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Abstract

A one-parameter class of Pfaffian extensions is made for a (3 + 1)-dimensional generalized
Kadomtsev—Petviashvili (KP) equation by the Pfaffianization procedure. Wronski-type
Pfaffian and Gramm-type Pfaffian solutions of the resulting Pfaffianized bilinear systems of
the generalized KP equation are constructed. Under a dimensional reduction, our results yield
a class of Pfaffianized bilinear systems for the KP equation, which contains the standard
Pfaffianized bilinear KP system as a particular example. Two kinds of Pfaffian identities

provide the basis for our analysis.

PACS numbers: 02.30.1k, 02.90.+p

1. Introduction

The Korteweg—de Vries (KdV) equation, the Boussinesq
equation, the Toda lattice and the Kadomtsev—Petviashvili
(KP) equation possess multi-soliton solutions and Hirota’s
direct method plays a crucial role in constructing soliton
solutions [1-3]. Oriented toward the ease of use and capability
of computer algebra systems, a multiple exp-function method
was presented [4] to construct generic multi-exponential wave
solutions, which works for more general nonlinear equations
than bilinear equations [4, 5]. Interestingly, some nonlinear
equations even possess linear subspaces of their solutions [6].
Moreover, a sufficient and necessary condition was presented,
which tests whether a given Hirota bilinear equation possesses
linear combination solutions of exponential waves [7].

It was further found that solitons, positons and
complexitons could be expressed as Wronskian determinants
[8-10]. For higher-dimensional soliton equations, there
exist Grammian determinant solutions (briefly, Grammian
solutions) [1], and the Grammian solutions to the KP
equation were presented by Nakamura [11]. Since Pfaffians
generalize determinants, it is natural to ask whether there
exist Pfaffian solutions complementing Wronskian and
Grammian solutions. The answer is very positive. Pfaffian
solutions to the B-type KP equation were constructed
for the first time by Hirota [12]. However, Pfaffians may
not solve given nonlinear equations, and so one often
needs to generalize the given equations to some coupled
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systems of soliton equations. The procedure for doing
this [13] is now called Pfaffianization [14-16], and two
kinds of Pfaffian solutions—Wronski-type and Gramm-type
Pfaffian solutions—can be often constructed while doing
Pfaffianization [17-20].

In this paper, we would like to study a (3+1)-dimensional
generalized KP equation [6]

(1.1)

Uxxxy t 3(uxuy)x t Uiy Uy — Uz = 0,

which does not belong to the generalized KP and Boussinesq
equations discussed in [21]

M
(ux1x1x1 _6uux1)x1 + E aijux,Xj = O,

ij=1

(1.2)

where a;; =constant and M eN. We will carry out
Pfaffianization to extend the above generalized KP equation to
a one-parameter class of Pfaffianized generalized KP systems
so that Wronski-type and Gramm-type Pfaffian solutions can
exist. All the generating functions for Pfaffian entries satisfy
a linear system of integrable partial differential equations
(another primary idea to find exact solutions is to let
generating functions satisfy integrable ordinary differential
equations; see e.g. [22, 23]). The resulting Pfaffianized
generalized KP systems contain one parameter, and this
characteristic implies that Pfaffianization does not have the
uniqueness property. The fundamental Pfaffian identities
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will provide the basis for presenting Pfaffian solutions, and
examples of generating functions for Pfaffian entries will
be computed. A dimensional reduction of our results gives
a one-parameter class of Pfaffianized systems for the KP
equation, which contains the standard Pfaffianized KP system
as a particular example.

