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 a b s t r a c t

The aim of this study is to explore lump wave structures in a (2+1)-dimensional refined 
Bogoyavlensky-Konopelchenko model characterized by spatially balanced dispersion. The under-
lying nonlinear equation is derived using generalized bilinear derivatives related to the prime 
number three. By computing positive quadratic solutions of the bilinear form symbolically, lump 
solutions are obtained. These localized waves propagate along straight-line trajectories at con-
stant velocity, with stationary centers of zero amplitude. Their formation arises from the intri-
cate balance between nonlinearity and dispersion. The methodology of this work consists of the 
systematic symbolic treatment of the considered nonlinear model, together with the associated 
algebraic system, to derive its lump wave structures.

1.  Introduction

In the study of soliton theory and integrable systems, nonlinear wave structures such as solitons, rogue waves, and lump waves 
emerge from the delicate balance between nonlinearity and dispersion. Finding exact solutions to these models is crucial in mathe-
matical physics and engineering, as they reveal fundamental wave dynamics and provide analytical insights into complex behaviors. 
However, obtaining these solutions remains challenging, motivating both analytical and numerical approaches. Two main frame-
works for this purpose are the inverse scattering transform (IST) [1] and Hirota’s bilinear method [2]. The IST, a nonlinear analogue 
of the Fourier transform, solves integrable PDEs through Lax pairs [3] and is widely used to study soliton and dispersive dynamics 
[4]. Hirota’s method offers a direct algebraic approach, especially effective in constructing solitons and lumps in higher-dimensional 
systems [5–8].

Beyond solitons, lump waves and rogue waves form another important class of localized structures [9]. Lump waves are alge-
braically decaying solutions that are rationally localized in space at fixed time [10]. Notably, the KPI equation supports a variety 
of lump solutions [11], some of which arise as long-wave limits of multi-soliton interactions [12]. These phenomena extend beyond 
integrable systems, with lump-type solutions also appearing in nonintegrable KP-, BKP-, and Boussinesq-type models [13], and even 
in linear higher-dimensional wave equations through superposition [14].
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$(2+1)$


\begin {equation}\alpha _p^k=(-1)^{r(k)} \ \textrm {where}\ k \equiv r(k) \ \textrm {mod}\, p, \ 0\le r(k)<p.\end {equation}


$p=3$


\begin {equation}\alpha _3=-1, \ \alpha _3 ^2 = \alpha _3 ^3=1, \ \alpha _3 ^4 =-1,\ \alpha _3 ^ 5 = \alpha _3 ^6 = 1,\
\cdots .\end {equation}


$-1,1,1.$


$p=5$


\begin {equation}\alpha _5=-1, \ \alpha _5 ^2 =1,\ \alpha _5 ^3=-1, \ \alpha _5^4 = \alpha _5 ^ 5 =1 ,\
\alpha _5 ^6 = -1,\
\alpha _5 ^7 = 1,\ \alpha _5^8=-1, \ \alpha _5^9 = \alpha _5^{ 10}= 1,\ \cdots .\end {equation}


$-1,1,-1,1,1$


$p=3$


$D_{3,x},D_{3,y}$


$D_{3,t}$


$\sigma _i$


$1\le i\le 3$


$\delta _j$


$1\le j\le 5$


$p=2$


\begin {equation}u=2 (\ln f )_x, \ v=2 (\ln f )_y, \label {eq:ubyf:ma783}\end {equation}


$v_x=u_y$


$\delta _1=\delta _4=\delta _5=1$


$u_{tx}$


$u_{yy}$


$u_{tt}$


$\delta _2=\delta _3=\delta _5=1$


$u_{ty}$


$u_{xx}$


$u_{tt}$


$v_x=u_y$


\begin {equation}P_{{\text rBK-like}}(u,v)=\left [\frac {F_{{\text rBK-like}}(f)}{f^2}\right ]_x.\end {equation}


$f$


$u$


$v$


\begin {equation}f =\zeta _1^2 +\zeta _2 ^2 +a_9,\ \zeta _1=a_1x+a_2y+a_3t +a_4,\ \zeta _2=a_5 x+a_6y+a_7 t+a_8, \label {eq:lumpsbya_i:ma783}\end {equation}


$a_i$


$\delta _i$


$a_9$


$\delta _1$


$\delta _2$


$a_9$


$\delta _1$


$\delta _2$


$\sigma _3$


$a_9$


$\delta _1$


$\delta _2$


\begin {equation}\delta _3 (a_1 a_7 - a_3 a_5)^2 +\delta _4 (a_2 a_7 -a_3 a_6 )^2 \ne 0, \label {eq:nonzeroofdenominatorofa_9:ma783}\end {equation}


$\delta _3 ^2 +\delta _4 ^ 2\ne 0,$


\begin {equation}(a_3^2+a_7^2) (a_1 a_6 - a_2 a_5 )\ne 0, \label {Xeqn12-16}\end {equation}


\begin {equation}a_1 a_6 - a_2 a_5 \ne 0, \label {eq:nonzerodet:ma783}\end {equation}


