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Abstract
This work studies the dynamical behaviors of the generalized nonlinear evolution equation 
(GNLEE) introduced by Chen (2003), which is significant in explaining superconductiv-
ity in steady ion-cyclotron waves in nonhomogeneous plasma and drift cyclotron waves. 
This study investigates the model’s dynamic properties using both analytical and numerical 
methods, with a focus on bifurcation analysis. First, wave transformation is used to convert 
the model into its standard form. This approach helps predict the creation or disappear-
ance of equilibrium arguments, limit cycles, and soliton structures. The system’s dynamic 
behavior is then analyzed using phase and Hamiltonian portraits for different parameter 
values. Furthermore, we identify dark-type bell-wave, bright periodic, kink, bright-type, 
anti-kink, and solitary-wave solutions by manipulating parameters, using their Hamiltoni-
ans, and integrating heteroclinic and homoclinic orbits. The visual representation of these 
characteristics is achieved by carefully selecting the appropriate parameters. Finally, the 
MI also studies the proposed model to explain how small changes in field amplitude give 
rise to solitary structures, domain walls, and vortices. MI study of the Landau–Ginsburg–
Higgs model shows how nonlinear interactions influence wave evolution and establish sta-
bility constraints in optical, quantum, and cosmic environments. From the above analysis, 
the applied method is more effective at capturing complex phenomena.

Keywords  Bifurcation analysis · Soliton solution · Modulation instability · Steady ion-
cyclotron waves · Generalized nonlinear evolution equation

1  Introduction

Nonlinear mathematical equations play a pivotal role in exploring the complex behaviors 
of various processes that cannot be adequately described by linear models. Its importance 
derives from the ability to replicate real-world systems defined by nonlinear interactions, 
feedback mechanisms, and energy transfers. It addresses the transmission of waves in flu-
ids, plasmas, optical fibers, and Bose–Einstein condensates, enabling accurate forecasts 
of turbulence, rogue waves, and energy localization. In applied sciences, it facilitates the 
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development of sophisticated communication systems, the optimization of nonlinear opti-
cal devices, and the analysis of vibration patterns in materials.

In 2003, Chen [10] presented novel generalized nonlinear evolution equations featuring 
dual power nonlinearity to investigate soliton solutions as follows:

Here a, p, b, c and q ≠ 1 > 0 are non-zero parameters. This model comprises significant 
nonlinear equations frequently employed in mathematical physics and engineering. Depend 
on the parameters a, b, c, p , and q , Eq. (1) represents many significant nonlinear models. In 
2021, Bai [11] established a new form of the model Eq. (1) by setting p = 0, q = 3 in the 
subsequent form:

Fora = −1, b = −α2, c = h2, p = 0 , and q = 3 , Eq. (1) converts the differential equation 
known as the Landau–Ginzburg–Higgs (LGH) equation into the subsequent form:

Here �, h are real parameters, and the ion-cyclotron wave function is L = L(s, t) . This 
model was introduced by the mathematician Landau, and Ginzburg elucidated supercon-
ductivity in relation to steady ion-cyclotron waves in nonhomogeneous plasma and drift 
cyclotron waves [12], Additionally, the nonlinear model represented by Eq.  (3) encom-
passes the Duffing equation, the Klein-Gordon, the Phi-4, and the Sine–Gordon [13–15] 
equations, which are contingent upon the constants a, b, c . Many scientists studied the 
LGH model using diverse analytical methods such as ansatz technique [16], (G´/G, 1/G)-
expansion [17], first integral [18], NMSE [19], exponential function [20], generalized 
Kudryashov [21], and extended tanh [22], variational iteration [23] methods, and so on. In 
this research work, we introduced a new generalized form of the NLEE in Eq. (1) for the 
case q = 3 which has the following form:

This equation is particularly significant for describing complex phenomena in the fields 
of Engineering and mathematical physics.

Bifurcation analysis [24–26] is crucial for understanding the dynamics of nonlinear 
systems, particularly with respect to parameter variations. In contrast to linear systems, 
nonlinear systems may undergo substantial changes in dynamics with minimal modifica-
tions. Bifurcation analysis proficiently delineates transitions, including shifts from stable 
to unstable states, oscillatory patterns, or chaotic dynamics. It is essential for forecasting 
unforeseen results in biological, technical, or physical domains. Researchers have used 
bifurcation theory to generate diverse waveforms, including bell-type, solitary, periodic, 
and kink-type waves, in numerous nonlinear Schrödinger models, employing dynamical 
systems methods. Targeted efforts have yielded traveling wave solutions via phase portrait 
analysis and Hamiltonian energy levels in NLSE-type models [27, 28]. They also employed 
phase-plane techniques for its parametrization, resulting in wave patterns that encompass 
solitary, kink, breaking, and various elliptic or trigonometric forms.