2. Basic notation and Pfaffian identities

Let us recall some basics used in Pfaffianization. The Pfaffian
of even order denoted by (o, oy, ..., aay) is defined by [24]

(@1, 0, ..., qon) = Y sign(o) (i, oi,) (i, @) -+ -

Q2.1

X (Oiyy s igy ),

where the summation is taken over all permutations
1 2 2N
o=|(. . ;
LS R) 2N

i1<i2, i3<i4,... l'1<l'3<'~'<l'21v,1

with
, a1 < l2N,

and sign(o) = %1 denotes the parity of the permutations o.
The elements («;, o) are called the Pfaffian entries satisfying

(ai,otj):—(aj,a[). (22)

The interchange of labels «; and «; changes the parity of
each permutation o in the sum, and thus the Pfaffian has the
skew-symmetric property

(Oll,...,O[i,...,aj,...,olzN): —(Oll,...,aj,...,

aiv"'sazN)r (23)

where 1 <i < j <2N.
The Pfaffian also satisfies

2
(ar, @z, ..., 0on)" =det(a;j)i1<ij<on,  @ij = (o, o)
2.4)
and so, it is denoted conventionally by
| a1z a3 aiay
azy - asonN
(a1, 000, ..., 008) = (2.5)
AON—-1,2N

When N = 1, 2, the Pfaffians read
(a1, 0) =an, (o, @z, 03, 04) = a12a3s — A13024 + Q14023

Moreover, the Pfaffian obeys an expansion rule about a row:

2N
(1,0, ..., 00n) = Y (@, )T, j), 1<i<2N
j=1
(2.6)
with the cofactor ' (7, j) being defined by
TG, j)=ED" " a, o G G ay), <

where &; means that the label ¢, is omitted.

Our construction for Wronski-type and Gramm-type
Pfaffian solutions is totally based on the following two
fundamental Pfaffian identities:

(01,02,33,04, 1527~"52N)(1725"'72N)
=(a1,a2,1,2,...,2N)(a3z,a4,1,2,...,2N)
_(a15a3’ 1327 "‘72N)(a27a47 1’29""2N)

+(a,as,1,2,...,2N) (a2, a3, 1,2, ...,2N)  (2.7)

and
(a1,1,2,...,2N —1)(az, a3, a4,1,2,...,2N — 1)
—(a,1,2,...,2N —1)(ay,a3,a4,1,2,...,2N — 1)
+(as, 1,2,...,2N — 1)(ay,az,a4,1,2,...,2N — 1)
—(as,1,2,...,2N — )(ay, a3, a3,1,2,...,2N — 1) =0,
(2.8)

whose direct proofs can be found in [1, 13].

3. Pfaffianization and Wronski-type Pfaffian
solutions

Let us consider the (3+1)-dimensional generalized KP
equation [6]

Uyyxy +3(Uxlty)x + Uy +Upy — Uz, =0. (3.1
This equation has resonant soliton solutions [6],
Wronskian and Grammian solutions [25], interesting

three-wave soliton-type solutions [26] and a bilinear

Bécklund transform [27]. There are other generalized

higher-dimensional soliton equations formulated from

decompositions of (2+1)-dimensional equations into

(1+1)-dimensional equations and various determinant

Darboux transformations and Wronskian solutions exist [28].
Under the dependent variable transformation

u=2(n f),, (3.2)

the above (3+1)-dimensional generalized KP equation (3.1) is
mapped into a Hirota bilinear equation

(D}Dy,+D,D,+D,D,— D) f- f =0, (3.3)

where Dy, Dy, D, and D, are Hirota bilinear differential
operators [1, 29]. This exactly gives

(fxxxy +ftx +fty - fzz)f - 3fxxyfx +3fxyfxx

— oo — fife— Ffy +(f)* =0 (3.4)

and it is similar to, but different from, a (3+1)-dimensional
Hirota bilinear equation studied in [20]:

(3D,D,—2D,D,— D,D})f - f =0.

We would like to carry out Pfaffianization for the
above (3+1)-dimensional generalized KP equation (3.1).
More specifically, we want to use the two fundamental
Pfaffian identities, listed in section 2, to establish Pfaffian
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solution structures for the (3+1)-dimensional Hirota bilinear
generalized KP equation (3.3).
Let us start to consider Wronski-type Pfaffian solutions

f=fHn=0,2,...,2N), 3.5)
whose Pfaffian entries satisfy
a .. . N
3—(1,1)=(1+1,J)+(1,J+1),
X
a . . . N
8_(1»])271[(1"'1,])"'(1,]"'1)],
ay (3.6)
a_z(h])=V2[(l+2,J)+(l,]+2)]7
a . . . N
5(171)=V3[(l+3,1)+(l,1+3)]
with
_ a? _ _ 4a? 3.7)
)/l— 3’ )/2—51, ]/3—3_a2, .

