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Abstract — An integrable theory is developed for the perturbation equations engendered from small
disturbances of solutions. It includes various integrable properties of the perturbation equations, such
as hereditary recursion operators, master symmetries, linear representations (Lax and zero curvature
representations) and Hamiltonian structures, and provides us with a method of generating hereditary
operators, Hamiltonian operators and symplectic operators starting from the known ones. The
resulting perturbation equations give rise to a sort of integrable coupling of soliton equations. Two
examples (MKdV hierarchy and KP equation) are carefully carried out. Copyright © 1996 Elsevier
Science Ltd

1. INTRODUCTION

Integrable nonlinear wave or evolution equations (such as KdV, NLS, SG and KP
equations) are ideal mathematical models of real physical phenomena although they play
an outstanding role in physical problems. Therefore for these equations we often need to
take into account the effect of small perturbation so that their applicability may be
extended to higher order nonlinearity or larger amplitude waves. There are two main kinds
of perturbation worthy studying for integrable equations. One is the perturbation situation
of integrable equations themselves and the other is the perturbation situation of solutions
of the original unperturbed integrable equations. They all can provide approximate
solutions to real physical problems.

In the context of soliton perturbation, what one usually considers is the first kind of
perturbation situation. There have been quite a few powerful techniques for dealing with
this kind of perturbation (see [1-5] and references therein). Various perturbed cases of
integrable equations have been considered, including the perturbed KdV and MKdV
equations [3,6,7], the perturbed nonlinear Schrédinger equation [8,9], the perturbed
Burgers equation {10] and the perturbed Benjamin—-Ono equation [11]. A detailed survey
for this kind of perturbation theory based upon the inverse scattering transformation was
provided by Kivshar and Malomed [12]. However there do not exist so many works
devoted to the second kind of perturbation situation. Among them are the following.
Tamizhmani and Lakshmanan considered the complete integrability of the perturbed
equations by small disturbance of solutions of KdV equation [13]. We analyzed the similar
perturbation situation of the whole KdV integrable hierarchy and pointed out a mistake in
Ref. [13] for the Hamiltonian structure [14]. Recently it has been observed by Kraenkel et
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al. that a multiple time scale expansion may relate the solutions of long surface
water-waves and the Boussinesq equation to KdV integrable hierarchy [15, 16].

In this paper we consider the second kind of perturbation. Mathematically, this kind of
perturbation yields interesting results. For example, we shall show that it preserves
complete integrability. In other words, the equations generated by the perturbation are still
integrable and thus give rise to new examples of integrable equations. Morever they are all
special integrable coupling of the original integrable equations.

We now introduce our notation and conception. Some notation comes from Refs
[17-19]. Let M = M(u) be a suitable manifold possessing a manifold variable u (we write
u as a column vector) and M N=M ~(fiy) be another suitable manifold possessing a
manifold variable 7}y = (770 , r)l o0, N =1, where ;, 0< i< N sare column vectors
and T means the transpose of matrices. Assume that T(M), T(My) denote the tangent
bundles on M and My, T*(M), T*(M,) denote the cotangent bundles on M and My
and C*(M), C*(My) denote the spaces of smooth functions on M and My, respectively.
Throughout this paper we require that the column vector 7; (0 <i< N) has the same
dimension as the column vector u. Therefore we have 7, € R? (0 <i< N) when u € RY.
Further let T (M) be the s-times co- and r-times contravariant tensor bundle and
(T;), (M) the space of s-times co- and r-times contravariant tensors at u € M. We use
X(u) (not X|,) to denote a tensor of X € T;(M) at u € M but sometimes we omit the
point u for convenience if there is no chance of confusion. Note that linear maps
®: T(M)—- T(M), ¥: T*(M) > T*(M), J: T*(M) - TSM) Q: T(M)—> T*(M) may be
1dent1f1ed with the second degree tensor fields Tq € Ti(M), Ty e Ti(M), Te THM),
Te € TYM) by the following relations [19, 20]:

To(u)(a(u), K(w) = (a(u), w)K(w)), aeTHM), KeT(M),
Ty(u)(a(u), K@) = (Y(w)a(u), K(w)), aeT*M), KeT(M),
Tiu) (), Bw) = (a(u), J(w)Bw), « e TXM),
To(u)(K(u), S(u)) = (OW)K(u), S(w)), K, S e T(M),

where (-, -) denotes the duality between cotangent vectors and tangent vectors.

A basic tool to handle various kinds of tensor fields is the conception of the Gateaux
derivative. For a tensor field X e T((M), its Gateaux derivative at the direction S € T(M)
is defined by

3X(u + eS(u))

X'(W[S(u)] = 1)

For four kinds of operator between the tangent bundle and the cotangent bundle, their
Gateaux derivatives may be given similarly or by means of their tensor fields. The
commutator of two vector fields K, S € T(M) and the adjoint map ady are defined by

(K, $](w) = K'()[S()] - §'(u)[K(w)], adgS = [K, S]. )

=0

The conjugate operator of an operator between the tangent bundle and the cotangent
bundle is established in terms of the duality between cotangent vectors and tangent vectors.
For example, we may calculate the conjugate operator ®': T*(M) — T*(M) of an operator
®: T(M)— T(M) through

(' (wa(u), K(u)) = {a(u), D(w)K(u)), aeT*M), K eT(M).

If an operator J: T*(M)— T(M) (or ©: T(M)— T*(M)) plus its conjugate operator
equals zero, then it is called skew-symmetric.
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Definition 1.1. For H € C*(M), its variational derivative (8H /6u) € T*(M) is defined

by
<-‘5fi(u), K(u)> = <-‘5—H(”—), K(u)> - HWK@)] K e T(M).
Su Su
If for y € T*(M) there exists H € C*(M), so that
H'(W)[Kw)] = (y(u), K(u)), forall K € T(M),

holds, then y € T*(M) is called a gradient field with a potential H € C*(M).

