
D
E
 G
R
U
Y
T
E
R

I
J
N
S
N
S
 2
0
1
7
;
 1
8(
5)
: 
3
9
5
-
4
0
1

Ö
m
e
r

 Ü
ns

al
*,

 W
e
n
-
X
i
u
 M
a
 a
n
d

 Y
u
j
u
a
n
 Z
h
a
n
g

M
u
l
t
i
p
l
e
-
W
a
v
e
 S
o
l
u
t
i
o
n
s
 t
o
 G
e
n
e
r
a
l
i
z
e
d
 B
i
l
i
n
e
a
r

E
q
u
a
t
i
o
n
s
 i
n 
T
e
r
m
s

 o
f

 H
yp
er
bo
li
c 
a
n
d

Tr
ig
on
om
et
ri
c 
S
o
l
u
t
i
o
n
s

D
O
I

 1
0
.
1
5
1
5
/
i
j
n
s
n
s
-
2
0
1
5
-
0
1
2
7

Re
ce

iv
ed

 A
u
g
u
s
t
 2
8
,
 2
0
1
5
;
 a
c
c
e
p
t
e
d
 M
a
y

 2
5
,
 2
0
1
7

A
b
s
t
r
a
c
t
:

 T
h
e
 
l
i
n
e
a
r
 s
u
p
e
r
p
o
s
i
t
i
o
n
 p
r
i
n
c
i
p
l
e
 i
s
 a
p
p
l
i
e
d
 
t
o

hy
pe

rb
ol

ic
 a
n
d
 
tr
ig
on
om
et
ri
c 
f
u
n
c
t
i
o
n
 
s
o
l
u
t
i
o
n
s
 
t
o
 
g
e
n
-

e
r
a
l
i
z
e
d
 
bi
li
ne
ar

 
e
q
u
a
t
i
o
n
s
.
 
W
e

 
d
e
t
e
r
m
i
n
e
 
s
u
f
f
i
c
i
e
n
t
 
a
n
d

n
e
c
e
s
s
a
r
y

 c
o
n
d
i
t
i
o
n
s

 f
o
r
 t
h
e
 
ex

is
te

nc
e 
o
f

 l
in

ea
r 
s
u
b
s
p
a
c
e
s

of
 
h
y
p
e
r
b
o
l
i
c
 
a
n
d
 
tr
ig
on
om
et
ri
c 

f
u
n
c
t
i
o
n
 
s
o
l
u
t
i
o
n
s
 
t
o

g
e
n
e
r
a
l
i
z
e
d
 
bi

li
ne

ar
 
eq
ua
ti
on
s.
 
B
y
 
us

in
g 
w
e
i
g
h
t
s
,
 
t
h
r
e
e

e
x
a
m
p
l
e
s
 
a
r
e
 
g
i
v
e
n

 t
o
 
s
h
o
w

 a
pp

li
ca

bi
li

ty
 
o
f

 o
u
r
 
th

eo
ry

.

K
e
y
w
o
r
d
s
:
 

g
e
n
e
r
a
l
i
z
e
d
 

bi
li

ne
ar
 

e
q
u
a
t
i
o
n
s
,
 

N
-
w
a
v
e

so
lu

ti
on

, 
l
i
n
e
a
r
 s
up
er
po
si
ti
on

 
p
r
i
n
c
i
p
l
e

P
A
C
S
®

 (
20

10
).

 0
2
.
3
0
.
I
k
,
 
02

.3
0.

Jr
, 
0
2
.
7
0
.
W
z

1
 
I
n
t
r
o
d
u
c
t
i
o
n

It
 i
s 
i
m
p
o
r
t
a
n
t
 t
o
 s
e
e
k
 e
x
a
c
t
 s
o
l
u
t
i
o
n
s
 
t
o
 n
o
n
l
i
n
e
a
r
 d
if

fe
r-

e
n
t
i
a
l
 
e
q
u
a
t
i
o
n
s
 
o
f

 m
a
t
h
e
m
a
t
i
c
a
l

 p
h
y
s
i
c
s
.
 
E
x
a
c
t
 
s
o
l
u
t
i
o
n
s

pl
ay

 a
 v
i
t
a
l
 r
o
l
e
 i
n
 
u
n
d
e
r
s
t
a
n
d
i
n
g

 v
a
r
i
o
u
s
 q
ua
li
ta
ti
ve

 a
n
d

q
u
a
n
t
i
t
a
t
i
v
e
 f
e
a
t
u
r
e
s
 
o
f
 n
o
n
l
i
n
e
a
r
 p
h
e
n
o
m
e
n
a
 t
h
a
t
 n
o
n
-

l
i
n
e
a
r
 e
q
u
a
t
i
o
n
s
 d
e
s
c
r
i
b
e
.
 
T
h
e
r
e

 a
r
e
 m
a
n
y

 k
i
n
d
s
 o
f

 e
x
a
c
t

s
o
l
u
t
i
o
n
s

 s
u
c
h

 a
s
 
pe

ri
od

ic
 s
ol
ut
io
ns
,  
tr
av
el
li
ng

 w
a
v
e
 
s
o
l
u
-

ti
on
s,

 
so

li
to

n 
so
lu
ti
on
s,

 
a
n
d
 
co
mp
le
xi
to
n 
s
o
l
u
t
i
o
n
s
.
 
T
h
e

e
x
i
s
t
e
n
c
e
 
o
f

 t
h
o
s
e
 
s
o
l
u
t
i
o
n
s
 
h
e
l
p
s

 u
s

 t
o
 
e
x
p
l
o
r
e

 i
nt
eg
ra
bi
l-

it
y 
o
f

 g
i
v
e
n
 n
on
li
ne
ar

 d
if
fe
re
nt
ia
l 
e
q
u
a
t
i
o
n
s
 [
1-

9]
.

