycle(~N? BN, 7~) 

= 2Nsi;ks3N(i+j+ : - 2N)! ,“1:;;“N lEEO 

x ((ai;., J’(U^N)[J(GN)PklYj) + cycle(ai, bk, Yj)) = 0. 

In the last step, we have utilized the Hamiltonian property of J(U). So the required result 
is proved. # 

Completely similar to the above two theorems, we can show the following result: 

Theorem2.3. If the operator 0: T(M) + T*(M) is symplectic, then the operator 
6,: T(kIN) -+ T*(@,) defined by 

(per, @)(flN) = $N(~N) 

= [(6N(qN))ijli,j=0,1 ,..., N = cN _ f _ ,F 

aN-i-iqa,) 

aeN-i-j I 1 E=O (N+l)x(N+l) 

is also symplectic. 

1 aNqN) 

Xi aeN 
-~ 

EEO . . 

(23) 
1 aN@(iZN) 
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We mention that when J and 0 are invertible and J = O-l, we have 

(per, JVM = ((per, WM)-17 

which shows that the inverse of the perturbation symplectic operator (perNO) is 
Hamiltonian and vice versa. Note that the above new operators have a vector QN of 
dependent variables and hence involve q(N + 1) dependent variables when u is a 
q-dimensional vector. The above three theorems also provide us with a method of 
generating new hereditary, Hamiltonian, or symplectic operators from a known one. This is 
interesting in the soliton theory. In particular, we can put forward the following operators 
by the first order perturbation: 

@(rl,) @ml) = [eyq))[qJ a$()) 1 ’ 
m%) = [Jio) Jtrlo) J'(rj(J)[?jl] 1 ' 

“b”‘] . 

Taking the first order perturbation once more, we can obtain a little more complicated 
operators: 

Wrl,) 
@‘(r10)[7711 @(rlo) 0 
@‘(TJo)[%I 0 @‘(rlo)[%l a:,) 

(per1 per1 J)( %I 

0 0 0 J(rlo) 
0 0 J(rla> J’(rlo)[rll 
0 J(rl,) 0 = J’(~o)[vzl 

Jtrlo) J’(rlo)[rll J’(~oo)[~~l 
a2J(qo -t- ql + 6% + a3q3) ’ 

a&M .c=6=0 
L- 

W-1 per1 @X83) 

@‘(vo>[rl,l @‘(rl,N%l @(rlo) 
&=a=0 

0 Wrlo) 0 ’ 

@(rlo) 0 0 0 0 0 I 

Here we have changed two independent variables while making the second perturbation. 
Of course this kind of perturbation may be done without any stop at finite steps and hence 
the resulting operators are full of various algebraic structures. 
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3. INTEGRABLE PROPERTIES OF THE PERTURBATION EQUATIONS 

Let us recall the perturbation series (12) 

a, = ;E$~, qN = (r$, qf-, . . ., T&~, N 2 1. 
i=O 

For the evolution equation (11) 

u, = K(u), K E T(M), 

we consider the following N-th order perturbation equation, 

ii Nt = K(U^N) + O(eN) Or iiNt = K(iiN) (mod EN), 

which leads to the following equivalent equation 

(24) 

ii kN(flN)~ 
1 aK(a,) 

Nt = namely qa = ir 
i?E’ ’ 

OcicN. (25) 
&=O 

In this section, we discuss integrable properties of the perturbation equation (25), which 
include recursion operators, K-symmetries (i.e. time independent symmetries), master 
symmetries, linear representations (Lax representation and zero curvature representation) 
and Hamiltonian structures. 

Theorem 3.1. Let K E: T(M). The operator 6 N: T(iC?N) + T(kN) determined by (19) is 
a recursion operator of the perturbation equation qNt = kN(QN) defined by (25) when 
a: T(M) + T(A4) is a recursion operator of U, = K(u). _Therefore the perturbation 
equation QNt = KN(fjN) has a hereditary recursion operator @N(5jN) once U, = K(u) has a 
hereditary recursion operator Q(U). 