A cotangent vector field y e T*(M) is a gradient field iff
(dy)(w)(K (w), S(u))

= (YWIK@W), S@) — (YW[SW)], K(w)) =0, K,SeT(M). ()
If y € T*(M) is gradient, then its potential H € C*(M) is given by

1
H(u) = L (y(Aw), u) dA.

Definition 1.2. A linear operator ®: T(M)— T(M) is called a recursion operator of
u,=K), KeT(M)if,forall Se T(M) and ue M,

_._aq;@) S(u) + O WK @)S@) - K'W[@wW)SW)] + @K' W[S@W] =0. @)
t

Evidently a recursion operator ®: T(M)— T(M) of u,= K(u) maps symmetries into
new symmetries of u, = K(u).

Definition 1.3. A linear operator ®: T(M)— T(M) is called a hereditary operator [21] if
the following equality holds:

O'(W)[P(u) K (u)]S(u) — @)’ (u)[ K (w)]S(u)
— O[PS K (u) + @)@ (W)[S(w)]K () =0, (5)
for all vector fields K, S € T(M).

When an evolution equation u, = K(u) possesses a time-independent hereditary recur-
sion operator @, a hierarchy of vector fields ®"K, n = 0 are all symmetries and commute
with each other. If the conjugate operator W =®' of the hereditary operator
®: T(M)— T(M) maps a gradient field y € T*(M) into another gradient field, then "y,
n =0, are all gradient fields [22, 23].

Definition 1.4. A linear skew-symmetric operator J: T*(M) — T(M) is called a Hamilto-
nian operator if, for all a, 8, y € T*(M),

(K(u), I'(w)[J(u)S(u)]T(u)) + cycle(K, S, T) = 0. (6)
The corresponding Poisson bracket is defined by

6H,
ou

{Hy, Hy}(u) = <%(u), J(u) (u)>, Hy, H; € C*(M). 9
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A pair of operators J, M: T*(M)— T(M) is called a Hamiltonian pair if J + cM is always
Hamiltonian for any constant c.

When J: T*(M)— T(M) is Hamiltonian, we have [22, 23]

0H, O6H
]-{H1, H)}, = [J———l J—2|, H,, H, e C*(M).
ou ou ou
Moreover if J, M: T*(M)— T(M) is a Hamiltonian pair and J is invertible, then

® = MJ™1: T(M) — T(M) is hereditary [17].

Definition 1.5. A linear skew-symmetric operator ©: T(M)— T*(M) is called a sym-
plectic operator if, for all X, §, T € T(M),

(K(u), @' (w)[S(w)]T(w)) + cycle(K, S, T) = 0. (®)

If ©: T(M)— T*(M) is a symplectic operator, then its second degree tensor field
To € TY(M) may be expressed as

Te = dy with (y(u), K(u)) = fo (©CwAu, Kw))dh, K e T(M),

where dy is defined by equation (3). It is not difficult to prove that the inverse of a
symplectic operator is Hamiltonian if it exists and vice versa.

Definition 1.6. An evolution equation u, = K(u), K € T(M), is called a Hamiltonian
equation if there exists a function H € C*(M), so that

= k() = I 2E w). ©)
Su

It is called a bi-Hamiltonian equation if there exist two functions H;, H, € C*(M) and a
Hamiltonian pair J, M: T*(M) — T(M) so that

SH, 6H2

= K(u) = J(u) ( ) = (u) (10)

There is another kind of Hamiltonian equation, which may be defined by symplectic
operators. However, the definition above is more advantageous. For a bi-Hamiltonian
equation above, there exist several beautiful characteristics in the aspects of algebra and
geometry [22, 23].

In this paper, we shall analyze the perturbation equations of the evolution equation

= K(u), K € T(M) (11)
under the perturbation series
N
= E‘Einia ﬁN = (ﬂoT, ana R nll\;)T9 N = 17 (12)
i=0

and their integrable properties. The paper is organized as follows. In Section 2 we propose
three useful theorems to generate hereditary operators, Hamiltonian operators and
symplectic operators from the perturbation series in equation (12) in a natural and explicit
way. We show in Section 3 that the perturbation of equation (12) preserves complete
integrability, i.e. we want to show that the perturbation equations are still integrable
equations provided that the equation under consideration is integrable. In Section 4, we
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apply the resulting theory to MKdV hierarchy and KP equation as illustrative examples.
Section 5 contains some concluding remarks, where we give another perturbation series
and compare its corresponding results with those given by equation (12).

2. HEREDITARY, HAMILTONIAN OR SYMPLECTIC OPERATORS BY PERTURBATION

We make a perturbation series, for any m =0,
< T
~ i ~ T
B = €M, Aw= (o, 15 - M) (13)
r

where 7;,, 0 <i<m, are column vectors possessing the same dimension as u. We first
analyze a few properties of tensor fields and then establish three useful theorems to
construct hereditary, Hamiltonian or symplectic operators in terms of a perturbation.

Lemma2.1. For any X € T{(M),
ok X(1) _ *X()
3e* Je*

, Lj= k=0 (14)

Proof: Let j > i without loss of generality. Then we have
J
uj = U; + z 817};.
I=i41

Further we get X(;) = X () + o(¢'), from which the required equality follows. #

Let us assume, for any X € T (M),

1 9X(&)

i! &t £=0

(X(w)9(#) = X0 = (XY = (X@)(H), j=i=0. (15

We write
(Pt X)(Am) = Xn(Aim) = (XOT(@R,), XOT (R, .o XOT@H)T (m= 0) (16)

and call per,, X = X, the perturbation tensor field of order m. From Lemma 2.1, we see
that

Xn(Am) = (XOT(Ro), XDT@Y), ..., X™T(R,)T
and hence the perturbation tensor field per,, X = X, has a characteristic: the i-th
component depends only on 1, 7, . . ., 1;, not on any N J > 1.