where a # 0, £+/3, but could be any other real number.
Under the condition (3.6), we have the differential rules
for the Wronski-type Pfaffian

5 2N
a(il,iz,---,izN)IZ(il,iz,---,ik+1,---,izN),
k=1

9 2N

PN ) 3 ooy = ] ) ey ]

2y (i1, i2 ion) Z vi(it, o, ..., Qg +1, i2n),
k=1

9 2N
a_Z(i|7i2’""iZN)ZZV2(i17i27""ik+2""’i2N)’
k=1

9 2N
o iy o) =D sl i, 3, b,
k=1

(3.8)
which are completely similar to the differential rules for
determinants and can be deduced by using (2.6). Based on
these rules, we can compute various derivatives of the Pfaffian
fv=(1,2,...,2N) with respect to the variables x, y, z, t:

fyve=(,2,....,2N —1,2N +1),
fyvax=(,2,...,2N —1,2N +2)
+(1,2,...,2N —=2,2N,2N +1),
fyxex=(1,2,...,2N —1,2N +3)
+2(1,2,...,2N —2,2N,2N +2)
+(1,2,...,2N —=3,2N —1,2N,2N + 1),
fyy=wn(1,2...,2N —1,2N + 1),
fvay =nl(1,2,...,2N —1,2N +2)
+(1,2,...,2N —2,2N, 2N +1)],
Iy =nl(1,2,...,2N —1,2N +3)
+2(1,2,...,2N —2,2N, 2N +2)
+(1,2,...,2N —3,2N —1,2N, 2N + 1)],

Inxeey =nil(1,2,...,2N —1,2N +4)
+3(1,2,...,2N —2,2N,2N +3)
+3(1,2,...,2N—=3,2N —1,2N,2N +2)
+2(1,2,...,2N —=2,2N+1,2N +2)
+(1,2,...,2N —4,2N—-2,2N—1,2N, 2N + 1)],

Iv.=nrl1,2,...,2N —1,2N +2)

—(1,2,...,2N —2,2N,2N + 1)],

v =w0(1,2,...,2N —1,2N +4)
+2(1,2,...,2N —2,2N+1,2N +2)
—(1,2,...,2N—-3,2N —1,2N,2N +2)
—(1,2,...,2N —2,2N,2N +3)
+(1,2,...,2N —4,2N-2,2N—1,2N,2N + 1)],

fve=yl(1,2,...,2N —1,2N +3)

—(1,2,...,2N —=2,2N,2N +2)
+(1,2,...,2N —=3,2N —1,2N, 2N + 1)],

v =yl(1,2,...,2N —1,2N +4)
—(1,2,...,2N=2,2N+1,2N +2),
+(1,2,...,2N —4,2N—-2,2N—1,2N,2N +1)],

Sy =nyl1,2,...,2N —1,2N +4)
—(1,2,...,2N—=2,2N+1,2N +2),
+(1,2,...,2N —4,2N—-2,2N—1,2N, 2N + 1)].

Therefore, under the selection (3.7) of y;, y» and y3, we have

Iiexy ¥ e+ faay = fvze = —4a’(1,2, ..., 2N =2,
2N+1,2N +2)

—3fnxey vy — SNy N xex — INe S — ey
=4a*(1,2,...,2N—1,2N+1)(1,2...,2N =2,
2N,2N +2)

3fn oy Fvx + (fv o)
= —4a*(1,2,...,2N—1,2N+2)(1,2,...,2N =2,
2N,2N+1)

and further obtain
(DD, +D,D, +D,D,— D?) fy - fn
= (N eyt Nt vy —IN ) In=3 v ey Fvxt3 v ey v xx

— Ny S = Ivafve = fvafvy + (fn)?