Most of the researchers studied the planar dynamics system and orbit-wise wave propa-
gation through bifurcation theory that should follow an ordinary differential model in [27, 
28] and has a subsequent dynamical system for as:

(1)Ltt + aLss + bL + cLq + pL2q−1 = 0

(2)Ltt + aLss + bL + cL3 = 0

(3)Ltt − Lss − �2L + h2L3 = 0

(4)Ltt + aLxx + bL + cL3 + pL5 = 0
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The Hamiltonian form of the system is H(N,R) =
R2

2
−

(

−

p2

p1
U2

2
−

p3

p4
U4

4

)

 . In this 

research we try to study the planar dynamics [29, 30] with a cubic-quintic term as:

According to the author, although the GNLEEs in Eq. (2) have been well studied, the 
model’s contributions remain inadequate. The research we conducted has several limita-
tions. It is clear that this equation requires more investigation using bifurcation theory. 
The primary goal of the suggested theory is to amplify the free parametric terms of the 
Hamiltonian system. Motivated by previous studies, we relax the constraints on cur-
rent parameters to obtain wave solutions. Here, bifurcation theory is used to develop the 
wave solutions for the GNLEEs. The aforementioned contributions make it evident that 
the various symmetry point classes will pose substantial problems. By integrating along 
the homoclinic or heteroclinic orbits, we can ascertain the wave solutions (Table  1) 
(Figs. 1, 2, 3 and 4).

2 � Bifurcation Breakdown

Now we consider a wave transformation as:

By substituting Eq. (5) into Eq. (4), we obtain,

Equation (6) becomes:

According to the transformation of Galilean, Eq. (7) has the subsequent form:

Here ℑ1 =
(

m2 − n2
)

,ℑ2 = b,ℑ3 = c,ℑ4 = p.
For the system (8), the Hamiltonian structure is:

(5)

{

dU

d�
= Y

dy

d�
= −

p2

p1
U −

p3

p1
U3

(6)

{

d𝔘

dΞ
= L

d𝔘

dΞ
=

1

ℑ1

(

−ℑ2𝔘 −ℑ3 𝔘
3 −ℑ4 𝔘

5
)

(7)L(s, t) = �(Ξ); Ξ = mx − nt

(8)
(

⇕2 −a�2
)

�
��

+ b� + c�3 + p�5 = 0

(9)�
��

= −

(

b� + c�3 + p�5
)

(

m2 − n2
)

(10)

{

d𝔘

dΞ
= L

dL

dΞ
=

1

ℑ1

(

−ℑ2𝔘 −ℑ3𝔘
3 −ℑ4𝔘

5
)

ℍ(𝔘,L) =
1

ℑ1

(

ℑ2𝔘
2

2
+

ℑ4𝔘
6

6
+

ℑ3𝔘
4

4

)

+
L
2

2
= h
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(i) (ii)

Fig. 1   Profile of the phase portrait of Event 1

(i) (ii)

Fig. 2   Profile of the phase portrait of Event 2

(i) (ii)

Fig. 3   Profile of the phase portrait of subevent 3



	 International Journal of Theoretical Physics          (2026) 65:212   212   Page 6 of 18

Lemma 4.1. (see Ref. [31]) Consider a coefficient matrix as:

The Jacobian matrix of (8) is presented as follows:

Here, we defined the behaviors of the EP 
(

�i,Lj

)

 according to Di,j.

•	 If Di,j < 0 , then it is referred to as a saddle point, indicating that the system is unstable.
•	 If Di,j > 0 , then it is referred to as a center point, indicating that the system is stable.
•	 If Di,j = 0 , then it is referred to as a cusp point, indicating that the system is unsta-

ble.