Proof: Let sN = (SOT, ST, . . ., SL)’ E T(A?N), where Si, 06 is N, are of the same 
dimension. By Lemma 2.3, we have 

ak = - 
a&k E=O 

@‘(C,)[K(SN) + o(E~)] 

= ak*‘(~~)[K(fi~>l 
aek FO’ 

OsksN, 

and 

ai-jK’(UhN)[Sjl 
9 OsicN. 

aEi-i E=O 

Therefore from the first equality above, we obtain the i-th element of O ~(QN)[RN]SN: 

($X(SN)[RN]SN)i = bob ai-‘~‘(~E~lfr(n,lls, ) OsisN. (26) 
&=O 
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From the second equality above, we can compute the following two terms: 

(k ;V(fiN)[~ivSNl)i 

ai-‘(K’(6N)[@(aN)sj]) 

a&i 

7 
OSiSN; 

&=O 

= ~o(i ~ k), “-foci”,, I~=o~(k ~ j), ak-‘~~~~)rslI 

I- 
&=0 

a’-kaqiiN) ak-‘K’(aN)[Sj] 

asi-k &=O a&-i &=O 

=$& 

ai-‘(@(aN)K’(6N)[sj]) 

3 OSiiN. 
asi-k 

f=o 

(27) 

(28) 

Now in virtue of these three equalities (26), (27) and (28), we easily see that 

-+$sN + &‘,(fj~)[it~]SN - R;J(QN)[$NSN] + &NR',(~~N>[SNI = 0, 

which implies that @N(ijN) is a recursion operator of QNt = RN. A combination with 
Theorem 2.1 gives the proof of the second conclusion. # 

Theorem 3.2. Let K, S E T(M). The following relation between the perturbation vector 
fields &., and s^, exists: 

[iN(QN), s^~(fIN)l = (~N)‘(~IN)[S^N(QN)I - (S^N)‘(QN)[~N(QN)I = IN, (2% 

where ?N($jN) is the perturbation vector field of the vector field T = [K, S] E T(M). 
Therefore 

(1) if (J E T(M) is an n-th order master-symmetry of the equation u, = K(u), then 
a, = (Us, dljT,. . ., ~7~~)~)~ E T(iGN) 
tion equation @Nt = k&g,); 

is an n-th order master-symmetry of the perturba- 
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(2) the perturbation equation qNr = R,(5),) possesses the same symmetry algebra 
structure as the original equation U, = K(u). 

Proof: By Lemma 2.2 we see for the i-th element that 

T(U))“’ = (K’(U)[S(U)])“‘(Qi) - (S’(U)[K(U)J)(i’(9j) 

= ((K(u))‘i’)‘(8i)[sil - ((S(“>)ci’)‘(Vi)[kil 
= (R’,(fjN)[s^N]>i - (3’,(qN)[R,~Di, 0 s j 6 N, 

which shows that (29) holds. The rest of the proof is obvious. # 

The relation (29) implies that the perturbation series (12) keeps the Lie product of vector 
fields invariant. 

Theorem3.3. Let K E T(M). When the evolution equation U, = K(u) has a Lax 
representation (L(U)), = [A(u), L(u)], w h ere L a?d A are two matrix differential opera- 
tors, the N-th order perturbation equation 9 ,vt = KN(QN) has the following Lax represent- 
ation: 

b%ohy>)t = [ANY GtoN)I7 
where the spectral operator 2, and the Lax operator 2, read as 

tern WIN) = ~N@N> 

(30) 

= [(Z,(iihi))iili.i=o,~,...,~ = [ & “?$) I 1 c=O (N+l)x(N+l) 

I- L(%) . * . . . . 0 - 
1 3L(QN) -- Urlo) * * ’ 

I! aE &=O 
= 

6=-N A)(th) = &(@N) 

3 (31) 

A(rlo) . . . . I . 