=—4a’[(1,2,...,2N)(1,2,...,2N —2,2N + 1, 2N +2)

-1,2,....,2N-1,2N+1)(1,2,...,2N=2,2N,2N +2)

+(1,2,...,2N—1,2N+2)(1,2,...,2N—2,2N,2N+1)].
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This is not equal to zero. By employing a Pfaffian identity of
type (2.7), the right-hand side of the above equation is equal
to

—4a*(1,2,...,2N+2)(1,2,...,2N —2).

Therefore, if we introduce
en=00,2,...,2N=2), hy =(1,2,...,2N+2), (3.9

which have order of two less and two more, respectively, than
that of fy = (1,2,...,2N), then we have

(DDy+ DDy + D, Dy = D) fy - f = —4a’gihy.
By using the Pfaffian identity of type (2.8):

(0,2N+1)(e,2N —2,2N —1,2N)
—(o,2N)(e,2N —2,2N —1,2N +1)
+(0,2N —1)(e,2N —2,2N,2N +1)
—(e,2N —2)(¢,2N —1,2N,2N +1) =0,
where the abbreviated notation e stands for the list of indices
1,2,...,2N — 3 common to each Pfaffian, and the Pfaffian
identity of type (2.8):
(*, 2N +3)(*,2N,2N +1,2N +2)
—(*,2N+2)(x,2N,2N +1,2N +3)
+(*, 2N +1)(»,2N,2N +2,2N +3)
—(,2N)(*,2N+1,2N +2,2N +3) =0,
where the abbreviated notation * stands for the list of indices
1,2,...,2N — 1 common to each Pfaffian, we find gy and
hy satisfy
(D} +aD;+BD,D.)gy - f =0,
(D} +aD, —BD;D)hy - fy =0

with the constants « and § being defined by

3—a? 3
= P
Therefore, we have the following result on Wronski-type
Pfaffian solutions.

(3.10)

Theorem 3.1. Let a be any real number except 0, ++/3. If the
Pfaffian entries (i, j) satisfy (3.6) where the constants y; are
defined by (3.7), then

f=fw=(01,2,...,2N),

g=gn=(,2,...,2N —-2), (3.11)
h=hy=(1,2,...,2N+2)
solves the following system of bilinear equations
(D;Dy+ DD+ D,Dy— D)) f - f =—4a’gh,
(D} +aD,+BD:D,)g- f =0, (3.12)

(D}+aD, —BD,D,)h- f =0,
where a and 8 are defined by (3.10).

The system (3.12) is called a Pfaffianized bilinear
system of the generalized KP equation (3.1). The differential
condition (3.6) has various solutions and one of them is the
following:

M
=Y @ v - v (3.13)
k=1
with M € N being arbitrary and ¢ and y; satisfying
Xy =V Xz =120 Kea=vaxis  (3.14)

where x ¥ stands for the ith derivatives of x with respect to
x. Itis easy to see that (i, j) = —(j, i) and all (7, j) satisfy the
conditions in (3.6). Examples of the functions ¢, and ¥ can
be the following:

P
¢i = Zdijemjv nij = kijx +yiki;y +vak 2 + yakiit,
j=1
q
Vi = Z €€ty =lix +ylijy +yaliz+ ysljit,
j=1
.15)
where d;; and ¢;; are the free parameters and p and g are the

arbitrary natural numbers.
If we introduce the dependent variable transformation,
g h

v=—=, w=—,

f f
then the coupled (3+1)-dimensional system of bilinear
equations, (3.12), is mapped into

u=2(n f),, (3.16)

Uyyny +3(Uxlty)y + U +Upy — Uz, +4a2(vw)x =0,

oV + 33U Uy + Vyyy + B (Vi +01;) =0, 3.17)

QW +3Ux Wy + Wyyy — Bwy; +wu;) = 0,

which is called a Pfaffianized system of the (3+1)-dimensional
generalized KP equation (3.1). Here, a can take any real
number except 0, :I:«/?, and thus this shows that there may
exist infinitely many Pfaffianized systems for a given soliton
equation.

We also point out that the dependent variable
transformation adopted above is different from the one
used for the KP equation and each in the above resulting
class of Pfaffianized systems is local unlike the standard
Pfaffianized KP system [1].