M
(

𝔘0,L0

)

=

[

0 1

−
ℑ2

ℑ1

0

]

J
(

𝔘i,Lj

)

=

[

0 1

−
5ℑ4

ℑ1

𝔘4

i
−

3ℑ3

ℑ1

𝔘2

i
−

ℑ2

ℑ1

0

]

⇒ Di,j =
|

|

|

J
(

𝔘i,Lj

)

|

|

|

=
5ℑ4

ℑ1

𝔘4

i
+

3ℑ3

ℑ1

𝔘2

i
+

ℑ2

ℑ1

(i) (ii)

(iii) (iv)

Fig. 4   Profile of the phase portrait of subevent 4
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•	 If Trace
(

M
(

�0,L0

))

= 0 , and Di,j > 0 , then it is referred to as a node point, indicat-
ing that the system is unstable.

Lemma 2.2. (see Ref. [31]). The solution of the system (8) depends on the limiting 
values of the function �(Ξ) , and Ξ ∈ (−∞,+∞) . For lim

Ξ→+∞
�(Ξ) = lim

Ξ→−∞
�(Ξ) , the soli-

tary wave and homoclinic orbit exist for the system (8). For lim
Ξ→+∞

�(Ξ) ≠ lim
Ξ→−∞

�(Ξ) , the 
kink/bell wave and heteroclinic orbit exist for the system (8).

3 � Construction of Soliton Solution for the Proposed Model

This section presents soliton solutions by integrating the homoclinic and heteroclinic 
orbits. In this framework, we investigate the traveling wave solutions for Eq.  (4) cor-
responding to event-03 and event-04. Similarly, we integrate the other cases. The energy 
curve is defined as:

Here h is the level of energy. Now the relation of energy level and bound orbits is as 
follows:

Here the curve fh(�,L) = L2

2
 also the same as the energy curve Ch and also define as 

h1 = −F1

(

N3,4

)

, h2 = −F2

(

N5,6

)

.
Based on the aforementioned assumption, traveling-wave solutions are obtained for 

Eq. (4). The subsequent subsection examines wave propagation as described in Eq. (4).
3.1 For ℑ2ℑ3 < 0,−

ℑ2

ℑ1

> 0 , the periodic, solitary wave solutions are illustrated under 
the conditions ℑ2ℑ3 < 0,−

ℑ2

ℑ1

> 0 , and h1 < 0.
For h = 0 , a proportionate homoclinic orbit intersects at N0 and the function 

fh(�,L) = L2

2
 and Fh(𝔘) =

ℑ4

6ℑ1

𝔘6 +
ℑ2

2ℑ1

𝔘2 +
ℑ3

4ℑ1

𝔘4 + h demarcated in (�,L) – plane 
as:

where 𝔄1,2 =
±
√

9ℑ2

3
−48ℑ2ℑ4−3ℑ3

4ℑ4

,�1 > 0 > �2,
From Eq. (9) and the first Eq. (8),

After integrating, we get the following solution:

} ∈ ℝ,C} = (�,L) ∈ ℝ ×ℝ ∶ H(�,L) = h

Fh(𝔘) =
ℑ4

6ℑ1

𝔘6 +
ℑ2

2ℑ1

𝔘2 +
ℑ3

4ℑ1

𝔘4 + h

(11)L = ±

√

ℑ4

3ℑ1

𝔘2(𝔄1 −𝔘2)(𝔄2 −𝔘2)

d𝔘

dΞ
= ±

√

ℑ4

3ℑ1

𝔘2(𝔄1 −𝔘2)(𝔄2 −𝔘2)
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Then the orbit represents the solitary wave solutions as:

For the parameters ℑ1 =
1

3
,ℑ2 = −1,ℑ3 =

1

3
,ℑ4 = 1, ⇕= � = 1 , the obtained solu-

tion, Eq. (10) has the following form:

For the parameters ℑ1 =
1

3
,ℑ2 = −1,ℑ3 =

1

3
,ℑ4 = 1, m = n = 1 , the solution form 

|

|

�1
|

|

 , and |
|

L1±
|

|

 is same and presents the solitary wave solution shown in Fig. 5.
2. For h ∈ (h1, 0) , subsequently, we observe that the homoclinic orbit possesses two 

center points, N3 and N4 , which are encircled by two families of periodic orbits, and it is 
delineated on the (�,L)-Plane as:

where 0 < �1 < N2

3,4
 , �� = �1 +

3J3

2J4

,�3 > �1 > 0 > �2,�2,3 =
±

√

��2−4
(

���1+
3J2
J4

)

−��

2

From the Eq.  (12) and the first equation of Eq.  (8), we get the following periodic 
solution:

𝔘1(Ξ) = ±

⎡

⎢

⎢

⎢

⎣

𝔄1𝔄2sech
2
�

Ξ
�

−
ℑ4

3ℑ1

𝔄1𝔄2

�

𝔄2 −𝔄1tanh
2
�

Ξ
�

−
ℑ4

3ℑ1

𝔄1𝔄2

�

⎤

⎥

⎥

⎥

⎦

1

2

(12)L1± = ±

⎡

⎢

⎢

⎢

⎣

𝔄1𝔄2sech
2
�

�

�x − \t
�

�

−
ℑ4

3ℑ1

𝔄1𝔄2

�

𝔄2 −𝔄1tanh
2
�

�

�x − \t
�

�

−
ℑ4

3ℑ1

𝔄1𝔄2

�

⎤

⎥

⎥

⎥

⎦

1

2

(13)�

�

L1±
�

�

= ±

⎡

⎢

⎢

⎢

⎣

3sech2
�
√

3(x − t)
�

2 −
3

2
tanh2

�
√

3(x − t)
�

⎤

⎥

⎥

⎥

⎦

1

2

(14)L = ±

√

ℑ4

3ℑ1

(𝔅1 −𝔘2)(𝔘2 −𝔅2)(𝔅3 −𝔘2)

Fig. 5   Physical nature of |
|

L1
|

|
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This is a Jacobi solution and enclosed the critical points N1 , and N2 and the parameters 

ℭ2 = ±
√

ℑ4

3ℑ1

𝔅3

(

𝔅1−𝔅2

)

,K2 =

√

𝔅2(𝔅1−𝔅3)
𝔅3(𝔅1−𝔅2)

.

Then the orbit represents the solitary wave solutions as:

Equation  (14) represents the periodic wave solution. For 
ℑ1 = −1,ℑ2 = 1,ℑ3 = 6,ℑ4 = −1, m = n = 1 , the solutions (13) and (14) same, and the 
illustration of the periodic solutions of �2 and L2 in Fig. 6.

3. If h > 0 , then, we see that three equilibrium points, N0,N3,4 , are surrounded by an aperi-
odic orbit. When �1 < �1 < �2 , The answers for periodic waves can be written as:

where ℭ3 = ±
√

ℑ4B2

3ℑ1

(−𝔉1 +𝔉3),𝔉2,3 =
−𝔉̃±

√

𝔉̃2−4
(

𝔉̃𝔉1+
3ℑ2

ℑ4

)

2
,K3 =

√

�1(−�2+�3)
�2(−�1+�3)

,�� = �1 +
3J3

2J4

,�2 < �3 < 0 < �1.
For ℑ1 =

1

3
,ℑ2 = −1,ℑ3 =

1

3
,ℑ4 = 1, m = n = 1 , the nature of the periodic wave of 

Eq. (15) is illustrated in Fig. 7.
If �1 > 𝜌2 , the nature of periodic wave can be expressed by:

where 𝔉4 =
3ℑ3

2ℑ4

+𝔉1,𝔉5 = 𝔉2

1
+

3ℑ2

ℑ4

+
3ℑ3

2ℑ4

𝔉1 , ℭ4 = ±
√

ℑ4

3ℑ1

[

𝔉5(𝔉
2

1
+𝔉5 +𝔉4𝔉1)

]
1

4 , 

K4 =

⎡

⎢

⎢

⎣

2−
2�5+�4�1

√

�5(�2
1
+�5+�4�1)

⎤

⎥

⎥

⎦

1
2

2

 , 
O1,2 =

√

�5 ±
�

�2

1
+�5 +�4�1

.

(15)𝔘2 =

[

ℑ1ℑ3

𝔅3 +
(

𝔅3 −𝔅1

)

cn2(Ξℭ2,K2)

]
1

2

(16)L2± = ±

[

ℑ1ℑ3

𝔅3 +
(

𝔅3 −𝔅1

)

cn2((⇕ x − �t)ℭ2,K2)

]
1

2

(17)L3± = ±

[

𝔉2𝔉3

𝔉2 +
(

𝔉3 −𝔉2

)

cn2(ℭ3(⇕ x − �t),K3)

]
1

2

(18)�

�

L4±
�

�

= ±

�

𝔉1

√

B5cn
�

2ℭ4(⇕ x − �t), k4
�

+𝔉1

√

𝔉5

O1 +O2cn
�

2ℭ4(⇕ x − �t),K4

�

�

1

2

Fig. 6   Physical nature of L2



	 International Journal of Theoretical Physics          (2026) 65:212   212   Page 10 of 18