1 dA(e~) 
ii- ae 

A(rlo) . . . E=O 

A(vo) &=O 

. (32) 

Proof: We first note that 

u  ̂Nt = K(h) + O(EN>, 
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and thus we have 

ak 

aEk 
((J~(U^~))~ - [A(U^,,,), L(i&,)]) = 0, 0 s k s N. (33) 

&=O 

Let now us comfuteAthe elements of the differential operator matrix [AN, i,]. Evidently, 
we know that [AN, LN] is lower triangular, that is, 

([AN, L&j = 0, 0 s i < j s N. 

On the other hand, when 0 c j c i s N, we can compute 

@A(&) 1 ak-‘L(U^,) 
aei-k E=o (k - j)! &k-j E=~ 

1 =- E+-jA(f.&,,)L(UhN) 

(i - j)! a&i E=O 

In the same way, we obtain 

(~Nalv)ij = 1 
ai-jL(2N)A(&,,) 

(i - j)! a,i-j &=O 

Therefore we have 

) Osi, j6N. 
&=O 

Now we easily find that (30) is true due to (33). # 

Note that the spectral operator 2, and the hereditary recursion operator 8, have the 
same form of matrix. In fact, we can take the hereditary recursion operators as the spectral 
ones. More precisely, U, = K(u) has a Lax representation @, = [a, K’], where @ and K’ 
are a recursion operator and the Gateaux derivative operator of K, respectively (see [24]). 
The following result for the case of zero curvature representation may also be shown. Its 
proof is omitted due to the completely similar deduction. 

Theorem 3.4. Let K E T(M). When the evolution equation U, = K(u) has a zero 
curvature representation (U(U)), - (V(u)), + [U(U), V(u)] = 0, where U and V are two 
matrix differential (sometimes multiplication) operators, the N-th order perturbation 
equation QNt = R,( qN) has the following zero curvature representation: 

vmhJ))t - omh)), + m%v)~ cd%dl = 07 (34) 

where the two matrix differential operators GN and 0, are of the form 

(perN W(h) = 8~4th) 
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U(q)) . . . . . . 

1 3U(u^,) 
1! ae 

U(ro) * * * 
&=O 

I aNu(iiN) 
N! aeN EC0 . . 
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7 (35) 

(P-N WIN) = QN@N) 

= [(~~(ii~))eli,j=O,1,...,N = 
[ 
& aimil1,,, I 1 E=O (N+lp(N+i) V(rlo) 

I i 
. . . . . . 1 av(fiN) -~ Vrlo) . * * 

I! a& &=O 
= 

O 1 

(36) 

‘B av(u^N) --- . . . 
Theorem 3.5. Let K E T(M). If the equation u, = K(U) possesses a Hamiltonian struc- 

ture 

u, = K(u) = J(u)%, 

where J: T*(M) 4 T(M) is a Hamiltonian operator and H E Cm(M) is a Hamiltonian 
function, then the perturbation equation jiNt = RN(fjN) also possesses a Hamiltonian 
structure 

f?Nt = iN(ijN) = jN(@N) 
sAN(qN) 

sliN ’ 
(37) 

where the Hamiltonian operator J^N(qN) is given by (21) and the Hamiltonian function 
AN E C-(AN) is determined by 

1 aNH(iij,l) 
(perN H)(fiN) = AN(@N) = F- aeN ' 

