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An algebrag structue relatel to discree zeo curvatue equatiors is establishedlt
is usal to give an approab for generatig maste symmetrie of the first degres for
systens of discree evolution equatiors and an answe to why ther exig such
maste symmetries The key of the theol is to generag nonisospectiaflows (\;
=\',1=0) from the discree spectré problen associate with a given systen of
discree evolution equations Three exampla are given © 199 American Insti-
tute of Physics [S0022-24889)01305-5

I. INTRODUCTION

The theow of integrabé systens has various aspects althoudh the term “integrable” is
somewhaambiguousespecialy for systens of partid differentid equationsSymmetrie are one
of those importart aspecs and hawe a degp mathematichard physica background When any
speci& characterfor exampé the Lax pair, has not been found for a given systen of continuous
or discree equations amorg the mog efficient ways is to conside its symmetris in orde to
obtan exad solutions It is through symmetries tha Russia scientiss et al. develope some
theories for testing the integrability of systens of evolution equationsboth continuows and dis-
crete and classifi@ mary types of systens of nonlinea equatiors tha posses highe differential
or differential-differene degree symmetris (for example see Refs 1 ard 2). Usually an inte-
grabk systen of equatioss is referral to as a systen possessig infinitely mary symmetries:*
Moreover thes symmetris form nice and interestiny algebrag structures:*

For a given systen of evolution equatios u;=K(u), both continuows and discrete a vector
field o(u) is called its symmetry ibr(u) satisfies its linearized system,

do(u)
dt

Jdo
=K'[o], e, E:[K’U]::K,[O—]_OJ[K]’ (1)

whete the prime mears the Gateau derivative Startirg from aLie-point symmetry we can often
construt the correspondig explicit group-invariah solutions A symmetry o may, of course,
depem explicitly on the evolution variabke t. If a symmetry o of the systemu,=K(u) not
dependig explicitly on t is a polynomid in t, i.e.,

"ot
O'(t,u)zizoﬁpi(u), n=1, )

then we have
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Pi:[K-Pi—l]v 1<i=n, (3)
and

(ad)""'po=0, wher (ad)po=[K,po]. 4)

Therefoe the symmety (2) is totally determine by a vecta field pq satisfyirg (4). This kind of
vecta field py has bean discussd in considerat# detal and is called amaste symmety of degree
n of u,=K(u) by one of the authos (BF) in Ref. 5.

The appearane of first degree maste symmetria gives acomma characte for integrable
systens of continuots evolution equationsboth in 1+1 dimensios and in 2+1 dimensiongsfor
example the KdV equation and the KP equation The resultig symmetries are sometime called
7-symmetries (for more information see Ref. 6, for example and usualy constitue centerless
Virasom algebra togethe with time-independensymmetries.® Moreove these -symmetries
may be generatd by use of zem curvatue equatiors or Lax equations? ard the corresponding
maste symmety flows may also be solved by the invers scatterig method*!? In the ca® of
systens of discree evolution equations ther exi¢ sone similar results For example many
systens of discree evolution equatiols have --symmetries and centerless Virasoro symmetry
algebrag® ard the inverse scatterig methal may still be applied in solving themselve and
their maste symmety flows®~1° So far, however to the beg of our knowledge ther has not
bee a systemati mathematichtheol to explan why ther exist ~symmetries for systems of
discree evolution equatios and how we can construt those~symmetries when they exist, from
the point of discree zer curvatue equations.

Throughot this paper “master symmetries’ is useal to expres the first degre maste sym-
metries tha generater-symmetries. Our purpose is to give an algebraic explanation of the first
guestim abowe and to provide aprocedue to generat those maste symmetria for a given lattice
hierarchy The discret zem curvatue equatia is our bast tod to give rise to our answe and
procedure The Volterra lattice hierarchy the Toda lattice hierarchy and a sub-KP lattice hierar-
chy are chose ard analyzel as sone illustrative exampleswhich hawe one dependenvariable,
two dependenvariables ard three dependenvariables respectively.

Let us now descrile our notation Assure tha u=(u1,...,uq)T, wher u;=u;(t,n), 1<i
=<(, are red functiors definel over RX Z (in the ca® of the complex function the discussio is
similar), ard let B denot all red functiors P[u]=P(t,n,u), which are C* differentiabk with
respettot ard n, and C”-Gateau differentiabk with respetto u. We always write E as a shift
operate and

(E™)(n)=x"(n)=x(m+n), wher x:Z—R, mneZ. (5)

Note that x(™ here does nat mean the mth derivative Set B'={(P,...,P,)T|P;e B,1<i<r}, and
denote by V' all matrix operatos ® = (®;;),«,, where the entries ®;; =®;;(t,n,u) € B, and by
V', all matrix operatos dependig on a paramete \: U=(Uj;),«,, Whe the entries U;;
=Ujj(t,n,u,\) € B for all \, being C* differentiabk with respetto \.