Lemma2.2. For X € T((M) and S € T(M),
X' WIS@DO(@) = (X@)HY @S], i=0, a7

where §; = (SO7, §®OT sOTYT
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Proof: We first have

3

30

B K@, + 88(8) + So(eh))
36 |s=0

= X'(@)[S(8)] + o(e).

i

X(@ + 83 et5®)

8=0 k=0

X (@) (@181

We apply the equality above to the following Taylor series

x@ = 3= XX®

+ o(£))
k=ok! Qg

=0

and then get the required equality (17). #
Evidently, (17) implies that, for X € T;(M), S € T(M),
(pery (X' @)[S@D)(Am) = (Pern X (1)) (Am)l(PETn S)(Fm)]-

Lemma2.3. Let X e T,(M). The following equalities hold for any vector field

Sy=(S4,8T,...,S)T € T(M)), where S, 0<i< N, are of the same dimension:
ix(n ! i X
(ifﬂﬁ )(mm$r=if Xﬁh)zéﬂa 0<i<N. (19
J¢! £=0 Qe le=0 j=0

Proof: First, from Taylor series

N ; miven
N e X
X(ay) = 2_'___(1_1112 + o(e"),
i=0 1! o€ £=0

we directly obtain

(X(@y)' AN = 3

i=0 l'

S (aiX(aN)

ymmmu+o@%.

£ £=0,

On the other hand, we have
_ 3 N N
(X@@n)' (Mn)ISw] = “‘\ X(@ay + 636S) = X'(ay) 2315;']-
34 |s=0 =0 j=0
These two equalities give (18) again according to Taylor series. The proof is finished. #

_Theorem2.1. If the operator ®:7T(M)— T(M) is hereditary, then the operator
q)N: T(MN) - T(MN) defined by

(pery®@)(n) = (f)N(ﬁN)

= [(‘f)N(ﬁN))ij]i,j=0,l ..... N = ! 3" d(@y)

(O ) LT

e=0](N+1)x(N+1)



Integrable theory of the perturbation equations 1233

1 3®(iiy)
—_— ()]
11 3¢ |eo (")
= . .. . . (19)
No(h 1 3d®(u
_1-_____( N) = (#x) D(n0)
N! aegN e=0 1! 3&  J|e=0

is also hereditary.

Proof: Let Ky =(K3, KT, .. KT, Sy =S, 8T,..., 80T € T(My), where K, S,,
0=i=< N, are of the same dimension. It suffices to prove that

Oy (i) By Rn1Sx ~ By ® V(AN KN]ISH
= (AP NSNIR N + By N(ANISNIEN = 0. (20)

First we easily get the i-th element of the vector field &, Ky and the element in the i, )
position of the matrix ®y(Ax)[Ky]:

@yRy) = 3Ly

K, 0=<is<AN,

=0 = )Y 3T e=o
S U £ <O I R T
(@ N(ANK N (i—j)!\ e £=0) (AnIKN]
1 5

N
(q)’(ﬁN) ESkKk])’ 0= ia ] = N.
=0

(@ = D! agi k=0

Here we use Lemma 2 3 for the calculation of the second equality. Now we can compute
the i-th element of &'y(7x)[® yKx]Sy:

(®'N( AW D K n1SN):
-3 L2 ey[3es 1o S0
j=o(i = ! 3et/ |e k=0 i=0(k — l)‘ dekl  e=0 1
S g fsud e sea )
i=0(i — j)! g7 [e=0 i=o k=1(k = D! 3" le=0 !

- : 1 o/ N H(h N-1
,go(i Z ) e £=Oq’ (@y) goe (®(ay) + ofe ))KI]S/‘

i

1 o~/
i=o(i = ! 3&7 le=0

N
&' (0y) lgoe’@(ﬁzv))Kz]S;

1 3!
osjri<i(i — j — )t 3¢t

@' (ax)[P(ay)K]S;, O0=<i<N.
e=0
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Also we can compute the i-th element of S B (AR NISx:

(@D V(AN NISN):

i P A ik N
- Z 1 3! J(D(HN) 1 a-’- @’(QN)[ESIKI]Sk
o — ! 3T le=vizo(j — k)! 3ei7* le=0 par
i i~ i i~k k=1 R
= L 3 Q?(sz) - . a. —|  @(aN)[K]S,
20(i — ) gl le=okz0iz0 (j — k — D! 3¢/7% " e=0
A 3-id(a j—k—1 »
=322 L ,(I.JN) 2 — @' (An)[K ]Sk
ksoi=ki=0 (i — PG — k= DV 3¢/ =007 le=0
il 8‘_}® i j-k_l ress
=333 ! ()| 3 | o @yKIS,
imoi=0j=k+1 (= WG — k= DY 86" =098 7 om0

0
i i~k 1 3i~k-l
=oi=0 (i — k — D) g+
1 ai—k—l
= 2 : Y i—k—1
oskri<i (I — kK — D! 3¢

Therefore by the hereditary property of ®, we find that each element in the left side of
(20) is zero, which shows that (20) holds. #

O(q)(ﬁN)q)’(ﬁN)[KllSk)

£

O(q’(ﬁN)(D'(ﬁN)[Kl]Sk), 0<i=<N.

g

Theorem2.2. If the operator J: T*(M)— T(M) is Hamiltonian, then the operator
Ty: T*(M ) — T(My) defined by

(pery N(Ain) = Tn(Aiv)

= [{( F (T il i= = —
Oxns, v = | ) |
1 3J(@ay)
1! Je e=0
= : " : (21)
1 dJ(a 1 3NJ(ay)
J(n0) 1 3Jtay) R T
1t g |e=0 N! 3¢ £=0

is also Hamiltonian.

Pr/qof:. Let &N = (wg" alT’ et a}\;)T’ BN = (ﬂg’ ﬁ{’ M4 B;)T’ ?N = (yg’ Y{’ et ’y};’)T €
T*(My), where «;, B;, vi, 0<i=< N, are of the same dimension. We only need to prove
that

(@, ‘/f’N(ﬁN)[?NBN]?N> + cycle (&y, By, 7x) = 0, (22)

because there doesn’t exist any problem on linearity and the skew-symmetric property.
First noting Lemma 2.3, we can compute the element in the (i, j) position of the matrix

-?’N(ﬁN){jNBN]:
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(TN TnBD);
1 5i+i-N N
= J'(a e(J
ST T
1 5i+i-N N N ) SN () ]
= J'(a g N
(i +j = N 3gmNle=o () ;Zo k=§N:—I(k + 1 - N)!  Qghti-V e=o/3k
1 3iti-N o & vl & ek+i-N %+=N j(i
= — J'@aw)| > ey "( (@y) )ﬁk
(i+j— N gt Nle=o L k=0 1=n-k(k + 1 — N)! Qgk+i-N £=0
= 1 Qiti-N Jl(l’) )réV:gN_k(J(l/l\ ) + O(Ek))ﬁ ]
(i+j— N agtiNle=o Ml& N k
1 9i+i-N - N ]
= J'(@ eNkJ(a
e N P
N 1 5i+i-N o
= eV I (a)[J(a )
DOy oy ARG SOV
N i+j+k=2N
1 3 +j+ .

