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Abstract

A relation between semi-direct sums of Lie algebras and integrable couplings of continuous soliton equations is presented, and correspondir
a feasible way to construct integrable couplings is furnished. A direct application to the AKNS spectral problem leads to a novel hierarchy
integrable couplings of the AKNS hierarchy of soliton equations. It is also indicated that the study of integrable couplings using semi-direct sul
of Lie algebras is an important step towards complete classification of integrable systems.
0 2005 Elsevier B.V. All rights reserved.
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1. Introduction does not lose integrability. Therefore, up to a permutation, for a
given integrable system of evolution type= K (u), we actu-

c-symmetry algebras of integrable systems are a realiza‘f-‘"y need to construct a new bigger triangular integrable system

tion of Virasoro algebras in soliton theory. Sueksymmetry as follows:
algebras and their corresponding Virasoro algebras are all semy-u; = K (1),
direct sums of Lie algebras, of which master symmetries play v; = S(u, v).
th? non-ideal part' in the semi-direct sums. Wh"e studying ®The vector-valued functiols' should satisfy the non-triviality
lations between Virasoro algebras and hereditary operators, the ~ . L
. : conditionaS/ad[u] # 0, where[u] denotes a vector consisting
problem of integrable couplings was formulated and related re- S . )
search was initializeflL,2]. A few ways to construct integrable Pf all derivatives ofu with respect to _the space vanable.. For
couplings are then presented by using perturbatipa8], en-  oACe: We have:] = (u, uy, uyy, ...) inthe case of ¥ 1 di-

larging spectral problens, 5], and creating new loop algebras mensions, where the is the space variable. The non-triviality
[6 g] gsp P e g balg condition in the above statement of the problem means that the

The problem of integrable couplings can be expressed agstherd|fferent|al equations in the bigger system involve the de-

follows [2]: For a given integrable system, how can we Con_pendent variables of the original system, and thus it guarantees

struct a non-trivial system of differential equations which is still ;huz?téﬁ\éliilec::gonal systems withiu, v) = $(v) are not within

integrable and includes the original integrable system as a sub- The study of integrable couplings not only generalizes the

system?Note that a change of orders of dependent variables .
Symmetry problem, but also provides clues towards complete

classification of integrable systems. The first point was clearly
* Corresponding author. Tel.: +1 813 974 9563; fax: +1 813 974 2700. presented and anal_yzed carefully[ih2,8]: _lt V\,”” help us to
E-mail addressesnawx@math.usf.ed(W.X. Ma), see the second point to observe classification of square ma-
xu_xixiang@sohu.corfX.-X. Xu), zhang_yfshandong@163.cdii Zhang). trix spectral problems through the Jordan blocks under similar
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transformations. Each triangular Jordan block corresponds t®he notion of semi-direct sums means tbaandG . satisfy

an undecomposable sub-system in a given integrable system.

We will show that semi-direct sums of Lie algebras can resultG> Gel € Ge, 2.7)

in candidates for integrable couplings. Recall that an arbitraryhere[G, G.] = {[A, B] | A € G, B € G.}. Therefore G, is

Lie algebra has a semi-direct sum structure of a solvable Lie alan ideal Lie sub-algebra @. The subscript indicates a con-
gebra and a semi-simple Lie algef@h Therefore, the study of tribution to the construction of couplings. Take a pair of new
integrable couplings through semi-direct sums of Lie algebrag ax matrices in the semi-direct suéof G andG,:

is also an inevitable step towards complete classification of in-_ _

tegrable systems. On the other hand, the theory of integrabfé = U + U, V=V+V, U:,VceGe, (2.8)
couplings brings other interesting results such as Lax pairs ofnd make a pair of enlarged matrix spectral problems
block form and with several spectral paramef@,40,11] in- _ o _

tegrable constrained flows with higher multipliciy2], local { pe=Up=U, 1,

bi-Hamiltonian structures in higher dimensid8$ and heredi- G =Vo=V(i iy, ..., 5ma: 1),

tary recursion operators of higher ord213] where the matriXU, in U introduces additional dependent vari-

In this Letter, we would like to present a relation between _ : o .

- ; ; . bles and: consists of both the original dependent variables

semi-direct sums of Lie algebras and integrable couplings o o : )

. . . . -and the additional dependent variables. Also, the mdlifix

continuous soliton equations and a feasible way to generate in- ;
. L : could depend on the spectral parameteand the matrixV,

tegrable couplings through semi-direct sums of Lie algebras. - . .