We will need amultiplication operator,

[n]:B—B, Plu]—[n]P[u], ([n]PLul)(m)=m(P[u])(m), (6)

which is often involved in the constructim of maste symmetries This avoids an unclea expres-
sion nP[u], which may also meax (nP[u])(m)=n(P[u])(m). For exampleit is absolutey clear
tha ([n]JP[u])(m)=mu(m—1)+mu(m), when P[u]=E u+u. We also nea a difference
operato A=E—E !, who invers operato may be defina by

-1 oo

(A*lu)(n)=((E—E*l)*lu)(n):% 2 u(n+142k)- 2 un=1+2k) |, (7
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where u is required to be rapidly vanishirg at the infinity. Moreover we define
(A *a)=(112)a[n], i.e. (A ta)(n)=(1/2)an, a=const. (8
Obviously we can find that
(E-1)t=A"'1+EY, (1-EH=A"YE+1D), 9
ard thus
(E-1)"la=a[n], (1-E Y la=a[n], a=const., (10

which may also be viewed as adefinition of two inverse operatos (E—1) ! ard (1-E~ )L,
Note tha here we hawe usal the operato [n] so tha two functiors (E—1) e ard (1
—E 1) la haw the othe clea expressionsThe operatos A~ %, (E—1)"1, and (1-E 1)1
often appeas in the expression of maste symmetriesand thus maste symmetrie are usually
nonloca vecta fields belongirg to B9.

In orde to carefully analyz algebrat structurs relatal to symmetrieswe specify the defi-
nition of the Gateau derivative X'[S] of ary vector-valud function Xe B" at a directin S
e B9 as follows:

X’[S]=% X(u+ €S), (12)
e=0

which implies that X' is an operato from B9 to B', and neal the following two produd¢ opera-
tions:

[K,S]=K'[S]-S'[K], K,SeB, (12

[f.al(M)=f"(MgM)—f(A)g'(n), f.ge C*(R), 13

where C”(R) denots the spa@ of smooh functiors definel over R. It is known that
(B4[-,-]) and (C*(R),[-,-1)_are all Lie algebras.

We now assune tha U e V' and the Gateau derivative operato U’ is injective throughout
the paper Let us conside the discree spectra problem,

Eo=Usp=U(n,u\)¢p, ¢=Vod=V(n,u\)o, (14
where Ve V', Its adjoint systen read as
E~ty=Uy=U(nuN)¢, ¢=(EV)=(EV(N,U\))¢.
Their integrability conditiors are given by the following discret zerm curvatue equation:
U,=(EV)U—UV. (15)

If the operato equatim (15 is equivalem to a systen of discree evolution equatios u;
=K(n,u), Ke B9, then it is called a discree ze curvatue representatio of u;=K(n,u). Evi-
dently,

Ut:U'[Ut]-l-f()\)U)\, |f )\t:f()\),

where U, =dU/J\. Therefore a system of discrete evolution equatiprsK(n,u), K € B9, isthe
integrability condition of (14) with the evolution law \;=f(\) if ard only if

U'[K]+fU,=(EV)U—UV. (16)
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Note tha the injective propery of U’ is indispensald in deriving zemo curvatue representations
of systens of evolution equations The equatian (16) exposs an essentihrelation betwea a
systen of discret evolution equatiors and its discree zemw curvatue representatiort will play an
importart role in the context of our constructiom of maste symmetries.

The pape is divided into five sections The nex sectia will be devotel to ageneraalgebraic
structue related to discree zer curvatue equationsThen in the third section we will establis an
approab for constructitg maste symmetries by the use of discree zer curvatue representations,
alorg with an explanatio of why there exis maste symmetries for systens of discree evolution
equations|In the fourth section we will go on to illustrate our approab by three concree ex-
amples of lattice hierarchiesFinally, the fifth sectio provides aconclusion ard somre remarks.

Il. BASIC ALGEBRAI C STRUCTURE

We aim to discus Lie algebrat structure of symmetriesincluding maste symmetries by
using zero curvatue equationslt is naturad to ak wha algebrat structue exists relatel to zero
curvatue equationsTo answe this question we first plan to expoe a Lie algebrat structue for
the spae (8%, V",C”(R)). ~

Let (K,V,f), (S,W,g) e (BY,V",C*(R)), in othe words K,S are vecta fields, V,W are r
Xr matrix operatorsard f,g are smooh functions We introdue their product:

[(KV,5),(SW,9)]=([K,SLIV,WI.[f.g]), 17)
where [K,S], [f,g] are definad by (12), (13), respectivelyard [V,W] is defined by
[V.W]=V'[S]-W'[K]+[V,W]+gV, —fW, , (19

where [V,W]=VW-WV. The sane produt as (18) has bee introducel for the continuos case
in Ref. 20. ~

Theorem 1: (Lie algebra The spae ((B9,V",C*(R)),[-,-]) is aLie algebra the product
[-,-] being definal by (17), i.e.,

[(KV,6).(SW,9)]=([K,SLIV,WI.[f.9D),
where
[K,S]=K'[S]-S'[K],
[V.W]=V'[S]-W'[K]+[V,W]+gV,—fW,,

[f.9l(M)=F"(M)g(N)—f(M)g'(N).

The prod of the theoren will be given in Appendk A. Upon looking at the produd alittl e bit
more _carefully, we cen find tha the Lie algeba ((B4,V",C*(R)),[-,-]) has a Lie subalgebra
(B4Vv",0),0-,-1), for which everythirg correspondto the isospectrhcase Moreover the center
of an elemen of this Lie subalgeba is often Abelian.