For ℑ1 =
1

3
,ℑ2 = −1,ℑ3 =

1

3
,ℑ4 = 1, m = n = 1 , then the solution Eq.  (16) pre-

sented the nature of periodic wave solution shown in Fig. 8.
3.2 When ℑ2ℑ4 < 0,−

ℑ2

ℑ1

< 0

For ℑ1ℑ2 < 0,−
ℑ2

v1
< 0, h2 > 0 the solitary waves are discussed. When h = h2 We 

note that two symmetric heteroclinic orbits overlap at the saddle points.
N5,6 and defined in (�,L)-plane, the expressions of the heteroclinic orbits are given 

as:

where ℑ1 =
−J3+

√

Δ

2J4

 , ℑ2 =
−J3−2

√

Δ

2J4

,ℑ1 > 0 > ℑ2.
From the Eq. (17) and the first Eq. (8), we get the following solution:

For ℑ1 = −1,ℑ2 = −
1

4
,ℑ3 = 1,ℑ4 = 3, m = n = 1 , the solution Eq.  (18) presented 

the nature of solitary wave in Eq. (18) is shown in Fig. 9.
When h ∈ (0, h2) , There is a periodic orbit that surrounds a center pointN0 , which is 

inside the heteroclinic orbits, defined in (�, L)-plane as:

(19)L = ±

√

−
ℑ4

3ℑ1

(

ℑ1 −𝔘2
)2
(ℑ2 −𝔘2)

(20)L5± = ±

⎡

⎢

⎢

⎢

⎣

−ℑ1ℑ2tanh
2
�

(⇕ x − �t)
�

−
ℑ4

3ℑ1

(ℑ1 −ℑ2)
�

ℑ1sech
2
�

(⇕ x − �t)
�

−
ℑ4

3ℑ1

�1(ℑ1 −ℑ2)
�

−ℑ2

⎤

⎥

⎥

⎥

⎦

1

2

Fig. 7   Physical nature of L3

Fig. 8   Physical nature of L4
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where,0 < �2 < �1 �̃ =
3J3

2J4

+�1,�3 > �1 > 0 > �2,�2,3 =
−��±

√

��2−4
(

���1+
3J2
J4

)

2
.

From the Eq. (19) and the first Eq. (8), we get the following solution:

where ℭ1 = ±
√

−
ℑ4

3ℑ1

𝔎3(𝔎1 −𝔎2),K1 = ±
√

�1(�3 −�2)∕�3(�1 −�2).
For ℑ1 = −

7

3
,ℑ2 = −

25

12
,ℑ3 = 4,ℑ4 = 7, m = n = 1 , then the solution (20) represents 

the nature of periodic wave in Eq. (20) is shown in Fig. 10.
3.3 Forℑ2

3
=

16

3
ℑ2ℑ4 > 0,−

ℑ2

ℑ1

> 0,ℑ3ℑ4 < 0.

(1)	 If h = h2 = 0 , the heteroclinic orbits interconnect at saddle points N0,N5,6 and defined 
in (�,L)-plane as:

	   From Eq. (21) and the first Eq. (8), we get the kink-type wave solution by integrating 
this substitution.

(21)L = ±

√

−
ℑ4

3ℑ1

(𝔘2 −𝔎2)
(

𝔎1 −𝔘2
)

(𝔘2 −𝔎3)

(22)|

|

L6±
|

|

= ±

[

−𝔎1𝔎2sn
2
(

L1(⇕ x − �t),K1

)

𝔎1cn
2
(

ℭ1(⇕ x − �t),K1

)

− q2

]
1

2

(23)L = ±

√

−
ℑ4

3ℑ1

𝔘2

(

𝔘2 −
3ℑ3

4ℑ4

)2

Fig. 9   Physical nature of L5

Fig. 10   Physical nature of L6
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	   For ℑ1 =
1

3
,ℑ2 = −1,ℑ3 =

1

3
,ℑ4 = 1,m = n = 1 , the solution (22) represents the 

nature of kink wave and anti-kink wave in Fig. 11, Fig. 12 respectively.
(2)	 If (h1, 0) , the equilibrium points N3,4 are inside into homoclinic orbits, and surrounded 

by two families of periodic orbits. The periodic wave can therefore be written as:

where ℭ5 = ±
√

−
J4

3J1

𝔏2(𝔏3 − 𝔏1),K5 = ±
√

�3(�2 − �1)∕�2(�3 − �1)

,�3 > �2 > �1 > 0.
	   Under suitable parameter conditions, the solutions L8± are equivalent to L4± . We dis-

regard the particulars as we can derive analogous results from the reasoning presented 
in Sub Sections. 3.4 and 3.5.