0(1’(ﬁzv)[f(ﬁn)ﬁk]), 0<i,j

£=

k=2N2—(i+j) (i+j+ k—2N)! ggtitk2N
Therefore we have
(an, In(An)InBylFn) + cycle @y, By, 7n)

1 gititk—2N

an<itgak<an (i + ] + k — 2N)! ggititk=2N [
X ({a;, J'(An)[J(G@n)Bily;) + cycle(a;, By, v;)) = 0.

In the last step, we have utilized the Hamiltonian property of J(u). So the required result
is proved. #

Completely similar to the above two theorems, we can show the following result:

_Theorem2.3. If the operator ©: T(M)— T*(M) is symplectic, then the operator
Oy: T(My)— T*(My) defined by

(pery ©)(Tin) = @N(ﬁN)

A 1 ANTiO(ay) ]
= [(© ilij=0,1,..N = —
(On @yl s-on,...v [(N —i— P! eV |e=o)(v4nx(v+1)
1 3Ve(u 1 0O(&k
1 ve@y|  18@)| o
N! agN =0 1! Je £=0
= : (23)
1 ANO(iiy)
1' agN =0

is also symplectic.
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We mention that when J and © are invertible and J = ©~1, we have

(pery J)(fin) = ((pery ©) (i)™,

which shows that the inverse of the perturbation symplectic operator (pery®)(fjy) is
Hamiltonian and vice versa. Note that the above new operators have a vector #jy of
dependent variables and hence involve g(N + 1) dependent variables when u is a
g-dimensional vector. The above three theorems also provide us with a method of
generating new hereditary, Hamiltonian, or symplectic operators from a known one. This is
interesting in the soliton theory. In particular, we can put forward the following operators
by the first order perturbation:

535 ) =|  20m) 0
@) ={ ()] Q(no)]’

PN J(no)
(]1)(171)—_-’(770) J'(ﬂo)o[m] ’

@)y =| Ogminl w1,

Taking the first order perturbation once more, we can obtain a little more complicated
operators:

(per; per; @)(7);)
I (1) 0 0 0 ]
@' (no)[m] ®(10) 0 0
- @' (10)[72] 0 Q' (no)m]  P(mo)

3*®(ny + eny + omy + £bns)

@'(n)[m]  D'(m)[m] P(mo)

3636 £=6=0
(per; per; J)(3)
0 0 0 J(1o) ]
0 0 J(no) J'(0)m]
|l o J(no) 0 J'(m0)[m2]

' ’ 32J(n, + en, + 6n, + &b
Jw)  Tm] T Xt St O + Eom)
9g3d =620

(- —

(per; per; ©)(#);)

3*O(ny + eny + Oy + €b13)

O'(m)m] O'(m)m] ©O(n)

_ Qedd £=6=0
- ' (m0)[m] 0 (o) o |
©'(10)[m] ©(ny) 0 0
O(no) 0 0 0

Here we have changed two independent variables while making the second perturbation.
Of course this kind of perturbation may be done without any stop at finite steps and hence
the resulting operators are full of various algebraic structures.
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3. INTEGRABLE PROPERTIES OF THE PERTURBATION EQUATIONS
Let us recall the perturbation series (12)
X T T T
iy = 281771‘, v = (Mo, Ms - -7, N =1
i=0

For the evolution equation (11)
u, = K@), KeT(M),

we consider the following N-th order perturbation equation,

iy, = K(iy) + o(e¥) or iy = K(fiy) (mod V), (24)
which leads to the following equivalent equation
N AK (&
v = Ry, nametyn, = ~2KED ] ooy (25)
i Q&' =0

In this section, we discuss integrable properties of the perturbation equation (25), which
include recursion operators, K-symmetries (i.e. time independent symmetries), master
symmetries, linear representations (Lax representation and zero curvature representation)
and Hamiltonian structures.

Theorem 3.1. Let K e T(M). The operator ®,: T(M ) - T(My) determined by (19) is
a recursion operator of the perturbation equation %y, = Ky(#y) defined by (25) when
®: T(M)— T(M) is a recursion operator of u, = K(u). Therefore the perturbation
equation fjy, = Kx(7jy) has a hereditary recursion operator ®y(7jy) once u, = K(u) has a
hereditary recursion operator ®(u).

Proof: Let Sy = (SOT, st ..., S{,)T € T(MN), where S;,, 0<i< N, are of the same
dimension. By Lemma 2.3, we have

o (2 ro a* N L.
(_(_N) ) ARy = =—| @ (uN)[ZSIK(I)]
de*  e=0 de* le=0 =0
ak X & ~ N
== @'(ay)[K(ay) + o(e™)]
Q" |e=0
Kb (5 ~
_@IK@]| o n
aEk e=0
and
; . 1 9 N
(KOY @SN =~ K'(ay) Ze"Sk]
: il 3¢ |e=0 k=0
=i — )N dgi £=0

Therefore from the first equality above, we obtain the i-th element of @'N(ﬁN)[I? ~NISK:

@RSy = 5 —L Y @NK@WIS,

e , 0O0=sisN. (26)
=i = j)! 3"

e=0
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From the second equality above, we can compute the following two terms:

(R v@An)[®nSn)):