: ih V does almost in all cases. Obviously, we have
The general theory will be used to construct a novel class o

integrable couplings of the AKNS hierarchy. It will also be in- [, V] =[U, V] + (U, V] + [Uec, V1+ U, V1) € G € Ge.
dicated that the study of integrable couplings using semi-direct heref q h di | d
sums of Lie algebras is an important step towards completg erelore, unaen, = K(u), the corresponding enlarged zero
classification of integrable systems. Finally, in the last section(,:urvature equation
a few concluding remarks will be given, especially on selectiony;, _ v+ (7, v]=0 (2.10)

of semi-direct sums of Lie algebras.

(2.9)

is equivalent to

2. From semi-direct sumsof Liealgebrasto integrable { U —V,+[U,V]=0, 2.11)

couplings Uet = Vex +1U, Vel +[Ue, VI+[Ue, Ve] =0.

Let G be a matrix Lie algebra. We assume that a continuouérhe first equation here exactly presents gj), and thus, this

integrable equation (or system) of evolution type provides a coupling system for E2.1). To summarize, semi-
9 q y yp direct sums ofG with new Lie algebras provide a great choice

;= K ) 2.1) oftﬁa(r;didates of integrable couplings for H8.1) associated
with G.
is associated witli;. More precisely, there is a pair of Lax ma-  Let us next shed light on the above general idea of construct-
tricesU andV in G so that the matrix spectral problem ing coupling systems by a particular class of semi-direct sums
of Lie algebras. Consider the following semi-direct sum of Lie
ox=Udp=U(u,\)¢ (22)  algebras:

and the associated matrix spectral problem GeG,. G— {diag(A, L A)},
N e’

0™Mmoy v+1
=Vo=V(u,ux,..., ——; A |9, 2.3
o ¢ (” Ux 310 )¢ (2.3) 0 B1 --- B,
wherea is a spectral parameter, genergié, 15]the integrable G.— e e (2.12)
equation(2.1) through their isospectral (i.e.; = 0) compati- cT Lo By ’ '
bility condition: O --- --- 0
U -V, +[U,V]=0. (2.4) where the matricesA, B;, 1 <i < v, are arbitrary matri-
ces of the same size d5. Notice that the spectral matrices,
In one word, we have diaglU, ..., U) and diagV, ..., V), generate the same equa-
——— ——
U'[K]—=V,+[U,V]=0, (25) | vl v+l - i}
tion asU andV. So, new enlarged spectral matridésand V
whereU’[K] = %|£:0U(u +¢&K). in G € G. can be chosen as
To construct an integrable coupling of €§.1), we enlarge
. . . . . U Ual * Uau
the Lie algebras by using semi-direct sums of Lie algebras and
take a semi-direct sum of with another matrix Lie algebr&.: g=|9 U
- D T Uy
G=GeG,. (2.6) o ... 0 U
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V. Vg oo Vg
v=|0 V (2.13)
: " - Va
0O --- 0 V
Then, the coupling systef2.11)becomes
U —-V,+1[U,V]=0,
Uait = Vaix + 2pri=i, kiz0lUa Va1 =0, (2.14)

1<i<y,

whereU,, =U andV,,=V.
Let us further assume that the spectral matvixdepends
linearly on the spectral paramete(see, for exampld15-17):

dUg dU1
U=U,A) =AU Uy, —=—-==0. 2.15
(u, A) 0+ U1 o Y (2.15)
Suppose that
W= W W =Y Waja™ 1<i<,
j=0 j=0
aW; IW,. i
—j: ) #207 l<i<\),‘]>0,
oA oA
define a solution
W Way o W,
w=|0% ¥
: i - Wy
o --- 0 W

to the enlarged stationary zero curvature equatlgn =
[U, W]. Then for eaclm > 0, choose

V[m] Va[In] Va[:ﬂ]
— [m] _ _
: . . a1
0 0 vylml
Am Al,m Av,m
m = s
. . . Al,m
0 ... 0 Am

where the subscript’ denotes to select the polynomial part in

A, andA,, and4; ,, do not depend o and satisfy

[U07 Am] = Oa [U07 Ai,m] = 07 1 < l < V.

Based on(2.14)and W, = [U, W], we can directly show that

the enlarged zero curvature equation
Uy, = V" +[0, V"] =0
gives

Utm = Vx[m] - [U’ V[m]]’
Ua,-,tm = (Ai,m)x + [UO, Wa,-,m+1] - [Ul» Ai,m]»
1<ig.