If we take a dimensional reduction y = y;x as we did
while deducing Pfaffian solutions, then the (3+1)-dimensional
generalized KP equation (3.1) becomes the (2+1)-dimensional
KP equation, and the above results give a one-parameter class
of Pfaffianized bilinear systems for the KP equation, together
with their Pfaffian solutions. If we further take a = 3, then
under the transformation

J2

2
t— 2t, gr—>\/7—g, /’ll—>7h

the corresponding Pfaffianized bilinear system (3.12)
becomes the standard Pfaffianized bilinear KP system [1, 13]:

(D} —4D,D, +3D?)f - f =24gh,
(D2+2D;+3D,D,)g- f =0,
(D}+2D, —3D,D)h- f =0.

(3.18)
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However, for other values of a, there is no scaling
transformation of dependent and independent variables which
puts the resulting Pfaffianized bilinear system (3.12) into the
above standard Pfaffianized one (3.18).

4. Gramm-type Pfaffian solutions

In this section, we would like to establish a class of
Gramm-type Pfaffian solutions to the (3+1)-dimensional
Pfaffianized system (3.17). Let us introduce the following
Gramm-type Pfaffians:
f=fHwn=0,2,...,2N),
g:gNZ(Cl,CO, 1’2y‘~'52N)3
h=hy=(dy,d1,1,2,...,2N),

@1

where the different types of Pfaffian entries are defined by

X
(i»j)ZCij+/ (i j—¢;¥i)dx, ¢;j =—cji, ¢;j = const.,
n

a" a
dna. = 7 P nal = T Vi
s D) = 2, (ns) = =

(dma dn) = (Cma Cn) = (Cma dn) =0.
“4.2)
In the above definition of (i, j), the lower limit of integration
is chosen so that the functions ¢;, 1/; and their derivatives are
zero at the lower limit.

Theorem 4.1. Let ¢; and ; satisfy

¢i,y = Vl‘pi,x,
d’i,z = VZd’i,xxa
¢i,f = y3¢i,xst

Viy = Y1Vix.
%,z = _VZI/fi.XXa
I#i,t = V3Wi,xxm

4.3)

where the constants y; are defined by (3.7). Then fn, gy and
hy defined by (4.1) and (4.2) solve the Pfaffianized bilinear
system (3.12).

Proof. Using the condition (4.3), we first have the derivatives
of the Pfaffian entries

0

a(lﬁ D =¢iv; — ;i = (co, do, i, j),

a X

)= / iy + DV — Dyt — Gy,
— / (it + 10 — by Wi — )
=y — i) = yi(co, do, 1, ),

a X

i) = / (it +Bve — byt — byvi) dx

— / (Giox Wl — SV jen — Gyt + by ine) dx

=V (@i —QiVjx — i Vi + Vi)
= wl(co, d1, i, j) — (c1, do, 1, j)I,

3 X
&(lﬁ J)= / (Pis ¥+ iV — i —Pji) dx

= V3/ (¢i,xxx Wj +¢i 1pj,x)cx_¢j,x)cx wi_d’j Wi,xxx) dx

=V3 (¢i,xx I/fj _d)j,xxwi_(bi,x I/fj,)c"'qu,x‘”i,x"'d)i I//j,xx
- ¢jwi,xx)

= ysl(co, da, i, j) — (c1, dr, i, j) + (c2, do, i, j)].

Then, we can develop differential rules for Pfaffians,
and compute various derivatives of the Gramm-type Pfaffians
fv=0,2,...,2N) with respect to the variables x, y, z, t as
follows:

Jn.x = (co, do, @),
Inxx = (o, di, @) +(c1, dp, »),
INxxx = (co, da, @) +2(c1, d1, @) + (2, do, »),
Sy =vi(co, do, o),
In.xy =vil(co, di, @)+ (c1, do, ®)],
I xxy = vil(co, da, @) +2(cy, dy, ®) +(c2, do, o)],
SN xxxy = vil(co, d3, @) +3(cy, da, ®) +2(co, do, c1, dy, @)
+3(c2, dy, @) +(c3,dp, @)],
vz = al(co, di, @) — (c1, do, @)],
Inze=vil(co, ds, @) = (c1, da, @) +2(co, do, c1., i, @)
—(c2,dy, @) +(c3,dp, @)1,
v =vsl(co, dz, @) — (c1,dy, @) + (2, dp, @)],
In.x = y3l(co, d3, @) — (co, do, c1, d1, @) +(c3. do, )],
Iney = nysl(co, ds, @) — (co, do, c1, di, @) +(c3, do, @)],

where the abbreviated notation e denotes the list of indices
1,2,...,2N common to each Pfaffian.