- d 1 i~k o o
- k=0m 36 |e=0 (K'(GN)[(PNSN)))
i 1 i~k XK' ak—j(D(ﬁN) ]
im0 (i — k)! 3% |e=0 K'(a N)[ 20 ])' LS
) EE 1 " K@y )[E’_k_’i(ﬂl s,]
" =0

i = Bk = Pl ag*

e=0

»
II

3 gkl Ko 3 id(n
-3 ( k@S5 )
j=ok= (i = 1)’ 3g/ le=o\ (k 1)’ e=0
A - U gk=i a"'fcb i
=0 = j)! 3&™/ le=0 k= 1(k = DI 3t le=o
o1 g o R i
= 2 K'(ay)[®(@y)S; + o(e7)]
=00 — J)! 3&™ le=0
=@ = N 3g/ e=0 ’
(@ K N(An)ISh )
_ E 1 3 d(ay) 1 3*IK'(an)S]
k=0 (i — k)! g~k e=0j=0(k - ])' agk_j £=0
_ ZE 1 Bk p(@y) | K (@S]
j=0k= (l - k)'(k - ])' gt~k £==0 dek-i e=0
_v_ 1 @@k @S| o 8)
=0(i = j)! L =0
Now in virtue of these three equalities (26), (27) and (28), we easily see that

a:;” Sy + SN AHNIKNISN ~ KN(ﬁN)[‘I’NSN] + &K N(WN)[SN] =0,

which implies that & ~(fiy) is a recursion operator of 7y, = K ~- A combination with
Theorem 2.1 gives the proof of the second conclusion. #

Theorem3.2. Let K, S € T(M). The following relation between the perturbation vector
fields Ky and Sy exists:

[kN(ﬁN)a §N(ﬁN)] = (I?N)’(ﬁN)[sN(ﬁN)] - (S\N)’(/ﬁN)[I?N(ﬁN)] = i\‘1\1(’771\1)’ (29)

where Tn(fjy) is the perturbation vector field of the vector field T = [K, S]e T(M).

Therefore

(1) if oe T(M) is an n-th order master-symmetry of the equation u, = K(u), then
8y = (00T, 6OT . o'™MTYT ¢ T(My) is an n-th order master-symmetry of the perturba-
tion equation fjy, = K N(ﬁ N
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(2) the perturbation equation fjy, = Ry(fiy) possesses the same symmetry algebra
structure as the original equation u, = K(u).

Proof: By Lemma 2.2 we see for the i-th element that
Tu)® = (K'@[S@HOR) ~ (8'@IK@DO @)
= (K@)OY@ENS] ~ (Sw)Y (M) K]
= (RyISaD: ~ SW@nRD  0<isN,
which shows that (29) holds. The rest of the proof is obvious. #

The relation (29) implies that the perturbation series (12) keeps the Lie product of vector
fields invariant.

Theorem 3.3. Let K € T(M). When the evolution equation u, = K(u) has a Lax
representation (L(u)), = [A(u), L(u)}, where L and A4 are two matrix differential opera-
tors, the N-th order perturbation equation fy, = R ~{fix) has the following Lax represent-
ation:

(Ln(an))e = [An(An), Lu(in)l, (30)
where the spectral operator Ly and the Lax operator Ay read as
(pery L)(Aix) = Ln(fix)
~ 1 ¥7L(a
= [(LN(nN))ij]i,j=0,l ,,,,, N = [ - - ‘(,N) ]
(G~ DV 3 le=0J(N+1x(N+D)
L{(np) . - 0 ]
1 8L(&y)
— L
11 3¢ leo ()
= : . . . > (31)
1 ¥ L(ay) 1 8L(u
__ﬂ_,i_’i_ o .,.___L.L) L{np)
N! d¢ e=( 1 Je =0
(pery A)(An) = An(fiy)
~ 1 3 TA(G
= [(AN(ﬁN))i;}i,ij,l,...,N = [ " - .(,N) ]
G- g e=0J(N+1)x(N+1)
B A(m) 0 ]
1 3A(ay)
— TN A
T (o)
= : " " : . (32
N A(n i
1 3VA() LoLaAan |,
N! aegv £=0 1! Je £=0

Proof: We first note that

m = K(liy) + O(SN),
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and thus we have

2 (@@ - (4@, LaY) =0, 0<k<N. 33)
J¢e” le=0

Let now us compute the elements of the differential operator matrix [Ay, Ly]. Evidently,
we know that [Ay, Ly] is lower triangular, that is,

([AN,EN]),'}'——-O, O$l<jsN.
On the other hand, when 0 < j < i< N, we can compute

i 1 3% A(ay)

A o~ ak—jL ~
(ANLN)IJ = 2 1 (uN)

k= (i — k)! g~k e=0(k — j)!  3ek™i  |e=o
_ 1< ( i~ )af-kA(aN) 3 L(iy)
(l - j)!k:j i— k agi*k =0 ask—j e=0
_ 1 3" A(fiy) L(fiy)
@- N deii =0
In the same way, we obtain
~ a 1 3 L(ay)A@
(LNAN)ij = - - ( N) ( N)
G- et/ e=0
Therefore we have
PN 1 ¥[A(ay), L(i
([AN’ LN])ij = R R [ (uN‘) X (uN)] ) O = i3 ] = N
(i—- N Jei~] =0

Now we easily find that (30) is true due to (33). #

Note that the spectral operator Ly and the hereditary recursion operator &, have the
same form of matrix. In fact, we can take the hereditary recursion operators as the spectral
ones. More precisely, u, = K(u) has a Lax representation ®, = [®, K'], where @ and K’
are a recursion operator and the Gateaux derivative operator of K, respectively (see [24]).
The following result for the case of zero curvature representation may also be shown. Its
proof is omitted due to the completely similar deduction.