(38) SO 
The corresponding Poisson bracket has the property 

&NY fiZNh,(fiN) = &z _ {H,, HZ}J(iiN), HI, Hz E Cm(M). (39) 
8-O 

Furthermore, the perturbation equation ijNt = kN(?jN) possesses a multi-Hamiltonian 
structure 

qN* = kN(QN) = j,,(fj,) dH;;(qN) = . . . 
N 

= S,( 8~) ‘Hi;iSN), 

once ut = K(u) possesses an analogous multi-Hamiltonian structure 

u, = K(u) = A(u) aH,(u) Wdu) ~ = . . . :I J,(u)-. 6u 
6u 
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Proof: Let y = (6H/6u) E T*(M). Then we have 

rl, = 1 a’J@N)Y(u^N) 
If 

i! a&’ E=O 

Thus we get 

QN* = RNRN) = ~Nmd?N(~N)~ (40) 

where the cotangent vector field PN E T*($ii,) reads as 

1 aN-lyT&) 1 aYT@N) 
E=o’ (N --I)! aEN-’ E=o’ ‘. *’ ; a& 

(41) 

We hope that the cotangent vector field TN is a gradient field. If so, the potential function 
should be the following: 

BIN = (?PN(WN)~ ii,> dh 

= ii$( aiyzN)I,;; ll,-i) dA 

1 aNH(&l) =-- f&V) dA = F 
aeN . E=O 

Actually, the cotangent vector field TN is a gradient field. We can show that 

PN(~N) = 
BAN(?iN). 

4, 
(42) 

According to the definition of the variational derivative, we have, for any ,Si E T(M(qi)), 

1 -N-i 

= (N - i)! ayFN-i E=~ -- H’(iiN)[Si(%)l 

= (N - i)! aeN-’ e=~ 6CN ’ 
&(%I 

1 ;,N-i I i OH -- 
1 aN-i 

-- (Y(iiN)~ sit%)) 
= (N - i)! aaN+ E=~ 

1 aNpiy(cN) 
(N _ i)! aeN-’ I 1 E=Oy Z(Si> 3 0 s i c N. 

This shows that (42) holds, indeed. Therefore (40) is, a Hamiltonian equation. 
Let us now prove the property (39). Let y1 = (6H,/6u), y2 = (GH,/Su) E T*(M). In 

virtue of (42), we can compute that 
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@‘y#,) 
asi+j-N E’O(N - j)! api 

1 aN-‘,@N) = 1 ~YJ(GN)Y*(~N)) 

(N - i)! aEN-’ ~0’ ir a,$ 

1 aN =-- N! aeN Ezo(Yl(nN), J(eN)Y2@N)) 

1 aN =-- 
N! aEN &=O 

IHl, H2)J(U^N). 

It follows that the equality (39) is true. 
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I 1 &=O 

Further noting the concrete form of new Hamiltonian operators, a multi-Hamiltonian 
structure may readily be established for the perturbation equation. The proof is com- 
pleted. # 

We should note the two important formulas (38) and (41). Equation (38) provides an 
explicit formula for computing constants of motion of the N-th perturbation equations and 
(41) gives rise to an expression of perturbation cotangent vector fields. 

4. APPLICATIONS TO INTEGRABLE EQUATIONS 

4.1. MKdV hierarchy 

We first consider the following MKdV hierarchy [25]: 

Ut” = K, = anr = JlJf”a = JE!! o 
6u ’ 

n 3 0, (43) 

J = a, W(u) = -;a* + ua-lua, 
b 

H,(u) = n+l - cn+l, 
2(2n + 1) 

n >, 0, 

where ai, bi, Ci, i 3 0, are recursively defined by 

I 

a0 = u, b. = 1, co = -1, 
ai+l = YUj, i 2 0, 
bi+l = iaix + S’uaai, ii 3 0, 

ci+1 = kati - a-luau,, i 2 0, 

and S-’ = X1a = 1. The first equation is exactly the MKdV equation 

% = -;uxxx + ;u*u,. (44) 
Its inverse scattering transform was first studied by Wadati [26]. The MKdV hierarchy (43) 
possesses zero curvature representations [25] 
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& - v’“’ + [U, If(“)] = 0 x 7 12 2 0, (45) 

with 

Here the plus symbol + stands for the choice of non-negative power of L and 

U = ~oUjn-i, b = ~o,-i, C = ~oCi~-i. 