T
h
e
 H
i
r
o
t
a
 b
il

in
ea

r 
m
e
t
h
o
d
 i
s 
a
 v
e
r
y
 e
f
f
i
c
i
e
n
t
 w
a
y

 t
o

in
ve
st
ig
at
e 
in

te
gr

ab
il

it
y 
o
f
 
di

ff
er

en
ti

al
 
eq
ua
ti
on
s,
 
a
n
d
 i
t

is
 
a
p
p
l
i
e
d
 t
o
 m
a
n
y
 i
n
t
e
g
r
a
b
l
e
 e
q
u
a
t
i
o
n
s
 
t
o
 
s
e
a
r
c
h
 f
o
r
 N
-

so
li

to
n 
s
o
l
u
t
i
o
n
s
 
[1
0-
12
].
 
O
n

 
o
n
e
 
h
a
n
d
,

 t
h
e
 
e
x
i
s
t
e
n
c
e
 
o
f

N
-
s
o
l
i
t
o
n
 
s
o
l
u
t
i
o
n
s
 
o
f
t
e
n
 i
m
p
l
i
e
s
 t
h
e
 i
nt
eg
ra
bi
li
ty

 o
f
 d
if

-

fe
re
nt
ia
l 
e
q
u
a
t
i
o
n
s
 
b
y
 q
ua

dr
at

ur
es

. 
O
n
 
t
h
e
 
o
t
h
e
r
 
h
a
n
d
,

b
i
l
i
n
e
a
r
 
e
q
u
a
t
i
o
n
s
 
a
r
e
 
t
h
e
 
n
e
a
r
e
s
t
 
ne
ig
hb
or
s 

t
o
 
li

ne
ar

e
q
u
a
t
i
o
n
s
 
a
n
d
 
a
r
e
 
ex
pe
ct
ed

 
t
o
 
h
a
v
e
 
f
e
a
t
u
r
e
s
 
s
i
m
i
l
a
r
 
t
o

t
h
o
s
e
 
o
f
 
l
i
n
e
a
r
 
e
q
u
a
t
i
o
n
s
.
 
I
n
 
[1

3]
, 

l
i
n
e
a
r
 
s
u
p
e
r
p
o
s
i
t
i
o
n

p
r
i
n
c
i
p
l
e
s
 
o
f

 h
y
p
e
r
b
o
l
i
c

 a
n
d
 
t
r
i
g
o
n
o
m
e
t
r
i
c

 f
u
n
c
t
i
o
n
s
 s
o
l
u
-

ti
on
s 

t
o
 
H
i
r
o
t
a
 
bi
li
ne
ar
 
e
q
u
a
t
i
o
n
s
 
w
e
r
e
 
a
n
a
l
y
z
e
d
 
a
n
d

sp
ec

if
ic
 
cl

as
se

s 
o
f
 N
-s
ol
it
on

 
so
lu
ti
on
s
 
w
e
r
e
 
c
o
n
s
t
r
u
c
t
e
d
,

u
p
o
n

 f
ol
lo
wi
ng

 s
t
u
d
i
e
s
 
o
n
 l
in

ea
r 
su
pe
rp
os
it
io
n 
pr
in
ci
pl
es

[1
4,
 1

5]
. 
Re

ce
nt

ly
, 
H
i
r
o
t
a
 d
e
r
i
v
a
t
i
v
e
s
 w
e
r
e
 g
en

er
al

iz
ed

 b
y

a
d
o
p
t
i
n
g
 
a
 
n
e
w

 w
a
y
 
o
f

 a
ss
ig
ni
ng

 
sy

mb
ol

s 
f
o
r
 
de

ri
va

ti
ve

s

[1
6,
 1

7]
. 
A
s
 a

 r
es

ul
t,

 b
i
l
i
n
e
a
r
 e
q
u
a
t
i
o
n
s
 h
a
v
e
 b
e
e
n
 g
e
n
e
r
-

a
l
i
z
e
d
 
w
i
t
h
 
t
h
e
 
a
i
d
 
o
f
 t
h
e
s
e
 
n
e
w
 
de

ri
va

ti
ve

s.
 
Af

te
r 

th
at
,

d
e
r
i
v
a
t
i
v
e
s
 a
n
d
 
b
i
l
i
n
e
a
r
 
e
q
u
a
t
i
o
n
s
 w
e
r
e
 
ge

ne
ra

li
ze

d 
f
u
r
-

t
h
e
r
 
[1

8]
, 
b
y
 
e
m
p
l
o
y
i
n
g
 
t
w
o
 
n
u
m
b
e
r
s
 
th
at
 
a
r
e
 
u
s
e
d
 
t
o

d
e
t
e
r
m
i
n
e
 s
ig
ns
.

I
n

 t
h
i
s
 
ar
ti
cl
e,

 w
e
 
a
n
a
l
y
z
e
 
l
i
n
e
a
r
 s
up
er
po
si
ti
on

 p
ri
n-

ci
pl
e 

f
o
r
 
g
e
n
e
r
a
l
i
z
e
d
 
b
i
l
i
n
e
a
r
 
e
q
u
a
t
i
o
n
s
,
 
fo

cu
si

ng
 
o
n

h
y
p
e
r
b
o
l
i
c
 a
n
d

 t
r
i
g
o
n
o
m
e
t
r
i
c
 f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s
.
 W
e

 w
i
l
l

i
n
t
r
o
d
u
c
e
 
a
 
cr
it
er
io
n,
 
b
e
i
n
g
 
su

ff
ic

ie
nt
 
a
n
d
 
n
e
c
e
s
s
a
r
y
,

f
o
r
 
t
h
e
 
l
i
n
e
a
r
 
s
u
p
e
r
p
o
s
i
t
i
o
n
 
p
r
i
n
c
i
p
l
e
 o
f
 h
y
p
e
r
b
o
l
i
c
 a
n
d

t
r
i
g
o
n
o
m
e
t
r
i
c
 f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s
 
t
o
 h
o
l
d
.
 T
h
i
s
 c
r
i
t
e
r
i
o
n
 i
s

b
a
s
e
d
 o
n
 a
n

 e
q
u
a
l
i
t
y
 e
st
ab
li
sh
ed

 i
n
 [
18

] 
a
n
d
 a
ls
o 
pr

ov
id

es

a
 w
a
y

 o
f

 f
in

di
ng

 
N
-
w
a
v
e
 
s
o
l
u
t
i
o
n
s
 
t
o

 t
h
e
 
g
i
v
e
n
 
g
e
n
e
r
a
l
i
z
e
d

b
i
l
i
n
e
a
r

 e
q
u
a
t
i
o
n
s
.