The abo\we theoren expose tha a Lie algebrat structue hidden in the bad of vecta fields,
Lax operatorsand spectréevolution laws Usually we just touch Lie algebrag structure of vector
fields while discussig symmetries If we analyz symmetris from the point of zer curvature
equationsit is naturd tha we neel to find and hande the Lie algebra¢ structue for all triples
(K,\V,f) e (BY,V",C*(R)), wher K, V, ard f are relatad to eat othe by zerm curvatue equa-
tions In othe words we neel to obsenre how two triples (K,V,f), (S,W,g) tha appeain zero
curvatue equatiors connet with ead other. The following theoren tells us tha sud akind of
connectim can be reflectel by the Lie algebrag operation of (59,V",C*(R)) in Theoren 1. Its
prod can be found in Appendk B.
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Theorem 2: (Algebrac structue of representations Let V,We V', K,Se B, and f.g
e C*(R). If two equalities

(EV)U—UV=U'[K]+fU,, (19)
(EW)U—-UW=U'[S]+gU,, (20

hold, then we hawe a third equality,
(E[V,WDHU—-U[V,W]=U'[T]+[f,g]U,, T=[K,S], (21)

where [V,W],[K,S] and [f,g] are definal by (18), (12), and (13), respectively

According to this theorem we can easiy find tha if a systen u,=K(n,u) isisospectrali.e.,
A=f=0, then the produd systen u,=[K,S] for ary Se BY can be viewed to be still isospectral
becaus we hawe [f,g]=[0,0]=0, wher g is the evolution law correspondig u;=S(n,u). Ac-
tually, the aboe theoren gives adiscree zero curvatue representatio for a produd systen u,
=[K,S], which possessethe same orda matrix operatos as ones for the origind systens u
=K(n,u) ard u,=S(n,u) (se= Refs 20 and 21 for the continuow cas¢. Combinirg two theorems
abowe can show the following.

Corollary 1: The spae defina by

{(K,V,f) e (B, V",C*(R))|U'[K]+fU,=(EV)U—-UV},

is aLie subalgeba of (5%,V",C”(R)) unde the Lie produd (17).

This corollaty tells us a Lie algebra¢ structue abou zero curvatue equations which will
help us to establis Lie algebrat structures of symmetriesincluding maste symmetries.

However for zem curvatue representationsone interestirg problens reman to be solved.
For example assumig tha two initial systens u,=K(n,u) and u;=S(n,u) hawe zem curvature
representationpossessig different-orde matrix operatorswe wart to know whethe ther exist
ary zerw curvatue representatiom for the produd systen u,=[K,S] and what structure the
resulting zer curvatue representationposses if the answe is yes It is likely to be helpfu in
solving this problem to use the Kronecke product as in Ref. 22.

lll. LAX OPERATORS AND MASTER SYMMETRIES

Assune tha we alread hawe ahierarcly of isospectrhintegrabé systens of discree evolu-
tion equatiors of the form

u=K =Ky, deW, KyeB9 k=0, (22
or of the form
U=K=JG=MG,_;, JMeVi G, ,eB% k=0, (23)
associaté with a discree spectré problem,
E¢=Ug, ¢=(¢1,....0)" (24)

The secom form (23) occuis more often then the first form (22), althoudh it is simple to ded with

the first form (22). Generaly speaking the operato ® abowe is ahereditay symmety operator
(see Ref. 23 for a definition) determine by the spectra problem (24) and J,M constitue a
bi-Hamiltonian pair?*2?°If we choo® ®=MJ~* when J is invertible, then the form (23) may be
change into the form (22). Usually ® involves nonlocé operatorsfor example A~ 2, but J,M

often involves only locd operatorsOur example are all locd Hamiltonian systems.

Copyright ©2001. All Rights Reserved.



J. Math. Phys., Vol. 40, No. 5, May 1999 W. X. Ma and B. Fuchssteiner 2405

A. Structure s of Lax operators

For agiven Xe BY or G e B9, let us introdue an operate equatia of ) S
(EQ(X)U—-UQ(X)=U'[PX]-AU'[X], (25)
in the ca of (22), or an operato equatio of eV
(EQ;(G)U-UQ,(G)=U'[MG]-\U'[IG], (26)

in the cas of (23). We call them the characteristi operate equatiors of U. The introductian of the
operato equatia (25) [or (26)] is an importart step in our manipulation Obviously, we can
choo® Q;(G)=Q(JG) when ®=MJ" . We demanl tha (25) [or (26)] has solutions and Q
=Q(X) [or Q4(G)] is aparticula solution a X (or a G). Usually (25) [or (26)] has infinitely
mary solutiors once one solution exists becaus we can construt othes Q(X)+fV for ary f
eC*(R) when Ve V'®C[\,\"1] solves the stationay discree zer curvatue equation
(EV)U —UV=0. The existene of solutiors of (EV)U—UV=0 may resut from the existene of
an isospectrhhierarcly associatd with E¢p=U ¢. ~

Theorem 3: (structue of Lax operators Let two matrices V,,Wye V" and two vecta fields
KO PO E Bq (Or Po= J’)/O, Yo E BQ) Satisfy

(EVo)U—-UV=U"[Kq], 27
(EWp)U —UWp=U"[p]+ AU, . (28)

If we definep,, [=1,V,, k=1, and W,, | =1, as follows

p=®'pg, 1=1 [or p=dy=My_1, B’ 1=1], (29
k
Vi=NVo+ 2 NTIQ(K ) [or Qy(Gi-)], k=1, (30)
i=1
|
W.=x'wo+j§1 NTIQ(pj_y) [or Qy(y-0], =1, (3D)

then Vi, W,, k,1=0, satisfy
(EVU—UV,=U'[K,], (EW)U—-UW,=U'[p]+\'T1U,, k,I=0. (32

Therefoe for any k,1=0, the systers of discree evolutin equatiors u;= K, and u,= p, possesthe
isospectrd (\,=0) and nonisospectia(A,=\'"1) discret zem curvature representations

U=(EVYU—-UV, U=(EW)U-UW,

respectively

The theoren shows tha the Lax operatos associate with two hierarchis of interestirg vector
fields can be constructd simply by a unified form. Its prod is left to Appendk C. We are
successfylthanls to introducing a characteristi operato equation The difficulty is now trans-
ferred to seekiry a solution to the characteristi operato equation However this can automati-
cally be solved on the bask of the structue of Lax operatos of isospectrhhierarchieswhich will
be sea in the next Sec |1 B.