Applying the integrable theory in Section 3, we can obtain infinitely many new 
hereditary operators per&perN, . . . per,,@‘, Ni, N,, . . ., N, 2 1, starting from the 
hereditary operator of the MKdV hierarchy 

Q, = Y+ = -ia2 + aua-‘24. 

We easily find some explicit expressions: 
i-j 

(perN@)(fiN) = diag($j2, . : ., -+a:) + ~.arlka-‘ri-j-k 
N+l 

k=O 1 (N+l)x(N+l) 

i 

-;a2 + ayoa-17jo . . . 
arl,a-‘ql + a?@-lro * * . = 

. . . 

. . . 

LC ;&,ka-l?,f,Lk . . . a7joa-%jl + aT#?,a-'?jo -ia2 + a7joa-l'lo_l 
(perlper2Wd = 

I 

-;a2 + a?joa-lqo 0 0 0 

arloa-h + %+a-'70 -ia" + afjoa-'7/o 0 0 

%Joe2 + w2eo 0 -$a2 + a?joa-‘?jo 0 

C3k=Oaqka-h-k aqoa-lrl;? + 3~~a-l~~ arl,a-'rl, + arl,a-'rl, -$a2 + aqoa-'qo I3 

where rl = (VO, ~1, ~72,713) r. It needs a large amount of calculation if we directly prove the 
hereditariness of the above two operators. 

The N-th order perturbation equation of u,” = K, reads as 

fiNt, = (Perh&)(%d = (perN~)(qN)(perNK,-l)(jjN) = ((perNa)(~N))“fiNxy (47) 

among which is the N-th order perturbation equation of the MKdV equation (44) 
1 

%t, = -:a2% + i c a~ka-‘%-k%-l,x 
l=Ok=O 

= -f%xxx + t c ~jx~kr]l, OsicN. (48) 
j+k+l=i 
Osj,k,l<i 

The resulting local evolution equations defined by (47) are all integrable soliton ones for 
any n, N 2 1. They all have zero curvature representations 

((perN u)(QNhn - (( perNV(“%fiN))x + [(perNu)(~N)9 (perNV(“))(flN)l = O? 

and bi-Hamiltonian formulations 
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where the Hamiltonian operator M = JL = -ia3 + &&‘~a. Therefore they possess infin- 
itely many common symmetries per, K,, m 3 0, and infinitely many common constants of 
motion perN H,, m 3 0. In particular, for the N-th perturbation equation (48) of the 
MKdV equation (44) we can get the following explicit results: two Hamiltonian functions 

(per, Ho)(fl~) = l$JVjrlN-jT 
j=O 

(PerNHl)(QN) = -+2$rlj'lN-j,n + &;qjxqN-j,, 

j=O j=O 

a Hamiltonian pair 

(per,J)(?j,) = diag@, 3, . . ., a), 
Nil 

. . . . . . 

(per, M)(%!!) = 
. . . 

. + : 

and a pair of Lax operators 

(per, U)(~N> = [i! f( i: I:? (perNVcl))(qN) =[i! f 

where the operators Ai, Bi, 0 =S i s N, are given by 

4=[“; -ti]p 

. . . 

. . . 

BI 

1 

In addition, we can generate a r-symmetry algebra [27] of the perturbation equation (47) 
by a perturbation of r-symmetries of u,” = K,,. Moreover, we may also consider the 
nonlinearization problem of the Lax systems 

~NX = (perNU)(~N)~N~ $Nt, = (perNV(%@N)6N? 
similar to Ref. [25]. 
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4.2. Kadomtsev-Petviashvili equation 

Let us now consider the Kadomtsev-Petviashvili equation 

u, = K(u) = K3(u) = a& -. u, - 6uu,. 