Theorem 3.4. Let K € T(M). When the evolution equation u, = K(u) has a zero
curvature representation (U(u)), — (V(w)), + [U(u), V(u)] =0, where U and V are two
matrix differential (sometimes multiplication) operators, the N-th order perturbation
equation fjy, = K y(fiy) has the following zero curvature representation:

(On (i) = (On(Ain): + [On(in), Vn(fin) = 0, (34)

where the two matrix differential operators U ~ and 17N are of the form
(pery U)(fIn) = ﬁN(ﬁN)

(On ) ilismosm = | U @)

(U ) LT

e=0](N+1)x(N+1)
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U(mo) .. - 0 ]
1 3U(iy)
—_—— U
1 3e  [e=o ()
= : . . . . : , (35)
1 3NU@ 1 aU(@&
____(_ﬂ o 2 (@n) Uno)
NI 3eV  e=0 1! 3 |e=0
- _
(pery VY(Min) = Vn(iin)
O (% 1 3 vV(a
= [(VN(nN))ij]i,j=0,l ..... N= [ - - E_N) ]
- o8& £=0J(N+1)x(N+1)
i V(1) . .. 0 ]
1 3V(ay)
— | %
11 8z leo ()
= . . . . : . (36)
1 3"V(a 1 3V(a
1 9V@E) o LVE g,
N!' 3V le=o 11 3e  |e=o0 ]

Theorem 3.5. Let K € T(M). If the equation u, = K(u) possesses a Hamiltonian struc-
ture

= K(u) = J(u )‘SHLE”’

where J:T*(M)— T(M) is a Hamiltonian operator and H € C*(M) is a Hamiltonian
function, then the perturbation equation #jy, = R ~(fly) also possesses a Hamiltonian
structure
v = Ruli) = Tn(an) 222, @)
Oy
where the Hamiltonian operator 7 ~(fixy) is given by (21) and the Hamiltonian function
Hy € C*(My) is determined by

1 OV H(ay)

(pery H)(fin) = Hy(fiy) = F‘—‘a?— o (38)
The corresponding Poisson bracket has the property
1 oV ~ -
{Hy, HzN}JN(’?N) = ———| {Hy, Hy},(fin), H;, H; € C°(M). (39)
N' ¢ N =0

Furthermore, the perturbation equation %y, = Ry(in) possesses a multi-Hamiltonian
structure

- - ~ . O0H A SH.N(G
finve = Kn(fin) = JlN(nN)_'ll(‘ﬁ_N')‘ == J,,,N(nN)______”‘,"\’(nN),
Ofn Sn
once u, = K(u) possesses an analogous multi-Hamiltonian structure
OH (1) _ (5Hm(u)

u, = K(u) = Jy(u)
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Proof: Let y = (8H/8u) € T*(M). Then we have
1 3 (@) y(in)

it

i! 3¢l £=0
_3 @Y Fr@n| oo n
j=0 '(l =N 3T le=0 3 |e=0
Thus we get
N = kN(ﬁN) = jN(ﬁN)?N(ﬁN)’ (40)
where the cotangent vector field $y € T*(ﬂ ~) reads as
R 1 aN}/T 0 1 aN~1YT i ) 1 ayT i T
Pn(iin) = (— (@y) ; _( N 1 3y (@) YT (o)} -
N!  3eV¥  Je=o (N —1)!  3¢MN-1 e=0 11 3¢ |e=0

(41)

We hope that the cotangent vector field 7 is a gradient field. If so, the potential function
should be the following:

A() = [(P(i), ) &

_ f <a vOay)| nN-,-> a4
0i=o i! £=0
1 a9V PN 1 3VH(@
= L2 [Goay, ay)a= - 20
N! 3V [=0lo N!'  3eV  |e=o0
Actually, the cotangent vector field Py is a gradient field. We can show that
o o\ OHN(
D) = NN “2)
Oy

According to the definition of the variational derivative, we have, for any S; e T(M(n,)),

NH(a Nyp(an ,
(2L 2HW ), 5] = (1L Yoo

o, \N! 3¢V N!  3gV
1 Y ;
=—2 1 H'(aneS(n;
o | H @S )
1 N

) maﬂ’—i e=0H’(ﬁN)[Si(ni)]

1 aN-i 8H (fiy)
TN = i)l e e=o< oy Si(m)>
1 GN-i ~
= mggN‘i EzO(Y(uN)y S{n:))
_ < 1 3" 'y(@ly)
TN =) eN
This shows that (42) holds, indeed. Therefore (40) is a Hamiltonian equation.

Let us now prove the property (39). Let y, = (8H/bu), y, = (8H,/6u) € T*(M). In
virtue of (42), we can compute that

N S,(n,)>,0$ i< N.

e=0
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Ty 22N 5H2N(77N) >
6ﬁN 5171\/

_ ( 1 3V iyi(ay)
i V(N — D! 3Nt

{gm, ﬁzN}?N(ﬁN)

N

1
=0 (i + j— N)!

% 3N (@) 1 3N iyy(ily)
3N [e=o(N — j)!  3eN-J

_ % < N y@y)| 1 ¥ (EN)a(@iy)) >

i=0 (N - l)' SgN'i e=0’ i! aei =0

1 9V - e
I I\“N)s N)I2\UN
= N3 _n@), J@wra(ay))

1 aV -
= NI oeV O{Hu Hy},(Gy).

H £=

It follows that the equality (39) is true.
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Further noting the concrete form of new Hamiltonian operators, a multi-Hamiltonian
structure may readily be established for the perturbation equation. The proof is com-

pleted. #

We should note the two important formulas (38) and (41). Equation (38) provides an
explicit formula for computing constants of motion of the N-th perturbation equations and

(41) gives rise to an expression of perturbation cotangent vector fields.

4. APPLICATIONS TO INTEGRABLE EQUATIONS

4.1. MKAV hierarchy
We first consider the following MKdV hierarchy [25]:

6H
u, = K, = a,, = J¥"a, = n=0,
6u
with
1~2 -1 bn+l — Cpt1
J=23, W)= -—3°+ ud'ud, H,(u) = ——— 27~
22n + 1)
where q;, b;, ¢;, i =0, are recursively defined by
g = Uu, bO = 1: Co = —‘1,
a1 = ‘Ijai, i = 0,
bis1 = 385 + 9 'uda;, i = 0,
Ci+1 = %ai_x e a-luaai, l = O,

and 397! = 37'3 = 1. The first equation is exactly the MKdV equation

— _1 3.2
utl = Tl + PL

(Y

b4

(43)

(44)

Its inverse scattering transform was first studied by Wadati [26]. The MKdV hierarchy (43)

possesses zero curvature representations [25]
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U —VvP+[U, V™ =0, n=0,

with

U= [ u _'1:| , Vi = (ar™)+ (bln)+/1:] , n=0.