B. A method for constructin g master symmetries

Now we focus our attentian on the constructimm problan of maste symmetries Theoren 3
already shows the structue of Lax operatos associaté with the isospectrhiand nonisospectral
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hierarchie (refer to Ref. 26 for the continuows case. When an isospectrbhierarcly (22) [or (23)]
is known, the theoren also provides us with a methal to construt a nonisospectiahierarchy
associaté with the discrete spectra problem (24) by solving an initial discree zemo curvature
equatiam (28) ard solving a characteristi operato equatia (25) [or (26)].

However a solutian to (25) [or (26)] may easily be generatd by observimg the resulting Lax
operators|in fact, we have

Q(Ky) [or Q;(Gy)]=Visr1—NVy. (33

This may be checked say, for the ca® of (22), as follows:
k+1 k
Vir1=AVie= | N+ 2 x““ﬂ(Ki_l>)—x(xkv0+Z NTIOK ) [ =Q(Ky),
=1 i=1

by using (30). Now by the first equaliy of (32), we may compue the following:

(EQ(K))U-UQ(Ky) = (EVir 1= NEVIQU = UV 1 =N Vy)
=((EVk+1)U—=UVi1 1) = M(EVYU-UVy)
=U'[Kgr 1] =AU K J= U TPK = NU[Ky],

for example for the ca® of (22). Therefoe we see tha a possibé solution Q(X) to (25) [or
Q;(G) to (26)] may be generatd by replacirg the elemen K (or G,) in the equaliy (33) with X
(or G).

The Lax operato matrices V, , ; and V| are known, when the isospectrhhierarcly has already
been found Thus we do nat hawe to directly solve the characteristi operate equationsand then
the whole proces of constructim of the nonisospectiahierarcly becoms an eay task finding
po, Wy to satisty (28) and computirg V., 1 — AV, to find a solution to (25) [or (26)].

The nonisospectiahierarcly (29) is exacty the maste symmetrie that we nedl to find. The
reasos are tha the produd systens betwea the isospectrh hierarcly and the nonisospectral
hierarcly are still isospectraby Theoren 2, or as we sad before in Sec Il, and tha usualy all
systens of the isospectrhhierarcly commue with ead other Therefoe it is becaue there exists
a nonisospectiahierarcly tha there exis maste symmetria for isospectrhsystens of discrete
evolution equatiors derived from a given discree spectra problem.

In the nex section we shal in detal illustrate our constructim proces by three concrete
examples and establi the correspondig centerles Virasoo symmety algebras.

IV. APPLICATIONS

We illustrate only by three examples how to apply the methal in the lag sectio to construct
maste symmetrie for various lattice hierarchies.

To make the proces clearer we introdue aconceptia for a given discree spectra problem
E¢=U ¢, which has an injective Gateaux derivatié. That is a uniqueness property similar to
the one in the continuos case?’ if (EV)U—UV=U'[K],VeV'®C[\,\"1],KeB?, and
Vl],=0=0, then V=0, ard further K=0 by the injective propery of U’. It mears tha if an
isospectra (A\;=0) Lax operato V equat zer at u=0, then so does V itself. Actually, this
propery correspond to the uniquenes of an integrabé hierarcly associaté with a spectral
problan E¢=U¢. That is to say, when initial conditions and constants of inverse difference
operatos are fixed [for example asin (7) and (8)], the associate isospectrhhierarcly is uniquely
determinedMost of the discree spectra problens shae the uniquenes property The following
three spectra problens are exacty example tha shae sudc a property.
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A. The Volterr a lattic e hierarchy

Let us first conside the following discree spectr& problem?®

B _( 1 u) _((;sl)
E¢=U¢p, U= A1 o) b= )" (34

The correspondig isospectrhintegrabe lattice hierarcly reads as
u=K=0*Ko=u(a¥,—al;?), Ko=uuY—u®), k=0. (35)
Here the matrix

1
ai uci(+)1))\_i

V=3
I/O(Ci q

solves the stationay discree zerm curvatue equation (EV)U—-UV=0, wher we choo® the
initial conditions

ap=3 Cu=0, a;=—u, c;=1,

ard the hereditay operateo @ is given by
®d=u(1+E H(—uVE?+u)(E-1)"u?, (36)
where (E— 1)1 isdetermine by (9). It isworth pointing out that ead systen in (35) islocd and
polynomially dependenon u, althoudh the hereditay operato ® has nonlocd and nonpolynomi-
ally dependenfeatures.
The first discree evolution equatia is the Volterra lattice equatior?®

(u(n))=u(n)(u(n—1)—u(n+1)),

which is significanty generalizd by Bogoyavlensky® The associate Lax operatos are as fol-

lows:

V=NV + =0, (37

A1 0 ) K
-1
Chr1 At

whete (P) -, denote the selectia of the terms with degres of \ no less than 1. In particular the
initial isospectrhLax operato read as

(39

The resut until here can be obtainal from (34) by using a powerfu methal in Ref. 30.
We easily obtain the correspondig quantities in the nonisospectia(h;=\) initial discrete
ze curvatue equatia (28):
0
: (39

0 -3

=)
o
[
2
Il
—
N

ard a solution to the characteristi operato equatio (25) by (33):
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(40

Q(x):(ﬂll(x) le(X)>,

Q(X)  Qx(X)
whee Q;;(X),i,j=1,2 are given by
Q1 (X)=(E—1)"Y(—uVYE?+u)(E—1) " tu"1X,
Q(X)=AuE(E—1) tu~1X,
Qo (X)=(E—1)"tu1X,
Qo X)==NE—-1)"u " X+EHE-1)"Y(—uVE2+u)(E-1) tu"X.