T
h
e
 a
rt
ic
le
 
is
 
o
r
g
a
n
i
z
e
d
 
a
s
 
fo
ll
ow
s.

 
I
n
 
S
e
c
t
i
o
n
 2
,
 w
e

st
ud
y 

su
ff

ic
ie

nt
 
a
n
d
 
n
e
c
e
s
s
a
r
y
 
co

nd
it

io
ns

 
t
o
 
g
u
a
r
a
n
t
e
e

t
h
e
 e
x
i
s
t
e
n
c
e
 o
f
 l
i
n
e
a
r
 s
u
b
s
p
a
c
e
s
 
o
f

 h
y
p
e
r
b
o
l
i
c
 a
n
d
 t
r
i
g
o
-

n
o
m
e
t
r
i
c
 f
u
n
c
t
i
o
n
 
s
o
l
u
t
i
o
n
s
 t
o
 
g
e
n
e
r
a
l
i
z
e
d
 
b
i
l
i
n
e
a
r
 
e
q
u
a
-

ti
on
s.

 
I
n

 S
e
c
t
i
o
n

 3
,

 a
 f
e
w

 i
ll
us
tr
at
iv
e 
e
x
a
m
p
l
e
s
 
w
i
l
l

 b
e

 g
i
v
e
n

t
o
 
c
o
n
s
t
r
u
c
t
 
N
-
w
a
v
e
 
so

lu
ti

on
s 
a
n
d
 
t
o
 
s
h
o
w
 
t
h
e
 
ef
fe
ct
iv
e-

n
e
s
s
 
o
f
 
t
h
e
 
l
i
n
e
a
r
 
s
u
p
e
r
p
o
s
i
t
i
o
n
 
p
r
i
n
c
i
p
l
e
 
es
ta
bl
is
he
d 

i
n

th
e 
p
r
e
v
i
o
u
s
 
s
e
c
t
i
o
n
.
 
Fi
na
ll
y,
 
s
o
m
e
 
c
o
n
c
l
u
s
i
o
n
s
 
w
i
l
l
 b
e

p
r
o
v
i
d
e
d
.

*C
or
re
sp
on
di
ng

 a
ut

ho
r:

 Ö
m
e
r

 Ü
ns
al
, 
Es

ki
şe

hi
r 
O
s
m
a
n
g
a
z
i

Un
iv
er
si
ty
, 
D
e
p
a
r
t
m
e
n
t
 o
f

 M
a
t
h
e
m
a
t
i
c
s
 
-

 C
o
m
p
u
t
e
r
,
 2
6
4
8
0
,

Es
ki

şe
hi

r 
-

 T
ur

ke
y,

 E
-m

ai
l:

 o
un
sa
l@
og
u.
ed
u.
tr

W
e
n
-
X
i
u

 M
a
,
 
D
e
p
a
r
t
m
e
n
t
 o
f
 M
a
t
h
e
m
a
t
i
c
s
 
a
n
d
 S
ta
ti
st
ic
s,
 
Un

iv
er

si
ty

o
f

 S
o
u
t
h
 

l
o
r
i
d
a
 
T
a
m

o
f

 S
o
u
t
h
 
Fl

or
íd

a,
 T
a
m
p
a
,

 F
L
 
3
3
6
2
0
-
5
7
0
0
,
 
U
S
A
,

E-
ma

il
: 
m
a
w
x
@
c
a
s
.
u
s
f
.
e
d
u

p
u
s
s

Y
u
j
u
a
n
 
z
n
a
n
g
,
 
c
o
l
l
e
g
e
 o
r
 
w
a
y

Y
u
j
u
a
n
 
Z
h
a
n
g
,
 C
ol

le
ge

 o
f

 M
a
t
h
e
m
a
t
i
c
s

 a
n
d
 
St
at
is
ti
cs
, 
L
a
n
z
h
o
u

Un
iv
er
si
ty
, 
La
nz
ho
u,

 7
3
0
0
0
0
,
 C
H
I
N
A
,
 E
-m

ai
l:

 z
ha
ng
yu
j0
5@
12
6.
co
m

2
 
L
i
n
e
a
r
 s
u
p
e
r
p
o
s
i
t
i
o
n
 p
ri

nc
ip

le
s

L
e
t
 
u
s
 
b
e
g
i
n
 
w
i
t
h
 
a
 
bi

li
ne

ar
 
e
q
u
a
t
i
o
n
 
w
i
t
h
 
ge

ne
ra

li
ze

d

bi
li

ne
ar

 d
er
iv
at
iv
es
:

P
 (D

p 
D
p
m
 

D
x
D
x
)
f
.
f
=
0
,

B
r
o
u
g
h
t
 t
o

 y
o
u
 b
y
 | 
Br

it
is

h 
Li

br
ar

y 
D
o
c
u
m
e
n
t
 S
u
p
p
l
y

Au
th
en
ti
ca
te
d

D
o
w
n
l
o
a
d
 
D
a
t
e
 

| 1
/
1
6
/
1
8
 3
:
3
3
 P
M

(1
)



3
9
6
-
 
Ö
. Ü

n
s
a
l

 e
t al.: Multiple-Wave

 Solutions
D
E
 
G
R
U
Y
T
E
R

w
h
e
r
e
 P
i
s
 a

 polynomial
 o
f

 D
X
,

 w
h
e
r
e

 D
X
 
1
≤
i
s
m
,
1
s

1

=
&
c
h
n
;
=
&

j
s

 M
a
r
e

 generalized differential operators (18] defined by 
f

 =
 €f+€2f2+...