(cA")y  —(ad"),

Here the plus symbol + stands for the choice of non-negative power of A and

-1 -u

a= Zail—i, b= Ebil—i, c = ZCI'A‘_".
i=0 i=0

i=0

(45)

(46)

Applying the integrable theory in Section 3, we can obtain infinitely many new
hereditary operators perypery, --- pery ®, Ny, N, ..., N,=1, starting from the

hereditary operator of the MKdV hierarchy
® =W = -3 + 3udlu.

We easily find some explicit expressions:

i=j
(pery ®)(Ay) = diag (=332, ..., =) + [2 anka‘ln,-_,»_k]
_— k=0 (N+DX(N+1)
N+1
—30% + 3nd 'y
_ angdtmy + 337
Shdmd Iy, ... 3nd7imp +Am@7lny  —% + Andlny
(per;per,®)(n) =
—30% + 3ngd'ne 0 0
andlmy +9md7'ny  —38% + Aned g 0
3mpd ™', + 3131y 0 -0 + and '

PO M and 'n, + 8md7Ing  Omed 'y + Amd7Imy  —33 + dmd 'y
where 0= (1, 1, T, 73)T. It needs a large amount of calculation if we directly prove the

hereditariness of the above two operators.
The N-th order perturbation equation of u, = K, reads as

ﬁNt,, = (pery K,)(fln) = (pery@)(fin)(pery K- )(fin) = ((pern®)(fin))" fine»
among which is the N-th order perturbation equation of the MKdV equation (44)

il
M, = _%aznix + Ezanka_lnl—kni—l,x

1=0k=0

1 3 ;
= —Mux T3 2 Nix MM O0<is<N.
jrkti=i
0 k,l<i

47)

(48)

The resulting local evolution equations defined by (47) are all integrable soliton ones for

any n, N = 1. They all have zero curvature representations

((perw U)(ﬁN))z,, - ((PCTNV("))(ﬁN))x + [(pern U)(An), (PerNV("))(ﬁN)] =0,

and bi-Hamiltonian formulations
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ery H,)(1 o ery H,_ )(#
Xp L )(fin) =(perNM,)(nN)6(p wH (@)
Ofn Oy

where the Hamiltonian operator M = JL = —33° + 3ud~'u3. Therefore they possess infin-
itely many common symmetries pery K,,,, m = 0, and infinitely many common constants of
motion pery H,, m=0. In particular, for the N-th perturbation equation (48) of the
MKdV equation (44) we can get the following explicit results: two Hamiltonian functions

e, = (pern(fin)

N
(pery Ho)(fin) = %znjnN—j,
j=0

N N
(pery Hy)(fjy) = —11_2271,'77N—j,xx + %271135771\/—;;
j=0 j=0

1

+ 8 2 RN
Jitiatistja=N
0=ji,j2i3ja<N

a Hamiltonian pair
(peryJ)(fv) = diag(3, 3, .. ., 3),
———

N+1
0 ... co. =13+ amd i

(perx M)(iix) = > k=037 -
N N/} — :

—33 + Mm@ Ind D k=dMd'mod ... POPRT = N

and a pair of Lax operators

Ay ... ... 0 B, ... ... 0

N A A : B, B, ...
(pery U)(An) =| 0 7 , ey V(A =| Y |,
Ay ... A, A By ... B, B,

where the operators A;, B;, 0 <i=< N, are given by

—
| A
A = -1 —n.:l’

— . ) ‘
Mk = Mixx + EEJﬁhﬂﬁmImZnB 8ioA? + 3(m + 2;=0’7j77i—j)'1
Sjplanl3si
Bi = [
— A + 5(My — E;’=077jni—j) — A + i — %2({1+j2+j3=inj1nj2nj3
< jplpis<i

In addition, we can generate a T-symmetry algebra [27] of the perturbation equation (47)
by a perturbation of r-symmetries of u, = K,. Moreover, we may also consider the
nonlinearization problem of the Lax systems

$Nx = (PeTNU)(ﬁN)f,I;Na $Nt,, = (PeT'NV("))(ﬁN);ﬁN’
similar to Ref. [25].
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4.2. Kadomitsev—Petviashvili equation
Let us now consider the Kadomtsev-Petviashvili equation
u, = K(u) = K3(u) = 37 uy, — by — Guus,. (49)
It has a Lax pair

L) = —=8, + 3L + u,  A(w) = 387", — 3u, — 6ud, — 43}, i=V-1 (50)

V3
and time independent symmetries
K, = 2ux’ K, = uy, K, = [Kn——l’ 1:]: n=2,

where 7= yK; + 3xu +33;1 u,, and further the k-th order master symmetry (see, for
example, Ref. [28])

™ = y 1’ 751121, = adKi. adKi2 T adKi,yk+j_1’ f’ k=1.

Therefore the KP equation (49) possesses the following time polynomial dependent
symmetries

k] k
t k ¢! k ,
a(k) = Z_I'T(adK)lT(k)’ El’l Ay ZT adK)ltglil...ijs I k= 1,

(k)

DURRE

which contain the symmetries with the forms (3/3)0®) and (3/31)0;
The corresponding perturbation equation #jy, = Ry becomes

Ny = a;lniyy = Nixex ™ 62'1,"71‘—;,“ 0si=<N. (51)
j=0

Following the general theory in Section 3, (51) is also an integrable equation in 2 +1
dimensions. For example, it has a Lax pair (L.(in), = [An(¥9y), Ly(fix)], where the
spectral operator Ly and the Lax operator Ay read as

[~ . )
l 2
—3, +3; + 1 . . 0
V3’ b
A ™ 3, + 3 + 1
LN == \/3 b
n n J 9, + 82 +
N e 1 - x 0
L— \/3 ’ -
A(mo) e . 0
AN - 3ia;1'71y = 3ny, — 61,0, A.(rlo) :
| 307 'nny = 3mny — 6Ma0, ... 3id'my, — 3m, — 6m,  A(1)

Moreover (51) has the k-th order master symmetry

peryt® = (y* 1 0,...,07, k=1,
———
N

and thus possesses time polynomial dependent symmetries
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ko
t .
pery O(k) = E—lr(adperNK)lperNT(k"7 k= 1’
=01l

and

(k)

— (k)
PeIy Oiiy iy =

¢/ ,
l_(a perNK) pererlzz B 1 k=1

||M»

Although the KP equation has no regular recursion operator [29], we may also construct a
bi-Hamiltonian formulation of (51) through the perturbation of the bi-Hamiltonian one
[30]. But here we omitted the discussion because of the complicated notation.