Noting the selection (3.7) of y, y» and y3, we can now
compute

TNy * s + vy = e = —4a’(co, do, 1, di o),
=3 Nxxy SNx = INyINxxx — Ina e — ue Sy
=4a*(co, do, ®)(c1. d1. ),
3wy e + (fv.2)* = —4a’(c1, do, @) (co. di. ®)

and further obtain
(D}Dy+ DD, + DDy — D) fy - f
= (fNxxxy + INax + vy — nz) v = 3 Ny [ x
+3 Ny FNex — SNy I — e e — Fva vy + (fne)?
= —4a’[(e)(co. do, 1. di, ®) — (co. do, ®)(c1., d), o)
+(c1, do, ®)(co, di, @)]
=4a*(co, c1, ®)(dy, dy, ®) = —4a’gyhy.

This last but one equality is nothing but the Pfaffian identity
of type (2.7).
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Similarly, noting the selection (3.10) of « and 8, we can
have

(D} +aD,+BD:D,)gn - fv
= (gN.xxx T8N+ BEN x2) N — (B8N xx + BEN.2) N x
+8NxBfNxx — BIn) = N (N xxx AN — BN ox2)
= 6[(e)(c2, c1, co, do, ®) — (2, 1, ®)(Co, do, ®)

+ (627 €o, .)(Clv d()v .) - (Ch Co, .)(027 dOv .)] =0.

This last equality is nothing but the Pfaffian identity of
type (2.7). The third equation in (3.12) is obtained by
interchanging ¢ and d in the above equation. Therefore,
we have shown that fy, gy and hy defined by (4.1) and
(4.2) solve the Pfaffianized bilinear system (3.12), under the
condition of (4.3). O

Since the system (4.3) is linear, examples of generating
functions for the Pfaffian entries can be easily computed as
follows:

P

¢i = Z dije", ni; = kix +yikijy + vakiz + yskiit,
=1

q
V= Z ejie’h, Lji =lix+yiliy — valiz+ysalit,
i=1
4.4
where d;;, ej;, k;; and [;; are the free parameters and p and ¢
are the two arbitrary natural numbers. In particular, the case
of p =g = 1 leads to the following specific solutions:

¢i =e", m =kix +yikiy +yakiz+ yskit, 4.5)
vi=eY, g =lLx+yly— Vzljzz-"yﬂ;t’

where k; and /; are the free parameters.

5. Conclusions and discussions
We have made a one-parameter class of Pfaffian extensions

Uyyyy +3(Uxlty)x +Use +Upy — Uz, +4a2(vw)x =0,

oV + 33Uy Uy + Vyyx + (U +vu;) =0, (5.1)
AWy + 33U Wy + Wyyy — B(Wy, +wu,) =0
for the (3+1)-dimensional generalized KP equation
Uyyry +3(Uxlty)y +lts +ityy — Uy, =0 (5.2)

by using the fundamental Pfaffian identities (2.7) and (2.8),
where a can be any real number, but not 0 and j:«/g, and

3—a? 3
= —, =—. 5.3
o o B P (5.3)
Under the dependent variable transformation,
w=2(n f),, vz? w=—, (5.4)

the above one-parameter class of Pfaffianized systems
becomes

(D}Dy+D,D,+D,Dy— D) f - f = —4a’gh,
(D} +aD,+BD:D,)g- f =0,
(D} +aD, —BD,D)h- f =0.

(5.5)

It is worth mentioning that the above dependent variable
transformation is different from the one used for the KP
equation [1]; the resulting one-parameter class of Pfaffianized
systems is local, but the standard Pfaffianized KP system is
non-local [1].