Now by Theoren 3, we obtan a hierarcly of nonisospectiadiscree evolution equatios u;= p,
=®d'p,, 1=0, associate with the spectra problam (34).

Let us now conside how to comput the correspondig symmety algebra The idea below
can be applied to othe casesWe first malke the following computatio at u=0:

Kilu—o=0, pilu=o=P'polu—0=0, k,1=0,

N 0

2

Vidu=o=\" . k=0,
1 -

: 0 {0 0
W||u_0=)\'(0 _%>+(1—5|0)>\' 1([n] _)\[n]), =0,

<
=
z
c
I
o
I
=
>
T
=
—
N~
- O
>
~
+
>
x
—
Nl=
o
—_—
=~
V
o

0 0
Wl)\|u:O:|)\l 1<0 _%)+(1_5|0)((|_1))\|—2[n] —I)\l_l[n])' =0,

wherV,, W,, k,1=0, are given asin Theoren 3and §,, represergthe Kronecke symbol While
computirg W|,—o, we ned to note that Q(pg)|u=0#0, but Q(p|)|,=0=0,1=1. The othe two

example belov hawe a similar charactertoo. Now we can find by the definition (18) of the
produd of two Lax operatos that

[Vi.Villu=0=0, k,1=0,
Vi Willu=0= (k+ )Viiily=0, k,I=0, (41

[[Wk!W|]]|u:O:(k_|)Wk+||u:O! ka;O

For example we can compute that

Copyright ©2001. All Rights Reserved.



J. Math. Phys., Vol. 40, No. 5, May 1999 W. X. Ma and B. Fuchssteiner 2409

[Vie Willu=o=[Vilu=0-Wilu=ol + N " Viu ] y—o
0

el [0 ) T(1-5 x—l( ° 0)
M cn o S TN e

I O 10
A ke 2k
1 - 0 -3

—
I

+
=~
(&
=~
+
—_
I
>
|
NI
>
N
_|._
>
=~
b
+
N
—_
o 1=
I o
NI
-

1
=(k+ 1))\"“( 21)\ °

1

2

)=(k+1)Vk+||uo-

Becaus [V, V|, [V, W] — (K+1)Vii 1, [We , W ]— (K—=D) W4, k,1=0, are all isospectra(\,
=0) Lax operatos belongirg to V?® C[\,\ 1] by Theoren 2, basel upon (41) we obtain a Lax
operato algebr by the uniquenes propery of the spectr& problem (34),
[[Vk,V|]]:0, k,|>0,
Vi .-Wl=(k+1)Viyy, k=0, (42
[[Wk,W|]]:(k_1)Wk+| , k,[=0.

Further due to the injective propery of U’, we finally obtan a vecta field algeba of the
isospectrhhierarcly and the nonisospectiahierarchy,

[Kk,K|]:O, k,IBO,
[Ki,pil=(k+ 1)Ky, k,1=0, (43)

Lok, pi]=(K=Dprsr, K I1=0.

This implies that p;, =0, are all maste symmetris of ead lattice equatiam U= Ky, in the
isospectrhhierarchy ard the symmetries,

k
K., k=0, and rf °)=t[Kko,p,]+p| , =0,
constitue a symmety algebr of Virasor type possessig the same commutato relatiors as (43).

B. The Toda lattic e hierarchy

Second let us conside the discree spectré problem®

p [ ¢
)’ d)_((bz)' “4

v

_ _( 0 1 ) _
Ep=Ug, U=| | ], u=

The correspondig isospectrhintegrabé Toda lattice hierarchy* read as

v—ov

v(p—p'~t)

1
a2y,
1
U(bfw)z_bku)

U= K= DKK o= . Ko= , k=0. (45)

Here
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a; b; .
VZEizO( BNEY —ai))\_l
solves (EV)U —UV=0, in which we choose
ap=3 bo=0, a;=0, b;=-1,
ard the hereditay operato @ is determiné by

( p (v(l)Ez—v)(E—l)_lv_l)
= (46)

v(E"M+1) w(pE-p ) E-1) "t
The first systen of discree evolution equatiors is the Toda lattice >
(p(N)=v(n)—v(n+1),
(M)=v(n)(p(n)—p(n—-1)),

up to atransfom of dependenvariables The lattice hierarcly abowe has alocd tri-Hamiltonian
structure,

OHy+2 OHyy1  OHy
Y50 M Naue

U= K= k=0,

where the Hamiltonian operatos J,M,N ard the conservd quantities H, , definel by

_( 0 (1—E)v>
“lw(ET-1) 0 ’

Ev—vE! p(E-1)
M=JbT=-PpJ= ,

v(1-E " YHp v(E-E YHu

N=MdT=—dM

p(vE " '—Ev)+(wE '—Ev)p p’(1—E)v+(vE *—Ev)(1+E)v
v(E"'+1)(vE " 1-Ev)+v(E"1-1)p? 2v(E"p—pE)v ’
1 bk+1
H0=p+§|nv, Hk:_ k y k?l,

where ®' denots the conjugae operato of ®. Note tha this tri-Hamiltonian structue may be
establishd throuch atrace identity>° The correspondig Lax operatos read as

b2 O

V= (A V), +
k= )+(0 0

, k=0, (47)

whete the subscrip + denote selectirg the non-negatie part Hence in particular,

n—pY —1>

VOZ
v -3\

(48)