 +
 EN
I
N

 =
 

eichni =
 

1
2

i=1
i
1

(
D
x
&
)

 (x) 
=

 (D°p.p*)z+  g) (x) =
Σ1=0

(
)

 (x) (38) (x), n
≥
1
,

i
n

 w
h
i
c
h

 t
h
e

 p
o
w
e
r
s
 o
f

 a
s
 a
r
e
 just

 signs
 d
e
t
e
r
m
i
n
e
d
 b
y

a
=
(
-
1
)
s
)
,

 w
h
e
r
e
1

 =
 rs(1) m

o
d
s

 w
i
t
h
 0

 ≤rs(l)
 <
s
,

s
≥
1
,
 1
2

 0
.

(2)

(3)

(10)
w
h
i
c
h
 
i
s
 
a
 general

 linear
 c
o
m
b
i
n
a
t
i
o
n
 
o
f

 t
h
e
 hyperbolic

f
u
n
c
t
i
o
n
 
solutions.

 
T
h
e
 
following

 
identity

 
h
o
l
d
s
 
f
o
r

exponential
 f
u
n
c
t
i
o
n
s

 u
n
d
e
r

 generalized
 bilinear

 d
e
r
i
v
a
t
-

ives
 [18]:

P
(
D
x
D
m
i
 
D
D
m
м
)
e
.
e

=
 P

 (B1,1(i,
 ),....

 B,m(i,
 j);...

 BM,1(,),....
 Вм,m(i,1))

elitn,
 
1
s
i
,
j
≤
N
.

(11)

T
h
e
s
e
 derivatives

 
a
r
e
 f
u
r
t
h
e
r
 generalizations

 
o
f
 t
h
e
 g
e
n
-

eralized
 
d
e
r
i
v
a
t
i
v
e
s
 
in
 
[16,

 
17].

 
N
o
w
 
i
n
t
r
o
d
u
c
e
 
N
 
w
a
v
e

v
a
r
i
a
b
l
e
s
:

B
a
s
e
d
 
o
n

 e
q
.

 (11), w
e

 
c
a
n

 c
o
m
p
u
t
e

 that

P(D
 

D
 

D
D
a
)
f
.
f

n
 
=
 k
x

 
=
 k1,X1

 +
 k2,x2

 +... 
+

 k
M
,
X
M
,
 
1 ≤

i
≤
N
,

(4)
=

 P(PP,……
 
D
E
m
i
…
 
D
E
X
.
.
.

 Dpmズ)

a
n
d
 e
x
p
o
n
e
n
t
i
a
l

 w
a
v
e

 f
u
n
c
t
i
o
n
s

&chni
gchr

j
1

fi =
 e
l
i 
=

 ex1+k2,x2+...+kM,XM, 1
≤
i
s
N
,

(5)

w
h
e
r
e
 t
h
e
 
k
'
s
 
a
r
e
 r
e
a
l
 
c
o
n
s
t
a
n
t
s
.
 
H
e
r
e
,
 
a
 
w
a
v
e
-
r
e
l
a
t
e
d

v
e
c
t
o
r

 k
 a
n
d

 t
h
e
 d
e
p
e
n
d
e
n
t

 v
a
r
i
a
b
l
e

 v
e
c
t
o
r

 x
 a
r
e

j-1

K
i
 

(K1,i, K2, 
.
.
.
, kM,i),

 1
≤
i
≤
N
,

 
x
=

 (X1, X2,
 ..., X

M
)
.
 

(6)

T
a
k
e
 
a
 l
i
n
e
a
r
 c
o
m
b
i
n
a
t
i
o
n

N

e
f

 =
 E
f
i
+

 &2√2+...+
 ENIN

 =
 

eifi =
 

&
e
,

−1

w
h
e
r
e

 &
,

 1
 ≤
i
≤
N
,

 a
r
e

 arbitrary
 c
o
n
s
t
a
n
t
s
.
 It

 is
 k
n
o
w
n

 [18]
t
h
a
t

 a
 linear

 c
o
m
b
i
n
a
t
i
o
n

 f
 o
f

 N
 e
x
p
o
n
e
n
t
i
a
l

 w
a
v
e
s

 solves

a
 
generalized

 bilinear
 e
q
.
 (1)

 if
 a
n
d
 o
n
l
y
 if

 the
 following

c
o
n
d
i
t
i
o
n

P
 (B1,(i, j),..., P,m(i, );...; BM,1(i,).....BM,m(i, j))
+
P

 (B1,1(J, 1),...
 

B
m
(
J
,

 1); ...;
 BM,1(J,

 1), .
.
,
 м,тJ,

 1)) =
 0,

1
s
i
s
j
≤
N
,

i
s
 s
a
t
i
s
f
i
e
d
 w
h
e
r
e

 Br,s(i, j) a
r
e
 d
e
f
i
n
e
d
 b
y

Br,s(i,j) =
 αps Kr,i +

 αpKr.j, 1
≤
r
≤
M
,
1
≤
s
s
m
.

2
.
1
 
L
i
n
e
a
r
 s
u
p
e
r
p
o
s
i
t
i
o
n
 principle

 o
f

hyperbolic
 f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s

W
e

 t
a
k
e

 fi =
c
h
n
i

 =
 
(
e
t
+
e
t
)
,

 1
≤
i

 ≤
 N
,

 a
s
 hyperbolic

f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s
 t
o
 e
q
.
 (1). C

o
n
s
i
d
e
r

(elt . el! + eli  . e nl +  elt , eli + eni . ey)
(7)

=
E
1
3
;

 [(P
 (Bi(i,j),

 
,
 
m
(
)
;
.
.
P
м
i
)

4
1
1
0

1sikjsN

(i, 1),...
 

BMm(i,j)

+
P

 (BL1(,
 1), .
 
P
m
 
0
;

B
M
 

)
,
.

 B
m
,

 ))
ehitni

(8)

+
 (P

 (Bi1(,
 -
)
,
.
.
.