Let us now take another form of the Kadomtsev-Petviashvili equation

Uy = 0, K = uy, — (Uyy, + 6uns,),. (52)

Evidently its solutions include all solutions of the Kadomtsev-Petviashvili equation (49)
and hence it is a little more general than (49). We are about to see that there exists a
different symmetry property between (49) and (52). Now the corresponding linearized
equation to (52) is as follows:

0y = 3,(K'[o]) = 3,,0 — 3t — 63%(uo). (53)

One may directly prove that (52) possesses the following three time dependent
symmetries:

o(f) = —5f + fus, (54)
oD(f) = ~Gafay + 2y + fusy, (55)
0V(f) = ~fuy® + filey*u, — %)

+ f,(%u +§yuy + %xux) + fu,, (56)

with an arbitrary function f of r, each of which is not any symmetry of (49), while f, # 0,
fiu 0 or f,, # 0, respectively. Those kinds of symmetry are first introduced in Ref. [31]. In
fact, there is a rule to generate these symmetries. For example,

o@(f) = —wfy + fIK, =gyl + fIK, [K, —5y]].
We can also construct new vector fields

n

dWﬁ=2J”@d¥"l n 4. (57)

i=0

But, in these vector fields, there exist nonlinear terms involving u, or u etc. which can’t be
balanced in the linearized equation (53). Therefore (57) are not any symmetries of (52).
The symmetries determined by (54), (55) and (56) constitute a Lie algebra

[6D(f), oV(g)] = 0,
[0®(f), 0(2’(g)] = oVGfz, - 1f8),
[09(1). 0¥(g)] = o™ (fz, - f). 8
[0(f), e®(g)] = 0,
[00(f), 6®(g)] = 0V Sz, — fg),
[09(). aV(9)] = 0P Gfe: — fo),
where f, g are two functions of r. Note that the second commutator relation is somewhat

different from the one given in Ref. [32]. But if we choose 3?(f) = V/20@(f), then the
two algebras are the same. The above symmetry algebra contains the following three
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subalgebras {a®f, d@(N)}, {6D(H} and {cP(f), 6P(f), 6®(1) = u,}. The last subalgebra
has the simple commutator relations

[, aO(N) = 6D(f),  [un 6P(H] = aD(f).

It is easy to see that the N-th order perturbation equation of (52)
Yie = niyy - (nixxx + 62’7,”7i—;,x) s O0<isN (59)
j=0 x

has also the similar symmetry property. More precisely, it possesses the following time
dependent symmetries with an arbitrary function of ¢:

pety 0O(f) = (=f + floes [lhes - - Fn) T
pery 0O(f) = (—izfy + 3£y M0x + fMloys M + s oo lzlgz)”h\rx + )7,
pery 6O(f) = (=5sfuy® + fi@y Mo — %) + £G0 + 370y + F00x) + fTlors
£y e — 5x) + £Cm + ymy + 3em) + o
o Gy e — 0) + £Gnw + 3y + 30 + Fn) T

which constitute the same infinite dimensional symmetry algebra as (58). In fact, the
equation (59) has the same integrable property as (52). It is an interesting problem how to
construct integrable equations which possess certain symmetries involving an arbitrary
function of time variable.

It is well known that the evolution equation does not have a similar property, i.e. it
doesn’t possess [33] the following symmetries involving an arbitrary function f of the time
variable P

o = S 5 w),
i=od¢"™
where §;, 0 < i< n, do not depend explicitly on the time variable. In general, it possesses
time polynomial dependent symmetries generated by its master symmetries [34]. Therefore
(49) and (52) have different symmetry algebras.

5. CONCLUDING REMARKS
We may also make another perturbation series
£
2—, . (60)

similar to the perturbation series (12). This moment, the corresponding perturbation
equation reads as

Ev=Kn(Er), Ev=(0. & .. 80, (61)
where the perturbation vector field is of the form
K (il N K™(u T
RyEn) = (10, 0 X))
& e=0 88‘,\' e=0

In an analogous way, we can generate another new hereditary operator

q\SN(\E’N) = [(;)w

g™/

(62)

ezﬂ]i,jm(l,l ..... N
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from a known hereditary operator ®(u), and & N(:Sl ~) is a recursion operator of (61)
provided that ®(u) is a recursion operator of the original equation u, = K(u). From the
expression above, we see that the formation of the perturbation equation under the
perturbation series (60) is simpler but the corresponding recursion operator is more
complicated than ones under (12). However there exists an intimate relation between two
kinds of perturbations because we have a Miura transformation

1 .
ni = 18, &1, ..., En) = TE;‘, 0=<i=<N. (63)
i!
For example, the operator & N(E ~) may be generated by a transformation
vz 08ng o (3EN\
Dy(EN) = ,\N(DN(WN)( AN)
Oy Afw .
1 0 1 0
1t 1!
= 2t &(Aw) 2t . (69
0 N! 0 N!

In fact, we can similarly obtain any new tensors by means of the Miura transformation
(63). For instance, a new Hamiltonian operator may be engendered by

v v dEn~ .. [IEN\' it 3+i=N J(i
Tu(E) = 220 o S2) - 2 i) (65)
AN My (i+j— N) 3¢t e=0)i,j=0,1,...N

We remark that, by the resulting perturbation equations in Section 3, we can generate
approximate solutions of the original equations to a precision o(g"). This is different from
the construction of the t functions in bilinear formation, where the expansion series holds
exactly for any order precision. It is also of interest to note that the perturbation equations
are all integrable coupling with the original equations and the original ones always appear
in the first position. Therefore our integrable theory provides an approach for constructing
integrable coupling of soliton equations and enriches the intention of the perturbation
bundle established in Ref. [18]. However it is still a problem deserving of investigation how
to construct more general integrable coupling by perturbation.
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