It has a Lax pair 

(49) 

L(u) = $3, + at + u, A(u) = 3ia;‘u, - 3u, - 6uC1, - 4a”,, i = d-1 (50) 

and time independent symmetries 

K1 = ;ux, Kz = u,u K,, = [K,-l, z], n a 2, 

where r = yK3 + $xu, + Qa;‘u,, and further the k-th order master symmetry (see, for 
example, Ref. [28]) 

r(W = yk-l, $9 
rlr2...ij = adki, ad,. . . . ad,,,y k+j-l, 12 j, k 3 1. 

Therefore the KP equation (49) possesses the following time polynomial dependent 
symmetries 

which contain the symmetries with the forms (a/at>_o(“) and (alat)a~~~,,.ij. 
The corresponding perturbation equation QNr = KN becomes 

Following the general theory in Section 3, (5:) is also an integrable_ equation in 2 + 1 
dimensions. For e?ample, it has a Lax pa’,r (L,(QN))t = [A,(*,), LN(jjN)], where the 
spectral operator LN and the Lax operator AN read as 

23, + a; + qo 
63 

. . . . . . 

2, = 

1. : . ** . . - 

0 

rll -53, + a”, + qo 

v3 . ..* . 1 

1 

A(701 . . * . . . 

2, = W’%, - 3% - W% A(rlo) . . . 

L 3ia;‘qNy - 37~~ - 6qNax . . . 3iai’rl, - 3711~ - 6rll% 

Moreover (51) has the k-th order master symmetry 

per,rCk) = (yk-‘, 9, . I ., ?)‘, k 2 1, 
N 

7 

and thus possesses time polynomial dependent symmetries 
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per, a@) = ~~(ad,,,,)‘per,r’*l, k 3 1, 

and 

Although the KP equation has no regular recursion operator [29], we may also construct a 
bi-Hamiltonian formulation of (51) through the perturbation of the bi-Hamiltonian one 
[30]. But here we omitted the discussion because of the complicated notation. 

Let us now take another form of the Kadomtsev-Petviashvili equation 

U xt = L3,K = uyr - (u, + 6uu,),. (52) 

Evidently its solutions include all solutions of the Kadomtsev-Petviashvili equation (49) 
and hence it is a little more general than (49). We are about to see that there exists a 
different symmetry property between (49) and (52). Now the corresponding linearized 
equation to (52) is as follows: 

*xt = a,(K’[o]) = F&a - $CJ - 6&m). (53) 

One may directly prove that (52) possesses the following three time dependent 
symmetries: 

a’l’(f) = -g + fu x> (54) 

I@’ = -$5&Y + $JYU* + fu Y ’ (55) 

a’3’w = -&tY2 + &GY2Ux -- $3 

+ lx& +$Yuy + &4> + fut, (56) 

with an arbitrary function f of 1, each of which is not any symmetry of (49), while fn # 0, 
& # 0 or & # 0, respectively. Those kinds of symmetry are first introduced in Ref. [31]. In 
fact, there is a rule to generate these symmetries. For example, 

cw) = -4hY + h[KY -hYl + f[K, IR, -i%yll. 

We can also construct new vector fields 

o(“)(f) = ia(adK)iynvl, n 2 4 
i=o&“-i 

(57) 

But, in these vector fields, there exist nonlinear terms involving u,, or u etc. which can’t be 
balanced in the linearized equation (53). Therefore (57) are not any symmetries of (52). 
The symmetries determined by (54), (55) and (56) constitute a Lie algebra 