 
B,m(

 -);.
 

BM,1(
 -
1
)
.
.
.
.

 M,m)
(i,-1)

+P
 (B,1(-], 1), 

.
. B
m
(
}

 D); .
-
;

 Bm1(],0),...
 BM,m))

(-j, i
)
e
i

(9)
+

 (P
 (B1(-4J),

 .
.
,

 B1,m(~i,
 D);.:

 
B
m
1
(
-
i
1
)
.
.
 

M.m)

(-i,j)

+
P
 (B1(,-1),....

 
B
m
l
,
-
)
;
.
:

 
Bм,G,

 -
1
)
,
.

 Вм,m))
(,-i)ehi+nj

+
 (P

 (B1,1(-i, -),
 .
.

 
P
m
(
-
i
,

 ~
)
;
 

. В
м
л
(
-
,

 -1)...
 

м,m)
(-i, -j)

+
P

 (B21(-),-1),
 .
B
m
(
1
D
;
.
.

 Bм.(-j,-1),
 ..,Pм,т))

(-j, -t)eh-h][

B
r
o
u
g
h
t
 t
o
 y
o
u
 b
y

 | 
British Library

 D
o
c
u
m
e
n
t
 S
u
p
p
l
y

A
u
t
h
e
n
t
i
c
a
t
o
d

A
u
t
h
e
n
t
i
c
a
t
e
d

D
o
w
n
l
o
a
d
 D
a
t
e
 [ 
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D
E
 G
R
U
Y
T
E
R

Ö.
 Ü
n
s
a
l
 e
t

 a
l.

: 
Mu

lt
ip

le
-W

av
e 
S
o
l
u
t
i
o
n
s
 

3
9
7

N

+
1

[P
 (

B1
,1

(i
, )

.
.
.
 

m(
i,

 );
..
. В
м
.
(
,

 1)
, .
.
.

 Вм
.м
)

4
s
i
S
N

(i
, i

)e
2h

i

+
P

 (B
1,

1(
i,

 -
i)

,.
..

, B
m(

i,
 -
1)
;.
..
: В
м.

(і
, 
-1
),

 .
.
.
.

 
BM
.m
(i
, -

i)
)

+
P

 (B
1,
1(
-i
, 

1)
, .
.
.
.

 PL
m(
-i
, i

);
 .
.
.

 Bм
.(

-i
, 
),

 ..
.,

 BM
.m

(-
i,

 
1)

)

+
P

 (B
1,
1(
-i
, -

1)
,.

..
. Bm
(-

i,
 -
1)
;.
..

 B
M,
(-
i,

 -1
),
..
..

 PM
.m

)
(-

i,
-)

e-
2n

i]

O
n
c
e

 w
e

 s
o
l
v
e

 t
h
e

 s
y
s
t
e
m

 e
q
.
 (
14
),

 t
h
e
n
 w
e

 c
a
n
 p
r
e
s
e
n
t
 a

 N
-

w
a
v
e

 
s
o
l
u
t
i
o
n
,
 f
o
r
m
e
d
 
b
y

 e
q
.

 (
10
),

 
t
o

 a
 g
en

er
al

iz
ed

 
b
i
l
i
n
e
a
r

e
q
u
a
t
i
o
n
.

2
.
2

L
i
n
e
a
r
 s
up

er
po

si
ti

on
 
pr

in
ci

pl
e 
o
f

t
r
i
g
o
n
o
m
e
t
r
i
c
 f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s

(1
2)

w
h
e
r
e

W
e
 
t
a
k
e
 f
i
=
 
c
o
s
n
i
 
=

(e
ni

 +
e-
In
i)
, 
1
 
≤
i
≤
 
N
,

 w
h
e
r
e

N
i
=

 k
x
,

 1
 
≤
i
≤
 
N
,

 I
 =

 
√
-
1
,

 a
s
 t
ri

go
no

me
tr

ic
 f
u
n
c
t
i
o
n

s
o
l
u
t
i
o
n
s

 t
o

 e
q
.
 
(1
).

 
C
o
n
s
i
d
e
r

Br
,s
(i
, j)

 =
 α
p

 K
r,
i +

 a
y!
Kr
.j

Br
,s

(i
, -

j)
 =

 α
ps

 Kr
,i

 -
 A
p

 K
r.
j

Br
.s

(-
i,

1)
 =
-
α
p
s

 Kr
.i

 +
 α
p
k
r
j

Br
,5

(-
i,

 -j
) 
=

 -
α
p
K
r
i

 -α
p
!
K
r
j

(1
3)

N

f
 =

 3
f
i

 +
 3
2√

2+
..

+ E
N
I
N

 =
&

 
er

 c
os

c
o
s

 n
i

(1
5)

F
r
o
m

 e
q
.
 (
12

),
 i
t 
i
s
 o
b
v
i
o
u
s

 t
h
a
t

 a
 l
i
n
e
a
r
 c
o
m
b
i
n
a
t
i
o
n
 f
u
n
c
-

t
i
o
n
 
f
 
o
f
 
t
h
e
 
N

 h
y
p
e
r
b
o
l
i
c
 
f
u
n
c
t
i
o
n

 s
o
l
u
t
i
o
n
s
 
fi
 
=
c
h
n
i
 
=

(e
ni

 +
e
h
i
)
,

 1
≤
i
≤

 N
,
 s
o
l
v
e
s

 t
he

 g
en
er
al
iz
ed

 b
il

in
ea

r 
e
q
.

(1
) i

f a
n
d

 o
n
l
y
 i

f t
h
e

 f
o
l
l
o
w
i
n
g
 c
o
n
d
i
t
i
o
n
s
:

P
 (B

1,
1(

i,
 j
),
..
..

 Bi
m(

i,
))

;.
..

; В
м(

і,
 j)

, .
..
, В

м,
т(
i,

 1)
)

+
P

 (
B1

1(
, i

),
..
.,

 B1
,m

(j
, 

i)
; .