$u$


$v$


$x^2+y^2\to \infty $


$f$


$u$


$v$


\begin {equation}\frac { \sigma _1 (a_1^2 +a_5 ^2 )+ \sigma _2(a_1 a_2 +a_5 a_6 ) } { \delta _3 (a_1 a_7 - a_3 a_5)^2 +\delta _4 (a_2 a_7 -a_3 a_6 )^2 }< 0. \label {eq:condforpositivityofa_9:ma783}\end {equation}


\begin {equation}\frac { \sigma _1 } { \delta _3 (a_1 a_7 - a_3 a_5)^2 +\delta _4 (a_2 a_7 -a_3 a_6 )^2 }\le 0, \ \frac { \sigma _2(a_1 a_2 +a_5 a_6 ) } { \delta _3 (a_1 a_7 - a_3 a_5)^2 +\delta _4 (a_2 a_7 -a_3 a_6 )^2 }< 0. \label {eq:cond1forpositivityofa_9:ma783}\end {equation}


\begin {equation}\frac {\sigma _1 } { \delta _3 (a_1 a_7 - a_3 a_5)^2 +\delta _4 (a_2 a_7 -a_3 a_6 )^2 }< 0,\
\frac { \sigma _2(a_1 a_2 +a_5 a_6 ) } { \delta _3 (a_1 a_7 - a_3 a_5)^2 +\delta _4 (a_2 a_7 -a_3 a_6 )^2 }\le 0. \label {eq:cond2forpositivityofa_9:ma783}\end {equation}


$a_9>0$


$f$


$u$


$v$


$(x,y,t)$


$u$


$v$


$u$


$v$


$f$


$f_x=f_y=0$


\begin {equation}a_1 \zeta _1 +a_5\zeta _2=0,\ a_2\zeta _1 +a_6\zeta _2=0,\end {equation}


$\zeta _1=0$


$\zeta _2=0,$


$\zeta _1,\zeta _2$


$x(t)$


$y(t)$


\begin {align}& x(t)= \frac { [ (a_1^2+a_5^2) \delta _3 - (a_2^2+a_6^2) \delta _4 ] \delta _1 + 2 (a_1a_2 +a_5a_6 ) \delta _2 \delta _3 }{ (a_1 \delta _1+ a_2 \delta _2 )^2+(a_5 \delta _1+ a_6 \delta _2 )^2 }t + \frac {a_2a_8-a_4a_6 }{ a_1a_6-a_2a_5} , \label {eq:stationarypoints1:ma783}\end {align}


\begin {align}& y(t)= \frac { 2 (a_1 a_2+a_5 a_6) \delta _1 \delta _4 - [(a_1^2 +a_5^2 ) \delta _3- (a_2^2+a_6^2) \delta _4 ] \delta _2 }{ (a_1 \delta _1+ a_2 \delta _2 )^2+(a_5 \delta _1+ a_6 \delta _2 )^2 }t - \frac { a_1a_8-a_4a_5 }{ a_1a_6-a_2a_5 } . \label {eq:stationarypoints2:ma783}\end {align}


$(x,y)$


$\delta _1$


$\delta _2$


$a_9$


$a_3$


$a_7$


$a_9$


$a_3$


$a_7$


$a_9$
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One fundamental mathematical question in this area is to identify broader classes of PDE structures and nonlinear models that 
admit lump wave solutions. Not every PDE supports such solutions, and it is therefore important to systematically explore those 
models that do. Existing studies have considered both linear PDEs (see, e.g., [14,15]) and nonlinear PDEs (see, e.g., [16–21]).

One widely used approach is the sum-of-squares ansatz. This method has the notable advantage of ensuring the positivity of solu-
tions to bilinear equations and, consequently, the analyticity of solutions to the corresponding nonlinear models, thereby preventing 
blow-up behavior. However, a key challenge lies in the appropriate choice of variables when solving the resulting nonlinear algebraic 
systems.

Lump solutions are commonly constructed using the sum-of-squares ansatz, where a positive quadratic function is substituted into 
a bilinear equation [9]. Logarithmic differentiation is then applied to yield explicit lump solutions of the original nonlinear PDE. In 
this study, we employ this approach to a refined Bogoyavlensky-Konopelchenko-like (rBK-like) equation in (2 + 1) dimensions, which 
includes three nonlinear interactions and five dispersive terms.

The novelty of this work lies in exploring the intricate balance between nonlinearity and dispersion that sustains localized lump 
structures. These structures are derived and analyzed symbolically through the stationary properties of the underlying quadratic 
function.