I 

[o(l)(f), @(g)] = 0, 
[a’2’(f), J2’(g>l = @(+fg, - $.jg>, 
b’3’w? a’3’(g)l = a’3’(fg* - fig), 
[a(l)(f), @‘(g>J = 0, (58) 

k+m o’“‘(.ET)l = ~%fk - m 
[a’yf), o’3’(g)] = a(2)(;fgt - ig,: 

where f, g are two functions of t. Note that the second commutator relation is somewhat 
different from the one given in Ref. [32]. But if we choose aC2)(f) = j/2uc2)(f), then the 
two algebras are the same. The above symmetry algebra contains the following three 
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subalgebras { a(‘)f, a(*)(f)}, { ~#~)(f)} and {ok”, o@)(f), ot3)( 1) = u,} . The last subalgebra 
has the simple commutator relations 

[u,, cw>l = e.c [u,, u’*‘(f)] = CT’*‘($). 
It is easy to see that the N-th order perturbation equation of (52) 

~tit = 7liyU - 
( 
~.a + biqjqi-j,x T OSi<N (5% 

j=O 1 x 

has also the similar symmetry property. More precisely, it possesses the following time 
dependent symmetries with an arbitrary function of t: 

perzv @Yf) = (--ifi + froxy frlxt . . ., ffhk)T~8 

per, I = F+&Y + 2~~0~ f 010~~ ~vh f filly, . . ST tiy~rNx + frl~,)~, 

PerN u(3W = G&Y* + ~,GY*vo - $1 + “G&O + $Y rloy + hox> + Plot, 

M~Y2%x - A?4 + k?l + SY %y + hhx) + frill, 

* * ‘> fn(~Y2rllvx - $4 + .&f-N + 5YQy + ~wvx) + f%x 

which constitute the same infinite dimensional symmetry algebra as (58). In fact, the 
equation (59) has the same integrable property as (52). It is an interesting problem how to 
construct integrable equations which possess certain symmetries involving an arbitrary 
function of time variable. 

It is well known that the evolution equation does not have a similar property, i.e. it 
doesn’t possess [33] the following symmetries involving an arbitrary function f of the time 
variable 

dn) = g&w, 

where Si, 0 8 i s n, do not depend explicitly on the time variable. In general, it possesses 
time poiynomial dependent symmetries generated by its master symmetries [34]. Therefore 
(49) and (52) have different symmetry algebras. 

5. CONCLUDING REMARKS 

We may also make another perturbation series 

uvN =I i$Ei7 (60) 

similar to the perturbation series (12). This moment, the corresponding perturbation 
equation reads as 

L* = &&v)> iN = <Eg’> CT> * * -7 ~;)‘> (61) 

where the perturbation vector field is of the form 

In an analogous way, we can generate another new hereditary operator 

(62) 
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from a known hereditary operator a(u), and &;,($,) is a recursion operator of (61) 
provided that Q(u) is a recursion operator of the original equation U, = K(u). From the 
expression above, we see that the formation of the perturbation equation under the 
perturbation series (60) is simpler but the corresponding recursion operator is more 
complicated than ones under (12). However there exists an intimate relation between two 
kinds of perturbations because we have a Miura transformation 

For example, the operator &,,,( g,) may be generated by a transformation 

= L 
1 0 

l! l! 
2! . 2! . (64) 

0 N! 

In fact, we can similarly obtain any new tensors by means of the Miura transformation 
(63). For instance, a new Hamiltonian operator may be engendered by 

(63) 

jN<iN> = 2 ” ~N@N,(~,- = [ i!i! ~ai+‘-N4iiN’l~_~i.i=~,l,,,~,N. (65) (i + j - N)! aEi+i-N 

We remark that, by the resulting perturbation equations in Section 3, we can generate 
approximate solutions of the original equations to a precision o(cN). This is different from 
the construction of the t functions in bilinear formation, where the expansion series holds 
exactly for any order precision. It is also of interest to note that the perturbation equations 
are all integrable coupling with the original equations and the original ones always appear 
in the first position. Therefore our integrable theory provides an approach for constructing 
integrable coupling of soliton equations and enriches the intention of the perturbation 
bundle established in Ref. [18]. However it is still a problem deserving of investigation how 
to construct more general integrable coupling by perturbation. 
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