.
.
;

 В
м.

(,
 i)

,.
..
, B
M.
m)

 
(,

 i)
 
=

 0
,

1
s
i
s
j
s
N
,

P
 (B

1,
1(

i,
 -1
),
..
..

 P.
m(

i,
 -
1)

;.
..

; 
Вм
.1
(і
, -

1)
, 
.
.
.
.

 Pм
.m
(i
, 
-1
))

+
P

 (
B1
(-
j,

 1)
,.
..
, B
,m

(-
j,

 i)
; .

..
; В
м,

(-
j,

 i)
, .
.
.
.

 
Вм

,т
(-

j,
 i)

)
=
 
0
,
1
≤
i
,
j
≤
N
,

P
 (
B1
(-
i,
-1
),

 .
..
. B1
,m
(-
i,

 -
);

 .
..

; 
Вм
,(
-і
, 

-1
),

 .
.
.
,

 Вм
,т

)

(−
í,

 −j
))

+
P

 (
B1
,1
(-
j,
-i
),

 .
.
.
,

 B
m
(
-
j
,

 -
i)
; 

..
.;

 В
м
(
-
j
,

 -1
),

 .
.
.
.

 Bм
,m
)

(-
j,

 -i
))

 =
 0
,
 1
s
i
≤
j
≤
N
,

a
r
e
 
sa
ti
sf
ie
d.

(1
4)

W
i
t
h
 
t
h
e
 
a
i
d
 
o
f
 t
hi
s 
r
e
s
u
l
t
,
 
w
e
 o
b
t
a
i
n
 t
h
e
 
fo
ll
ow
in
g

t
h
e
o
r
e
m
.

T
h
e
o
r
e
m
 2
.
1
:
 
L
e
t
 P
(x
1,
1,
..
Xm
,1
3.
..
 
XI

,M
,.

..
, 
Xm

,M
) 
b
e

 a
 p
ol

y-

n
o
m
i
a
l

 a
n
d

 t
h
e
 N

 w
a
v
e

 v
a
r
i
a
b
l
e
s

 b
e
 
d
e
f
i
n
e
d

 b
y

 n
 
=

 k
-
x
=

K1
,X
1 
+
 k
2
X
2

 +
 
..

 +
 K
M,

iX
M,

 1
 
≤
 i
≤
 
N
,
 w
h
e
r
e
 k
'
s
 a
r
e
 r
e
a
l

c
o
n
s
t
a
n
t
s
.
 T
h
e
n
 
a
n
y

 l
i
n
e
a
r
 c
o
m
b
i
n
a
t
i
o
n
 
o
f

 t
h
e

 h
y
p
e
r
b
o
l
i
c

f
u
n
c
t
i
o
n
 
so

lu
ti

on
s 

fi
 
=
c
h
n
i
(
e
l
i

 +
eh

i)
, 
1
 
≤
i
s
N
,

s
o
l
v
e
s
 
t
h
e
 
ge
ne
ra
li
ze
d 
bi

li
ne

ar
 
e
q
.
 
(1
) 

if
 
a
n
d
 
on

ly
 
if

 
t
h
e

s
y
s
t
e
m

 e
q
.

 (
14
) 
is

 s
at
is
fi
ed
.

一
总
時
(
+
)

w
h
i
c
h

 i
s 
a

 g
en

er
al

 l
in
ea
r 
c
o
m
b
i
n
a
t
i
o
n
 o
f

 t
h
e
 t
r
i
g
o
n
o
m
e
t
r
i
c

f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s
.
 
Si

mi
la

rl
y,

 a
 
l
i
n
e
a
r
 
c
o
m
b
i
n
a
t
i
o
n
 
f
u
n
c
-

t
i
o
n

 f
 o
f

 t
h
e
 N

 t
r
i
g
o
n
o
m
e
t
r
i
c
 f
u
n
c
t
i
o
n

 s
ol

ut
io

ns
 i
n
 e
q
.
 (
15

)

s
o
l
v
e
s
 
t
h
e
 
ge

ne
ra

li
ze

d 
bi
li
ne
ar
 
e
q
.
 
(1

) 
if
 
an
d 
o
n
l
y
 
if

 t
h
e

fo
ll
ow
in
g 
co
nd
it
io
ns
:

P
 (B

1,
1(
Ii
, I

j)
, 
.
.
.

 B1
,m

(I
i,

 Ij
);

 ..
.;

 В
м
(
,

 I)
),

 ..
.
,

 BM
,m
(l
i,

 IJ
))

+
P

 (B
1,
1(
j,

 
f)
,.
..
, P

1,
m(
lj
, I

i)
; 

..
.;

 BM
.1

(I
j,

 I
1)

,.
..

. B
M.

m(
lj

, 
Ii)

)
=
0
,
 
1
s
i
s
j
s
N
,

P
 (B

1,
1(

Ii
, -

Ij
),
..
..

 B1
,m

(I
i,

 -
Ij

);
 .
.

 В
м
(
,

 -
I)
,.
..
. B
M
m
)

(I
i,

 -
Ij
)

+
P

 (B
1,

1(
-I

j,
 I
),

 ..
.,

 B,
m(

-I
j,

 Ii
);

 ..
.;

 Вм
,(
-I
j,

 I
),
..
.,

 PM
,m

)
(-

Ij
, I

i)
 =

 0
, 
1
s
i
,
j
≤
N
,

P
 (B

1,
1(

-I
i,

 -I
),

..
.,

 B,
m(

-I
I,

 -
Ij

);
 ..

.;
 Вм

(-
I,

 -I
J)
, .

.
.
,

 BM
,m
)

(-
Ii

, 
-I

j)

+
P
 (
B1

,1
(-

Ij
, -
Ii

),
..

..
 

B1
,m
(-
],

 -
П)

; 
..

.;
 В
м
(
-
I
J
,

 -1
),

 ..
..

)
B
м
.
m
(
-
1
-
Ⅱ
ⅱ
)
 =
 0

, 
1 
≤
i
s
j
s
N
,

a
r
e
 
sa

ti
sf

ie
d.