Theorems 3.1 and 4.1 present the main results on
Wronski-type and Gramm-type Pfaffian solutions. The first
result is that each Pfaffianized bilinear system in (5.5) has the
following Wronski-type Pfaffian solutions

fsz=(1721"‘72N)’
g=gn=(1,2,...,2N =2), (5.6)
h=hy=(,2,...,2N+2),
whose Pfaffian entries satisfy
J .. . N
a—(le)=(l+1,J)+(l,J+1),
X
. . . N
— @ H=nlG+1, ))+G j+D]
dy
J . . : N
a_Z(laj)=y2[(l+27J)+(lﬂ,]+2)]’
9 .. . N
5, G D =yl+3, )+ j+3)]
with
a’ 4a’ 5.7)
= -, :a7 = . .
4! 3 V2 3 32

The second result is that each Pfaffianized bilinear system
in (5.5) has the following Gramm-type Pfaffian solutions:

f=fn=(01,2,...,2N),
g:gNZ(C],CO,l,z,...,zN),
h=hy=(dydy.1,2,....2N).

(5.8)

where the different types of Pfaffian entries are defined by

X
@ Jj) =Cij+/ (piyj—p;¥; dx, ¢;j = —cj;, ¢;j = const.,
n

o 1) = oy, (nr i) = oy
nyl) = ——@i, (Cp,1) = —"Yi,
ax" ox"
(dmv dn) = (Cmv cn) = (Cmv dn) =0
with ¢; and v; satisfying
iy =V1Pixs iy = V1V¥ix,

¢i,z = y2¢i,xxv wi,z = _J/Qwi,xm
¢i,t - y3¢i,xxx» Wi,t - VSWi,xxx-

Examples of Wronski-type and Gramm-type Pfaffian entries
are given. The involvement of the parameter a also implies
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that the Pfaffianization procedure does possess the uniqueness
property.

Our Pfaffian solutions are essentially (2+1)-dimensional
due to the dimensional reduction y =jy;x we imposed.
Nevertheless, under the reduction y = y;x, the first equation
in each resulting Pfaffianized bilinear system in (5.5) becomes

[a’Di — (3—a*)D,D,+3D?1f - f = 12a’gh  (5.9)

and under the condition of a # 0 and a # ++/3, this equation
with ¢ =0 or A =0 can be transformed into the standard
Hirota bilinear KP equation

(D} —4D,D,+3D})f- f =0.

Therefore, all the resulting Pfaffianized bilinear systems in the
above one-parameter class (5.5) present Pfaffianized bilinear
systems for the KP equation. As we pointed out, the case of
a =3 leads to the standard Pfaffianized bilinear KP system
(1, 13]
(D} —4D,D, +3D})f - f = 24gh,
(D} +2D,+3D,D,)g- f =0,

(D}+2D; —3D,D)h-f =0

(5.10)

through the transformation

J2

2

t— 2t,
2

But for other values of a, a scaling transformation of
dependent and independent variables cannot put any obtained
Pfaffianized bilinear system of the KP equation into the
standard Pfaffianized one (5.10).

On the other hand, in theorems 3.1 and 4.1, we only
considered a kind of specific sufficient conditions: (3.14)
and (4.3), albeit one parameter a in the conditions. There
should exist more general conditions involving the combined
equations for Wronskian and Grammian solutions. Such
conditions were presented for Wronskian solutions of the
KdV equation [30], the Boussinesq equation [31, 32], the
Toda lattice [33] and the two-dimensional Toda lattice [34]
and for Grammian solutions of the KP equation [35]. It
should be interesting to search for such a generalized
condition consisting of combined equations for the above
(3+1)-dimensional generalized KP equation (5.2).

Another interesting question for us is whether there
exist other kinds of Pfaffian solutions, besides Wronski-type
Pfaffian and Gramm-type Pfaffian solutions. Again, we should
start with the Pfaffian indentities to answer what other
kinds of Pfaffians will lead nonlinear equations, for example,
generalized bilinear equations [36], to the Pfaffian identities.
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