It is eay to find the correspondig quantities in the nonisospectia(h=\) initial discrete
Zelo curvatue equatia (28):
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p [n]—1 0
Po=(20>v Wo=< 0 [n]), (49

whete [n] is the multiplication operato definel by (6), and asolution to the characteristi operator
equatia (25) by (33):

QX)) QX
Q(X)z( 12(X) 12 )>, :(Xl),

Qou(X) QpdX) X, 0
whete Q;;(X), i,j=1,2 are given by
Qu(X)=E"HE-1) X+ (p"V=M(E-1) Xy,
Q(X)=(E-1) v 1X,,
Q1 (X)=vE(E—1) v 1X,,

Qo X)=(E—1)"1X;.

In this way, we obtaih a hierarcly of nonisospectiasystens of discree evolution equationsp,
=®'p,, 1=0, associate with the spectra problem (44).

In orde to construt a vecta field algebra we make asimilar computatio at u=0:

Kilu=0=0, pilu=0=P'polu=0=0, kI=0,

B I([n]—l 0 (—2)\[n] 2[n])
Wily=0=\ 0 [n] +(1-6) 0 0 ) =0,
k—1 %)\ -1 k% 0
Vk)\|u:O:k)\ 0 _%)\ +A 0 _% y k?O,
,(Inl-1 0 =2\ n] 20-1)A'"?[n]
Wirlu=o=I\ ( 0 [n] +(1—5|o)( 0 0 ) =0

Now we can find through the produd definition of [-,-] in (18) that
Vi:Villlu=0=0, k,I=0,
Vi, Willu=0=(k+1)Vis1|u=0, k=0, (51
[Wi, Willly=0=(k—=D)Wiily=0, k,I=0.

A similar argumetn yields a Lax operato algebr by the uniquenes propery of the spectral
problam (44),
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[[Vk,V|]]:0, k,1=0,
[[Vk,W|]]:(k+ 1)Vk+1, k,1=0, (52)
[[Wk,W|]]:(k_|)Wk+|, k,1=0.

And then becaus of the injective propery of U’, we obtan a semiprodut Lie algebr of the
isospectrbhierarclty and the nonisospectiahierarchy,

[Kk,K|]:O, k,[=0,
[Kkvpl]:(k+1)Kk+li k,l?O, (53)

[o,pi]=(K=D)pgsr,  Kk,I=0,

which gives rise to a symmety algeba of the Virasom type for the isospectra Toda hierarchy

(49).

C. A sub-K P lattic e hierarchy

Let us finally conside the discree spectra problem?

0 1 0 a o
E¢=Ugp, U=|b-X a 1], u:(b, ¢=(¢2), (54
c 0 0 c b3

which is equivalen to (—E?+b+aE+E 1c)¢;=\¢;, a sub-KP discree spectra problem®*
The correspondig isospectrhintegrabe lattice hierarcly reads as

Ut:Kk:JGk:Mkal, k=0, (55)

where a Hamiltonian pair J, M ard G_,, Gy, G, are definal by

E-E! 0 0
= o 0 (E"1-1)c |,
0 —c(E-1) 0
Eb—bE '+aA,A 'A_a EcE-E —aA,A A ¢
M= cE-E cE!? E lac—acE —bA_c ,
cA.—A"'A a —cA,b  c[A.ATA —A —A.Jc

0 c c(Eb+b)
G_,=[1]|, Go=|b]|, G;= b2+ac+E lac ,
0 a(Eb+b)—Ec—E 'c

wher A, , A_ arethe difference operatorsA , =E—1,A_=1—E 1. Thefirst nonlinea system
of discree evolution equatiors is

(a(n));=c(n+1)—c(n—1),
(b(n));=a(n—1)c(n—1)—a(n)c(n),

(c(n))¢=c(n)(b(n)—b(n+1)).
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We easiy find the correspondig quantities in (27) ard (28):

(E_Efl)c 0 0 1
c(1-E)b —E'ac E ¢ A-Db
3A"1a 0 3a
po=Jvo=My_;=J —3n] =M 0 = 0],
oAt ~(n+9e) | %
in] 0 0
Wo=| O 3([n]+1) 0
0 0 %([n]+2)

We can also obtain a solution to the characteristi operate equatian (26) by (33):

013(G) UA(G) OQ415G) G
Q;G)=| Q21(G) QAG) QG) |, G=| G|, (56)
031(G) Q3AG) Qg4G) G
where Q;;(G), i,j=1,2,3 are determine by
Q45(G)=—(E?>+E) Y(cG3+EaGy),
01(G)=E" Gy, Q14G)=Gyy),
QZI(G):CEG(2)+(b_)\)G(1),
sz(G):_(E+1)_1(CG(3)+EaG(1))+aG(1), st(G):G(l), (57)

Q3(G)=E cE™!'G(;—E 'acGy,, Q3(G)=E 'cGy,

By Theoren 3, we get a hierarcly of nonisospectiasystens of discree evolution equatiors u;
=p,=®'p,, =0, associaté with the spectra problem (54).