(2.16)

cases, e.g., existence of infinitely many higher symmeitigls
Therefore, each system in the hierar¢Byl6)is a good candi-
date for integrable couplings of its first sub-system. In the next
section, we will discuss in more detail an example in the AKNS
case.

3. Application to the AKNS hierarchy
3.1. The AKNS hierarchy

Let us here recall the AKNS hierarcH{6]. The AKNS
spectral problem is given by

¢x :U¢,

_ _(—* p (P
U_U(u,k)_(q x)’ u—(q),

wherep andg are two dependent variables. Upon setting

W:<Z —ba>:ZW“\_i=Z<Z _b;_>,\—", (3.2)

i>0 i>0 !

(3.1)

and choosing the initial data
3.3)

we see that the stationary zero curvature equation= [U, W]
generates

ap=—1, bo=co=0,

bit1= _%bi,x + pa;,

Cit1l= 3Cix — qai,

ai+1,x = pCi+1 — qbit1,
Assumea; |,—o0 = b;|u—0 = ¢ilu=0 = 0, i > 1, or equivalently
select constants of integration to be zero. Then, the recursion
relation (3.4) uniquely defines a series of sets of differential
polynomial functions in: with respect toc. The first three sets
are as follows:

(3.4)
i>0.

bi=p, ca=q, a1=0;
by— _1 -1 — 1,
2= —3%Pxs 1C2—2%c» (;-2—2[7]?,
bSZ%pxx_QPZCIa Cs=qux—§pqz,
az = 7(pqx — pxq)-
The compatibility conditions of the matrix spectral problems

$e=Ug, ¢ =V"g,
[m] _
vitl= ("W)., m=>0, (3.5)
determine the AKNS hierarchy of soliton equations
p —2bp+1 m —2P>
frd fred K = = d) 5
w=(s), == () (2
m >0, (3.6)
where the hereditary recursion operadois defined by
1 -1 -1
—50 ad d a
cp:( 20+ PO Ta . POP ) 0= (@37
—qio~q 50 —qd "p dx

It is also known[19] that for eachn > 0, we have

We will see that this enlarged hierarchy of Lax integrable cou- (]
pling systems can keep other integrable properties in speciath = [V ,W],
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whenu, = K, ie., U, — V", +[U, vI"]=0.Itthen whereW is a solution toW, = [U, W], defined by(3.2). Then,

follows that the enlarged stationary zero curvature equation becomes
[(vIH), — (vi), — [V vl w] =0, k.I>0. Wax = U, Wal + [Ua, W1. (3.13)
Actually, we can show the initial value equality Obviously, we have

vy (ylly V[kj, vyl =0, k,1>0, _( pg—af —2rf —2pe
(( )tl ( )tk [ ]) |u:0 [Uv Wa] - 2q€ + 2)\4g qf _ pg )

or equivalently,

(U, W]= ( voc —v3b  —2u1b — 2v2a>

((V[k])’[[(l] _ (V[l])/[Kk] _ [V[k], V[l]])| 0= 0, k,I>0; 2v3a + 2v1ic v3b — vac

U=

and the uniqueness property of the spectral prob(@rh)in  2nd thus, Eq(3.13)is equivalent to

the loop algebraG = sparfA”A | n > 0, A € sl(2)}: if a ma- ex = pg — qf + voc — v3b,

tri.x solutionW € G to the equat.iorU’[K.] — Wi+ U, W]= 0 fr = —20f — 2pe — 2v1b — 2v2a,

with some vector-v_alu_ed functiok satisfiesW|,—o =0, th_en gx = 2ge + 2\g + 2vza + 2vic.