(24)�

�

L7±
�

�

= ±

⎡

⎢

⎢

⎣

−
3ℑ3

8ℑ4

⎛

⎜

⎜

⎝

1 ± tanh

⎛

⎜

⎜

⎝

�

�x − \t
�

�

−
ℑ2

2ℑ1

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

1

2

(25)|

|

L8±
|

|

= ±

[

�1�2

�1 +
(

�2 − �1

)

cn2
(

�5(⇕ x − �t),K5

)

]
1

2

Fig. 11   Physical nature of L7+

Fig. 12   Physical nature of L7−
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3.4 When ℑ2

3
>

16

3
ℑ2ℑ4 > 0,−

ℑ2

ℑ1

> 0,ℑ3ℑ4 < 0.

(1)	 If h = 0 , At the saddle pointN0 , two symmetric homoclinic orbits intersect. The solution 
match those in Eq. (16).

(2)	 If h = h2 , at the saddle points N5 and N6 , two heteroclinic orbits intersect. The answers 
match those in Eq. (10).

(3)	 If h ∈ (h1, 0) within the homoclinic orbits, there are two families of periodic orbits. 
The answers are identical to those found in Eq. (18).

(4)	 If h ∈ (h2, 0) The equilibrium points N0,N3 and N4 are inside a periodic orbit. The 
answers match those in Eq. (20).

3.5 For 0 < 4ℑ2ℑ4 < ℑ2

3
<

16

3
ℑ2ℑ4,−

ℑ2

ℑ1

> 0,ℑ3ℑ4 < 0.

(1)	 If h = h2 , then a pair of symmetric homoclinic loops converge at the saddle equilibria 
N5 and N6 . The solutions are the same as Eq. (10).

(2)	 If h ∈ (h1, h2) , then two families of periodic trajectories lie within the homoclinic loops, 
and their forms coincide with the solutions given in Eq. (18).

4 � Modulation Instability

In this section of the study, we examine the stability of the LGH model using linear stabil-
ity analysis. Let us assume the ensuing disturbed solution of the LGH model. The steady-
state solution is:

Here K signifies the steady-state solution related to Eq.  (4). By inserting Eq.  (24) in 
Eq. (4), we obtain the following expression:

Linearize,

The solution that follows is derived from the equation shown:

Here, � is employed to represent the normalized wave number, and v pertains to the fre-
quency related to the disturbance. Now insert Eq. () into Eq. () then we get,

Here by introducing steady-state solution with weak disturbance and performing linear 
stability analysis, the conditions under which the perturbation grows or decays can be iden-
tified. If a𝛿2 + b + 3K2c + 6pK4 > 0 , the perturbation frequency becomes complex and the 
disturbance exponentially growth. This phenomenon is known as modulation instability. 

(26)W = K + ru(x, t)

(27)ru(x, t)tt + au(x, t)xx + b(K + ru(x, t)) + c(K + ru(x, t))3 + p(K + ru(x, t))5 = 0

(28)u(x, t)tt + au(x, t)xx + bu(x, t) + 3cK2u(x, t) + 6pK4u(x, t) = 0

(29)u(x, t) = ei(�x−vt)

(30)
v2 + a�2 + b + 3K2c + 6pK4 = 0

v =

√

−
(

a�2 + b + 3K2c + 6pK4
)
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Physically, MI describes the transfer of energy from a uniform wave background to local-
ized structures, causing the breakup of a continuous wave into a train of localized pulses. 
Such behavior is closely related to the formation of solitons, breathers, rogue waves, and 
other nonlinear coherent structures. The gain spectrum shown in Fig. 13 characterizes the 
growth rate of unstable perturbations and identifies the frequency bands where instability is 
strongest. Therefore, the modulation instability analysis not only determines the stable and 
unstable operating regimes of the LGH model but also explains the underlying mechanism 
responsible for the emergence of localized nonlinear wave patterns in nonlinear media.

5 � Comparison, Limitations, and Future Scope

In this section, we study the comparison of our findings with published work and present 
the limitations of this study. We also present the future scope of the study and how to over-
come the limitations.