In orde to generag¢ avecta field algebm of the isospectrhhierarcly and the nonisospectral
hierarchy we neal the following quantities which may be directly worked out:

Kilu=0=0, polu=0=37%0lu=0=0, pilu=0=INlu=0=M¥-1lu=0=0, k=0, =1,

=

00 1
Vk|u:O:)\k 0 00 )
0O 0 M\
: 0 0 0 0 —3n
Wily=o=A'| 0 3([n]+1) 0 +(1-sn\"f 0 0 0o |,
0 0 i([n]+2) 0 0 —3\[n]
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00 1 000
Vialuco=kA<"1{ 0 0 0|+xk{ 0 0 o],
0 0 001
2n] 0 0 0 0 —3(I-1A"?n]
Wirlu=o=IN'" 0 3([n]+1) 0 +(1-6| 0 O 0
0 0 X[n1+2) 0 0 —3\"n]

Now we easily find, accordim to the produd definition of [-,-], that
Vi .Villu=0=0, k,I=0,
Vi Wilu=o=(k+ 1)Viqily=0, k=0,
[Wie, Willlu=0=(K=DWicsilu=0, k,I=0.
The sane deductio leads to a Lax operato algebra,
[V, Vi]=0, k=0,
Vi WI=(k+1)Viy, klI=0, (59
Wi . Wil=(kK=DWyyy, k,I=0,
ard further a vecta field algebra,
[K,K]=0, k,I=0,
[Ki,pi]=(kK+ 1)Ky,  k1=0, (59

[ok.pi]=(K=Dpgs,  Kk,I=0,

which may genera¢é amaste symmety algeba possessig the sane algebrat structue as (59).

V. CONCLUSION AND REMARKS

We haw establishd an algebra¢ structue relatal to discree zem curvatue equatiors and
further introducel asimple but systematt approab for constructilg maste symmetrie of the first
degre for isospectrhlattice hierarchis associateé with discree spectré problems The resulting
algebrag structures alo leads to an explanatio of why there exig maste symmetrie of the first
degree Somne complicatel calculation in our constructio is savel by using a characteristi op-
erata equatio (25) [or (26)] and a uniquenes propery of discree spectréproblems The crucial
step is the constructio of the correspondig nonisospectidattice hierarchieswhich can be found
by solving an initial nonisospectiadiscree zem curvatue equation Three lattice hierarchis are
shown as illustrative examplesand the correspondig maste symmety algebra of the centerless
Virasoro type are exhibited Some of the resulsin this pape hawe been reportel at SIDE II, UK.%®

It is worth noting tha three example describé in the lag section posses the sane commu-
tatar relatiors betwee their isospectrh and nonisospectiavecta fields In general we have

[Kk,pi1=(k+ y)K\,1, y=const., but the other two equalities of the whole Virasoro algebra do

not change This is also a comma phenomenno for continuos integrabe hierarchies®*” Fur-
thermore we may add a nonisospectlamaste symmety with \;=1 to the whole Virasoro
symmety algebra but this often requires additiona checking For example a nonisospectral
maste symmety with \;=1 of the sub-KP lattice hierarcly (55 isp_,=J, 1= (0,20)". Onthe
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othe hand similar to the theow in Ref. 37, we may also choo® an operato solution Q(X) [or

0,(G)] satisfying Q(X)|x=o=0 [or Q;(G)|g=0=0] (all three exampls in the lag secti; have
this property, and then we only need to compue [V, Wg]|,= o SO asto give Lax operato algebras
at u=0 ard finally give Lax operato algebra generally.

In our discussionin fact, we hawe not usel the hereditay propery of the recursia operator
® (or the bi-Hamiltonian propery of J and M), while we construt Virasoro symmety algebra for
integrabk lattice hierarchiesand thus it can also be applial to lattice hierarchies tha possess
nonhereditay recursio operators The advantag of our schene is to fully utilize discree zero
curvatue equatios so tha the whole proces to genera¢ maste symmetria of the first degree
becoms an eay task Ther were also an algorithm implemente in MuPAD?® ard othe direct
tricks'31°3%to compue maste symmetrie of first degre for systens of discree evolution equa-
tions However our theoly focuses on seekimy an answe to the existene and structue problem of
maste symmetrie of the first degree.

We shoutl mentim that there exists a large variety of othea theories or method to discuss
integrabé properties of systens of nonlinea discree equations which include Hamiltonian
theory?%4! Backlund—Darbow transformatiorf>*® The R-matrix method®*** symmetry
reduction?® etc. Moreover we can conside the time discretization problenf® and periodk initial
and bounday value problens of time discretization¥’ for symmety flows of systens of discrete
evolution equationsThe resultirg difference equatios ard mapping shoutl be usefd in discuss-
ing the integrability of the underlyirg systens of discree evolution equatiors themselvesWe are
also curious abou the following naturd problem Are ther any higha degre maste symmetries
for systens of discret evolution equatiors tha do not depem explicitly on the evolution variable?
If the answe isyes can we establis ary relatiors betwea those highe degree maste symmetries
ard discret zero curvatue equatiors as we did for the first degree maste symmetries?
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APPENDIX A: PROOF OF THEOREM 1

Let (K;,V;,f;) e (B%,V",C*(R)), 1<i<3. Becaus the bilinearity and the skav symmety of
the produd (17) are self-evidem ard we alread know tha the producs defined by (12) ard (13
are Lie products we only neal to prove the following Jacolb identity:

[[V1,V-.],Va]+cycle(1,23)=0. (Al)
Let us first comput by (18) that
[TV1.Val Vsl = ([V1,Val) '[K3] = V3l [ K1, Kol 1+ [[V1, Vo], Vol + f3l V1, Vol = [ 1, f2]Vay
= (Vi[Ko]) 'TK3] = (Va[K1]) [K3]+[ V1, Vo] [Kal+ f2(V1)) '[Ks]