 
N
o
t
e
 
t
h
a
t

(1
6)

Br
.s
(I
i,

 Ij
) 
=
 α
ps
Ik
ri

 +
 a
I
k
r
j

Br
,s

(I
i,

 -
Ij

) 
=

 α
pI
Kr
i

αp
IK

rj

Br
,s

(-
Ii

, I
j)
-A
p,
IK
r,
i 
+

 α
p 
IK

rj

Br
,s

(-
Ii

, 
-I

j)
 =

 -
αp
Ik
r,
i -

 α
pI

Kr
.j

, 
a
n
d

 I
=
√
-
1
.
 

(1
7)

T
h
i
s
 
t
h
e
o
r
e
m
 
te
ll
s 
w
h
e
n
 
a
 
l
i
n
e
a
r
 
s
u
p
e
r
p
o
s
i
t
i
o
n
 
o
f

h
y
p
e
r
b
o
l
i
c

 f
un

ct
io

n 
s
o
l
u
t
i
o
n
s
 i
s
 s
ti

ll
 a
 
s
o
l
u
t
i
o
n
 o
f
 a

 g
i
v
e
n

ge
ne
ra
li
ze
d 
bi

li
ne

ar
 e
q
u
a
t
i
o
n
.
 B
es

id
es

, 
it
 a
l
s
o
 h
e
l
p
s
 u
s
 t
o

fi
nd
 
N
-
w
a
v
e
 s
o
l
u
t
i
o
n
s
 
t
o
 
g
e
n
e
r
a
l
i
z
e
d
 
b
i
l
i
n
e
a
r
 
e
q
u
a
t
i
o
n
s
.
 

T
o
 
s
u
m

 u
p
,

 w
e

 h
a
v
e
 t
h
e

 f
ol
lo
wi
ng

 t
h
e
o
r
e
m
.

B
r
o
u
g
h
t
 t
o
 y
o
u
 b
y

 |
 B
ri
ti
sh

 L
ib
ra
ry

 D
o
c
u
m
e
n
t

 S
u
p
p
l
y

A
u
t
h
e
n
t
i
c
a
t
e
d

D
o
w
n
l
o
a
d
 D
a
t
e
 |

 1
/1
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:
3
3
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3
9
8
 

Ö
.
 Ü
n
s
a
l
 
e
t al.: M

u
l
t
i
p
l
e
-
W
a
v
e

 S
o
l
u
t
i
o
n
s

D
E
 
G
R
U
Y
T
E
R

T
h
e
o
r
e
m
 2
.
2
:
 
L
e
t

 P(X1,1,...Xm,1;...;
 X1,M,

 .
.
.
, Xm,M)

 b
e

 a
 poly-

n
o
m
i
a
l
 a
n
d
 t
h
e
 N

 w
a
v
e
 variables

 defined
 b
y

 n
i
 
=
 k
 
x

 
=

K1,iX1 +k2,X2+..+KM,IXM,
 1

 ≤
i
≤
N
,

 w
h
e
r
e

 ku's
 a
r
e

 r
e
a
l
 c
o
n
-

s
t
a
n
t
s
.
 T
h
e
n

 a
n
y

 linear
 c
o
m
b
i
n
a
t
i
o
n
 o
f

 t
h
e
 trigonometric

f
u
n
c
t
i
o
n

 solutions
 fi 
=
 
c
o
s
n
i
,
 
1
 ≤

 i
≤

 N
,
 s
o
l
v
e
s
 t
h
e
 g
e
n
e
r
-

alized
 b
i
l
i
n
e
a
r
 eq.

 (1)
 if

 a
n
d
 o
n
l
y
 if

 t
h
e
 s
y
s
t
e
m
 e
q
.
 (16)

 
is

satisfied.

T
h
i
s
 
t
h
e
o
r
e
m
 tells

 w
h
e
n

 a
 l
i
n
e
a
r
 s
u
p
e
r
p
o
s
i
t
i
o
n
 of

 tri-

g
o
n
o
m
e
t
r
i
c

 f
u
n
c
t
i
o
n
 s
o
l
u
t
i
o
n
s
 is still a

 s
o
l
u
t
i
o
n
 o
f
 a

 given
g
e
n
e
r
a
l
i
z
e
d

 b
i
l
i
n
e
a
r
 e
q
u
a
t
i
o
n
.
 Besides,

 it a
l
s
o

 h
e
l
p
s
 
u
s
 t
o

find
 
N
-
w
a
v
e
 solutions

 t
o
 generalized

 bilinear
 equations.

O
n
c
e

 w
e

 s
o
l
v
e

 t
h
e

 system
 e
q
.

 (16),
 t
h
e
n

 w
e

 c
a
n

 p
r
e
s
e
n
t

 a
 N
-

w
a
v
e

 solution,
 f
o
r
m
e
d

 b
y

 e
q
.

 (15),
 t
o
 
a
 generalized

 bilinear

e
q
u
a
t
i
o
n
.

esti 
Eichni 

=
 2

eich (
k
x

 + biky
 +

 b
z
k
z

+b3kt),
(22)

w
h
e
r
e
 &'s

 
a
n
d
 k's

 
a
r
e
 arbitrary,

 
a
n
d
 
b1,

 b2,
 
a
n
d
 
b
3
 
a
r
e

given
 b
y

b1 ==
 203,

 b
2
=
 
20C2

 
b3

20c3C
1
=
 
C
5
'

 0
2
=
 

3
C
s
 
03
 

C
5
C
4

w
h
e
n

 t
h
e

 coefficients
 o
f

 t
h
e
 p
o
l
y
n
o
m
i
a
l
 P

 satisfy

7
C
1
C
5
=
-
2
C
3
C
2
.

(23)

(24)

Similarly,
 eq.