Comparison:
The generalized form of the proposed model was studied by Chen [10], who applied 

an extended method to obtain explicit and exact solutions, including bell-shaped, solitary-
wave, kink-shaped, and periodic waves.

In the present studies, we explore the system’s dynamics, with a particular emphasis 
on bifurcation theory to elucidate shifts in the qualitative attributes of the solutions. The 
bifurcation analysis successfully illustrated the emergence and disappearance of equilib-
rium points, limit cycles, and soliton formation across a range of parameter settings. Phase 
portraits and Hamiltonian formulations provided a deep understanding of the model’s non-
linear dynamics, clearly illustrating how parameter fluctuations influence the evolution of 
wave patterns. The investigation of heteroclinic and homoclinic orbits produced a wide 
spectrum of precise wave solutions, encompassing bright periodic waves, kink and anti-
kink waves, bright and dark bell-shaped waves, and solitary waves. But many researchers 
investigated the soliton solutions of diverse NLEEs using different methods like unified 
[32], auxiliary equation and the improved F-expansion [33], new extended algebraic equa-
tion [34], Sardar sub-equation [35], generalized multivariate exponential rational integral 

Fig. 13   Gain Spectrum of 
Eq. (27)
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function [36] methods. Those methods solved the NLEEs with the help of auxiliary equa-
tions and takes the predefined solutions from the auxiliary equation. Otherwise, our applied 
method, investigated the solution directly without help of auxiliary equation or any prede-
fined solutions. The obtained solution are explained the dynamical nature of the system.

Limitations:
The limitations of this study are:

•	 This work has a limitation in exploring the specific form of the GNLEEs and may not 
be directly applicable to all nonlinear wave models.

•	 The bifurcation analysis was performed only on the system’s parameters, not external 
terms such as chaotic nature, damping effect, and external disturbance.

•	 The modulation instability (MI) analysis was restricted to small-amplitude perturba-
tions and may not fully describe strongly nonlinear or turbulent wave dynamics.

•	 This study investigated the theoretical and computational analysis for the proposed 
model; experimental validation of the predicted bifurcation structures, wave solutions, 
and stability characteristics was not performed.

Future Scopes:
In future we investigate multidimensional iterations of the model to analyze intricate 

wave phenomena, such as vortices, rogue waves, and pattern generation; Analyze the inter-
action, collision dynamics, and long-term evolution of the derived solitary wave solutions 
under diverse physical conditions; Broaden the modulation instability analysis to encom-
pass higher-order disturbances and the nonlinear phases of instability progression; Exam-
ine the effects of stochastic disturbances, external forces, and heterogeneous media on the 
stability and bifurcation properties of the system. Conduct an extensive parameter-space 
study to uncover supplementary bifurcation structures, chaotic regimes, and transition pro-
cesses among various dynamical states.

6 � Conclusion

This investigation provides a comprehensive analysis of the dynamical characteristics of 
a generalized nonlinear evolution equation (GNLEE) relevant to superconductivity, stable 
ion-cyclotron waves in nonhomogeneous plasma, and drift cyclotron waves. Employing 
both analytical and numerical approaches, the study explored the system’s dynamics, with 
a particular emphasis on bifurcation theory to elucidate shifts in the qualitative attributes 
of the solutions. The bifurcation analysis successfully illustrated the genesis and disappear-
ance of equilibrium points, limit cycles, and soliton formations across a range of parametric 
settings. Phase portraits and Hamiltonian formulations provided a deep comprehension of 
the model’s nonlinear dynamics, clearly illustrating the influence of parameter fluctuations 
on the evolution of wave patterns. The investigation of heteroclinic and homoclinic orbits 
produced a wide spectrum of precise wave solutions, encompassing bright periodic waves, 
kink and anti-kink waves, bright and dark bell-shaped waves, and solitary waves. These 
solutions underscore the considerable dependence of wave morphology on the underlying 
nonlinear interactions and energy distributions. Thus, an analysis of modulation instabil-
ity (MI) was performed to assess the amplification of small-amplitude field fluctuations. 
The MI findings clarify the origin of localized structures, such as solitons, domain walls, 
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and vortices, highlighting the importance of nonlinear interactions in determining stabil-
ity regions. In conclusion, the results confirm the effectiveness of the proposed analytical 
framework in precisely depicting complex nonlinear behaviors, thereby offering valuable 
insights into wave dynamics in optical, quantum, plasma, and cosmological domains.
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