= f1(V2)) [Ka] = V3l K1, K] 1+ [Vi[K2], V3] = [V2[ K1].Va]+ [ V1, V5], Vsl

+ o[ Van Vel = f1[Var , Va]+ fa(Vi[Ka])y = fa(Va[ KD+ fa[ V1, Vo)

o faV + TofaVy— i faVoy — F1faVo —[f1,f2lVay - (A2)
We ned to use the following fundamenthequalities:

(V) [KI=(V'[K]y, VeV', KebB,
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[V,.W],=[V,,W]+[V,W,], V,WeV",
[V,W]'[K]=[V'[K],W]+[V,.W'[K]], V,WeV', Kep9,
V/[T]=(V'[K]D'[S]-(V'[S)'[K], T=[K,S], VeV', K,SeB,

which may be shown by a dired computatio and the lagt equality of which is asimilar resut as
in Ref. 21. Now we can go on to compue that

AZ%=(Vi[K,D) [Ka] = (V5[K4D) [Ka] = V3l[Ky Ko
= (V[ KD '[K3] = (Va[ K1 D '[K3= (V[ K1]) '[Ka+ (V3[K2]) '[K4l,
ApP%=[V1, Vo] [Ka]+ [Vi[K,], V3] = [Va[K1],Vs]
=[Vi[K3],Vo1= [Va[ K3], Vi + [Vi[ K], V3] = [Va[ K], Vs],
AP=12(V1)) [Kal = F1(Var) 'TKa]+ fa(VI[KR])\ = fa(V5[K D)y
=f2(Vin) ' [Ka] = f1(Va)) '[Ka]+ fa(Vay) '[Ka] = fa(Var) '[Ky],
AFP%=1,[ Vi) V3l = F1[ Vo, V] + 5[ V1, V2],
=3[V, V3] =f1[ Vo), V3] + 5[ V1), Vo] = f3[Vy) , V4],
Aézszzfz}\fSVl}\—i_ f2f3vl)\h_ fl)\fSVZ)\_ f1f3v2)\)\_ [[flva]]VSA ’
=f o faVir+ Fof sV — FinfaVar = FifaVarn— F1xfaVay + F1f oy Vay -
A dired ched can resut in that
A%+ cycle(1,2,3=0, where *=a,b,c,d or e.
Noting (A2), it follows therefoe that
[IV1,Vo],Val+cycle(1,23) = A3+ ALB+ A8+ AT+ A2+ [[V,,V,],V5]+cycle(1,23) =0,

which is exactly the Jacolb identity (A1) and thus completa the proof.

APPENDIX B: PROOF OF THEOREM 2
The prod is an application of the equalities (19) ard (20) ard the third equality,
(U'[KD'[S]=(U'[SD'[K]=U'[T], T=[K,S], (B1)
which has been mentiond in the prod of the first theorem We obsenre that
[Eq (19)]'[S]-[Ea (20)]'[K]+9[Eq (19]\—f[Eq (20)],.
The resultirg equaliyy reads as
(U'[KD'[SI=(U'[SD'[K]+[f,g]U,
=(EV'[S)U+(EV)U'[S]-U'[S]V-UV'[S]-(EW[K]HU—-(EW)U'[K]
+U'[KIW+UW'[K]+g(EV,)U+g(EV)U,—gU,V
—guUV,—f(EW,)U—-f(EW)U, +fU,W+fUW, . (B2)
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On the othe hand we hawe immediately
(E[V,W])U —U[V,W]=(EV'[S]))U—(EW'[K])U+(EV)(EW)U— (EW)(EV)U + g(EV,)U
—f(EW,)U—UV'[S]+UW'[K]—UVW+UWV—gUV, +fUW, .
(B3)
It follows, therefoe from (B1), (B2), ard (B3) that
(E[V.WDHU—-U[V,W]-U'[T]-[f.g]U,
=(E[V,.WDU = U[V,W] - (U'[K])'[S]+(U'[SD'[K]-[f,glU,
=(EV{(EW)U—-V'[S]-gU,} —(EW){(EV)U - U'[K]—-fU,}
—~UVW+UWV+gU,V—fU,W+U'[S]V-U'[K]W
=(EV)UW—(EW)UV—UVW+UWV+gU,V—fU,W+U'[S]V—U'[K]W
={(EV)U—UV—fU,—U'[K}W—{(EW)U—-UW-gU, —U'[S]}V=0,

which is what we nee to prove.

APPENDIX C: PROOF OF THEOREM 3

We prove two equalities in (32). The red is obvious We compue that

K
(EVk)U_UVk:)\k[(EVO)U_UV0]+,_21 NTLEQK - )IU-UQ(K; 1)}

k
=AKU'[KOJ+21 AU @K 11— UK}

k
=)\kU’[KO]+Zl MUK =AU K b =U/ K], k=1;
|

(EW.>U—uwl=x'[<Ewo>u—uwo]+j§1 N THEQ(p- 1)U -UQ(p;-1)}

|
=M{UTpol + MU+ 2 NTHU [@pj-a] =AU [pj-a]}

|
:)\I{U,[Po]“‘)\ux}"‘;l NTHU[p1-AU[pj_1]}
=U'[p ]+ N,
|=1.

Note tha we hawe usal the characteristi operato equation (25), but the situatian in the ca® of
(26) is completey similar. The prod is therefoe finished.
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