W = 0. Therefore, it directly follows (se0,21]for more in- _ _

formation) that Trying a solution

(VI — (v [V v =0, k.10, e=Y er,  f=Y_fr7 g=) ar
i i ' T i>0 i>0 i>0

This implies the commutativity of the flows of the AKNS hier- e obtain

archy (3.6) and thus all AKNS equations i(8.6) are symme- W :

tries to each other. €i+1x = P&i+1 — qfi+1+ v2ci+1 — v3b;i 41,

fi41=—32fix — pe;i — v1b; — voa;, (3.14)
3.2. Integrable couplings from a specific semi-direct sum gi+1= %gm —qe; —v3a; —vici, I =0,

. : . upon settin
Let us now introduce two Lie algebras of44 matrices: P g

A0 eo=-—1, fo=g0=0. (3.15)
G= {(O A)‘A eR[A]@sI(Z)}, Assuminge; |,—0 = filu=0 = gilu=0 =0,i > 1, we see that all
0 B sets of functiong;, f; andg; are uniquely determined. In par-
G, = { (0 0) ‘B eRA]I® s|(2)} , (3.8) fticular, the first few sets are:
whereR[1] ® sI(2) is the loop algebra defined by sgahA | h=ptvz s1=qtvs a=0
n >0, A €sl(2)}, and form a semi-direct suii = G € G of fa= —%(p +v2)x —v1p,

these two Lie algebrag andG.. In this caseG, is an Abelian

1 1 1 1
. = , g2=3(q +v3)x —viq, e2=35pq+ 5v3p+ 5v24;
ideal of G. For the AKNS spectral probleii3.1), we write 2 ! . 2 2

fa=3(p +v2)xx + 3(v1p)x — 3P(Pq + v3p + v2q)

U =Uoh + Uy, + 3v1px — 3029,
U = (—01 ?) . = (0 g) (3.9) | 3= 3@ +v9)er — 3019)x — 3(pg +vap +vag)g
q

1 1
— 3V3pq — 3V14x,

%r;\clisgeflne the corresponding enlarged spectral matrix as fol 3= %(pqx — )+ %(va,xp — pova) + %(vqu —v2.q)
—vipq.
- - - U U,
U=U@MN=\q , |€G&GCe, ExpandW, as
_ — g~
U, =U,(v) = ( v1 vz) 7 310 We= > Wair ™ (3.16)
vz U1 i>0
wherev;, 1 <i < 3, are new dependent variables and and then it follows fron{(3.13)that
v=(v1,v2,v3)", (Wa.i)x = [Uo, Wai41] + [U1, Wa il + [Ua, Wi,
0= (uT, vT)T =(p,q,v1,v2,03)". (3.11) i>0. (3.17)
To solve the corresponding enlarged stationary zero curvaNow, we define
ture equatiorW, = [U, W], we set ml _ yml Va[m] C G
_ w W e f 0 yim ’
= a = i, \) = 12
w ( O w ) ) Wa Wa(ua ) (g _e> ’ (3 ) Va[m] — ()\'mW(l)-i- + Am,a’ m > 0’ (318)
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whereV " is defined as i1f3.5), and choos&,, , as
€m+8(m) >

0
Am,a=< 0 ), m =

—€m+5(m)
where the intege(m) satisfiesn + §(m) > 0. Then, thenth
enlarged zero curvature equation

O’

U, — (f/[’"])x +[0,vi"]=0
leads to
— (Vi) + [U, Vi + [Ua, v =0,

together with thenth AKNS equation in3.6). Based or{3.17),
this can be simplified to

ylml

a

Ua

sIm

Ua,t,,, - (Am,a)x - [UOa Wa,m+1] + [Ulv Am,a] = 07

which gives rise to

V1 —€m+8(m),x
v, = | v2 =Su,v) = —2fn+1+2Pemistm |-
v3/ 28m+1— 29€mis(m)
m >0, (3.19)

wherev = (v1, vo, v3)' defined as i(3.11) Therefore, we ob-
tain a hierarchy of coupling systems:
K (u)

Iztm=<l:]> :Km(u):(s (u U))’ m>0
tm m )

for the AKNS hierarchy(3.6).

The hierarchy of evolution equations (8.20)is Lax inte-
grable and keep the original infinitely many conservation law
of the AKNS hierarchy(3.6). The first three systems {{3.20)
with §(m) =1 are:

(3.20)

Pio=—2pP, qin,=24,
V=0, v24=—2(p+v2), v34=2(q+v3),
Pty = Px,» 491 =4x,

V1 = —3(pq + v3p + v29)x,
V24 = (P +v2)x +2v1p + p(pg +v3p +v29),
V3, = (g +v3)x — 2v1g — (pq +v3p +v2q)q,

Po=—3%Pxx + P°4. Q1= 3qxx — PG%
V1s, = =3 Prx + 3Pxxq — SU3xxP + 3V3Pxx
—22qx + 3V2,0xq + (V1PQ)x,
V2.1, = —3(P 4 V2)xx — V1xP — 2014
+p(pq +v3p + 2v29) + 3 p(Pgx — Pxq)
+3pWaxp — vapx) + 3P (2gx — v2.xq) — 2v1p%q,
V31, = 3 (P 4 V3)ax — V1xq — 2014x
—(pq + 2v3p +v29)q — 3(pgx — Pxq)q
—3(v3.0p — v3Px)q — 3 (V2qx — V2xq)q + 201pg>.