 (21) h
a
s
 
t
h
e
 l
i
n
e
a
r
 subspace

 o
f
 N
-
w
a
v
e

s
o
l
u
t
i
o
n
s

 d
e
f
i
n
e
d
 b
y

3
 
Applications

E
x
a
m
p
l
e
 
1: L

e
t

 u
s
 i
n
t
r
o
d
u
c
e
 t
h
e
 w
e
i
g
h
t
s
 o
f
 i
n
d
e
p
e
n
d
e
n
t

v
a
r
i
a
b
l
e
s
:

+b2kz
 +

 b3kt),
(25)

w
h
e
r
e
 
&
'
s
 a
n
d
 ki's

 
a
r
e
 arbitrary,

 a
n
d
 
b1,

 b2,
 a
n
d
 b3

 
a
r
e

given
 b
y

(w(x), w(y), w(z),  w(t)) 
=

 (1,3,  5, 7),
(18)

a
n
d

 c
o
n
s
i
d
e
r
 a
 polynomial

 b
e
i
n
g
 h
o
m
o
g
e
n
e
o
u
s
 
i
n
 w
e
i
g
h
t

8
:

4
=
 
2C3
 
b
=
 
20c2

 
b
=
 
20C3C2

b
1
=
-
,

 b
2
=
 

b3 =
C
5
 

3
C
5

C
5
C
4

(26)

w
h
e
n

 t
h
e
 coefficients

 o
f

 t
h
e
 p
o
l
y
n
o
m
i
a
l

 P
 satisfy

P
 
=

 C
1
x 
+

 C2x²y
 +

 c3x³z
 +

 C
4
x
t

 +
 C
s
y
z
,

(19)

7C1C5
 =
-
2
C
3
C
2
.

(27)

w
h
e
r
e
 
C
1
,
 C2,

 C3,
 C4,

 C
5
 
a
r
e
 
c
o
n
s
t
a
n
t
s
.
 
A
c
c
o
r
d
i
n
g
 
t
o
 
t
h
e

c
h
o
s
e
n

 weights,
 w
e

 a
s
s
u
m
e
 t
h
a
t
 t
h
e

 w
a
v
e

 v
a
r
i
a
b
l
e
s
 a
r
e

n
i

 
=

 k
x

 +
 b
k
y

 +
 b
₂
k
z
+

 b
3
k
t
,
 1

 s
i
s
N
,

E
x
a
m
p
l
e

 2
:
 
L
e
t
 
u
s
 i
n
t
r
o
d
u
c
e
 t
h
e
 w
e
i
g
h
t
s
 o
f

 i
n
d
e
p
e
n
d
e
n
t

v
a
r
i
a
b
l
e
s
:

(20)

(w(x), w(y), w(z), w(t)) =
 (1,-1,3,5), 

(28)
w
h
e
r
e

 ki,
 1
 ≤
i
≤

 N
,
 a
r
e
 a
r
b
i
t
r
a
r
y
 constants,

 b
u
t

 bi,
 b2,

 a
n
d

b
3

 a
r
e
 c
o
n
s
t
a
n
t
s
 t
o
 b
e

 d
e
t
e
r
m
i
n
e
d
.

a
n
d

 c
o
n
s
i
d
e
r
 a
 polynomial

 b
e
i
n
g
 h
o
m
o
g
e
n
e
o
u
s

 i
n

 w
e
i
g
h
t

P
 (D(2,5)x, D(2,5)y, D(2,5)z, D(2,5)t) f

f

A
 s
i
m
p
l
e
 a
n
d
 direct c

o
m
p
u
t
a
t
i
o
n
 s
h
o
w
s
 t
h
a
t
 t
h
e

 c
o
r
-

responding
 generalized

 bilinear
 equation

 r
e
a
d
s

=
 70c120x

 +
2
0
c
2
f
a
f
x
y

 +10c2fxyfxox
 +

 2
0
C
2
f
x
x
/
x
y

+
 2C3ffoxz

 +
 2c3fzfxx

 +
 6c3fxfxz

 +
 6
C
3
h
a
x
z

+
 2C4ffyz

 +
 2c4fyfz

 +
 2csffxt

 +
 2csfxft

=
 0
,

w
h
i
c
h

 p
o
s
s
e
s
s
e
s
 t
h
e
 l
i
n
e
a
r
 s
u
b
s
p
a
c
e
 o
f

 N
-
w
a
v
e
 solutions

4
:P
 
=
 C
X
+
C
2
X
²
y

 +
 C
3
X
Z

 +
 C4yt+csy²z+C6x²yz+

 C7xty²,
(29)

w
h
e
r
e
 
C
1
,

 C
2
,

 C
3
,

 C4,
 C5,

 C6,
 C
7
 
a
r
e
 
c
o
n
s
t
a
n
t
s
.
 
A
c
c
o
r
d
i
n
g

c
h
o
s
e
n

 w
e
i
g
h
t
s

 w
e

 a
s
s
u
m
e

 t
h
a
t
 t
h
e

 w
a
v
e

 v
a
r
i
a
b
l
e
s
 a
r
e

t
o

(21)
n
i

 =
 k
x

 +
 b
₁
k
y

 +
 b
₂
K
z

 +
 b
z
k
t
,
 1

 s
i
≤
N
,

(30)

d
e
t
e
r
m
i
n
e
d

 b
y

w
h
e
r
e
 ki,

 1
 ≤
i
≤

 N
,
 
a
r
e
 arbitrary

 constants,
 b
u
t
 b1,

 b2,
 a
n
d

b
3
 a
r
e
 c
o
n
s
t
a
n
t
s
 t
o
 b
e

 d
e
t
e
r
m
i
n
e
d
.

B
r
o
u
g
h
t
 t
o

 y
o
u

 b
y

 | British L
i
b
r
a
r
y

 D
o
c
u
m
e
n
t
 Supply

A
u
t
h
e
n
t
i
c
a
t
e
d

A
u
t
h
e
n
t
i
c
a
t
e
d

D
o
w
n
l
o
a
d
 D
a
t
e
 | 1

/
1
6
/
1
8
 3
:
3
3
 P
M