129

Let us now seb; = « = const. Then the corresponding en-
larged spectral problem, = U¢ has the uniqueness property
in the underlying loop algebr& = G € G.. (see(3.8) for the
definition of G and G.). Whena = 0, the resulting enlarged
spectral problem is a perturbation of the spectral proljf&).
Moreover, we choosa,, , =0, and then fron{3.19), we have

v2

< ) :Tm(u,v)z <_2fm+l)’
U3 tm

2gm+1
wherev = (v, v3)'. Further, from(3.20) we obtain a reduced
hierarchy of coupling systems for the AKNS hierardBy6).

(£), =5 (). w0

whereii = (u",v")T = (p, g, v2, v3) . The hierarchy3.22)is
commutative, since we can easily prove that

(7't = (71 TR = [, 7))
k,l1>0.

m>0, (3.21)

Im

Ky (u)
Tn(u,v)

th

(3.22)

O,

=0

(3.23)
This implies that every systef, = K,, in the hierarchy(3.22)

has infinitely many higher symmetries as well as infinitely
many conservation laws, and thus, it provides an integrable
coupling ofu;, = K,, in the AKNS hierarchy(3.6). Here we
mean by integrability the existence of Lax pairs and infinitely
many higher symmetries. We remark that any choicelfét!,
which could be different fron§3.18), will generate integrable
couplings possessing infinitely many higher symmetries, if the
uniqueness property in the underlying loop algebra and the ini-

Yial value condition(3.23) are satisfied. The first non-linear

system in(3.22)is

Pro=—3Pxx + 0?4, G, = 3qxx — PG>
V2.1, = —3(p + v2)ax — 2Py

+p(pg + v3p +v2q) + v2pq,
V3.1, = 3(p + v3)ax — 20y

—(pq +v3p + v2q)q — v3pq.

Based on(3.4) and (3.14)we find the following recursion op-
erator of the syster(B8.24)

where® (1) is given by(3.7), I is the identity matrix of order
2 and®.(u) is defined by

®Am=<
(3.26)

It can be shown that the recursion operakoin (3.25)is hered-
itary, whatever value takes.

(3.24)

@ (u)
D (u) —al

0

@) (3.25)

q5=cl3(12)=(

U28_1p + pa_lvz
—v30 " 1p — g tuo

023_161 + p8_1v3
—v3071g — g9 tus

Other integrable properties of the above coupling systems defig. Concluding remarks

ing t1- andr,-flows need further investigation. For example, do

they possess infinitely many higher symmetries? Are they inte- A technically-feasible way to construct integrable couplings
grable by the inverse scattering transform? of continuous soliton equations has been presented by using
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semi-direct sums of Lie algebras, and an application of the gereouplings for a joint system of equations associated with
eral theory to the AKNS hierarchy of soliton equations has beeand U,,. Moreover,eq in (3.15) can take any non-zero value,
made. The key idea in our construction is to establish a relaand A, , in the case ofv; = const can be a diagonal matrix
tion between semi-direct sums of Lie algebras and integrabldiag(8, —B), whereg is an arbitrary constant. Therefore, semi-
couplings of soliton equations. The underlying matrix spectratdirect sums of Lie algebras really provide a great source for
problems come from Lie algebras in the form of semi-directconstructing integrable couplings.

sums, and the Lax spectral matrices associated with given soli- The general idea in our analysis could also be applied
ton equations play the non-ideal part in semi-direct sums. to other types of soliton equations such as discrete soliton

We point out that the enlarged Lax spectral matrix equations and higher-dimensional soliton equations. All inte-
grable couplings generated this way provide examples of multi-
= u U, . - .
U= 0 U component integrable systems and show richness of integrable
systems. We hope that any contributions related to applications

from a semi-direct sum of Lie algebras was also previouslyof semi-direct sums of Lie algebras to integrable systems could
mentioned iff4]. Another enlargement of matrix spectral prob- help overcome difficulties in working towards complete classi-

lems discussed if#], fication of integrable systems.
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