2.  A refined model with spatially balanced dispersions

It is well established that Hirota’s bilinear derivatives can be extended to include differential operators of arbitrary order. A general 
class of these extensions, known as generalized bilinear differential operators, was introduced in [22] and is defined by: 

𝐷𝑚
𝑝,𝑥𝐷

𝑛
𝑝,𝑦𝐷

𝑘
𝑝,𝑡𝑓 ⋅ 𝑓 =

( 𝜕
𝜕𝑥

+ 𝛼𝑝
𝜕
𝜕𝑥′

)𝑚( 𝜕
𝜕𝑦

+ 𝛼𝑝
𝜕
𝜕𝑦′

)𝑛
( 𝜕
𝜕𝑡

+ 𝛼𝑝
𝜕
𝜕𝑡′

)𝑘
𝑓 (𝑥, 𝑦, 𝑡)𝑓 (𝑥′, 𝑦′, 𝑡′)|𝑥′=𝑥,𝑦′=𝑦,𝑡′=𝑡, (1)

where

𝛼𝑘𝑝 = (−1)𝑟(𝑘) where 𝑘 ≡ 𝑟(𝑘) mod 𝑝, 0 ≤ 𝑟(𝑘) < 𝑝. (2)

For example, when 𝑝 = 3, the sequence of coefficients is given by:
𝛼3 = −1, 𝛼23 = 𝛼33 = 1, 𝛼43 = −1, 𝛼53 = 𝛼63 = 1, ⋯ . (3)

This follows a repeating block of length 3: −1, 1, 1. When 𝑝 = 5, the sequence takes the form:
𝛼5 = −1, 𝛼25 = 1, 𝛼35 = −1, 𝛼45 = 𝛼55 = 1, 𝛼65 = −1, 𝛼75 = 1, 𝛼85 = −1, 𝛼95 = 𝛼105 = 1, ⋯ . (4)

This corresponds to a repeating block of length 5: −1, 1,−1, 1, 1.

2.1.  A refined bilinear model

For the case 𝑝 = 3, we ntroduce the following refined Bogoyavlensky-Konopelchenko-like (rBK-like) bilinear equation:
𝐹rBK-like(𝑓 ) ∶=

(

𝜎1𝐷
4
3,𝑥 + 𝜎2𝐷

3
3,𝑥𝐷3,𝑦 + 𝜎3𝐷

2
3,𝑥𝐷3,𝑦 + 𝛿1𝐷3,𝑡𝐷3,𝑥

+𝛿2𝐷3,𝑡𝐷3,𝑦 + 𝛿3𝐷
2
3,𝑥 + 𝛿4𝐷

2
3,𝑦 + 𝛿5𝐷

2
3,𝑡
)

𝑓 ⋅ 𝑓

= 2[3𝜎1𝑓 2
𝑥𝑥 + 3𝜎2𝑓𝑥𝑥𝑓𝑥𝑦 + 𝜎3𝑓𝑓𝑥𝑥𝑦 + 𝛿1(𝑓𝑡𝑥𝑓 − 𝑓𝑡𝑓𝑥) + 𝛿2(𝑓𝑡𝑦𝑓 − 𝑓𝑡𝑓𝑦)

+𝛿3(𝑓𝑥𝑥𝑓 − 𝑓 2
𝑥 ) + 𝛿4(𝑓𝑦𝑦𝑓 − 𝑓 2

𝑦 ) + 𝛿5(𝑓𝑡𝑡𝑓 − 𝑓 2
𝑡 )] = 0, (5)

where 𝐷3,𝑥, 𝐷3,𝑦 and 𝐷3,𝑡 represent the generalized bilinear derivatives, while 𝜎𝑖 for 1 ≤ 𝑖 ≤ 3 and 𝛿𝑗 for 1 ≤ 𝑗 ≤ 5 are arbitrary con-
stants. This proposed construction includes five spatially balanced second-order derivative terms, which account for linear dispersions, 
and extends the classical Bogoyavlensky-Konopelchenko equation. The case for 𝑝 = 2 was previously analyzed in [23].

2.2.  Nonlinear form of the model equation

By redefining the dependent variables as
𝑢 = 2(ln 𝑓 )𝑥, 𝑣 = 2(ln 𝑓 )𝑦, (6)

we obtain the refined BK-like (rBK-like) model in its nonlinear form:

𝑃rBK-like(𝑢, 𝑣) ∶= 𝜎1
(

3𝑢𝑥𝑢𝑥𝑥 + 3𝑢𝑢2𝑥 +
3
2
𝑢3𝑢𝑥 +

3
2
𝑢2𝑢𝑥𝑥

)

+𝜎2
( 9
8
𝑢2𝑢𝑥𝑣 +

3
8
𝑢3𝑢𝑦 +

3
4
𝑢𝑢𝑥𝑥𝑣 +

3
4
𝑢2𝑥𝑣 +

3
4
𝑢2𝑢𝑥𝑦 +

9
4
𝑢𝑢𝑥𝑢𝑦 +

3
2
𝑢𝑥𝑥𝑢𝑦 +

3
2
𝑢𝑥𝑢𝑥𝑦

)

+𝜎3
( 1
2
𝑢𝑣𝑢𝑥 +

1
4
𝑢2𝑢𝑦 +

1
2
𝑢𝑥𝑥𝑣 +

3
2
𝑢𝑥𝑢𝑦 + 𝑢𝑢𝑥𝑦 + 𝑢𝑥𝑥𝑦

)

+𝛿1𝑢𝑡𝑥 + 𝛿2𝑢𝑡𝑦 + 𝛿3𝑢𝑥𝑥 + 𝛿4𝑢𝑦𝑦 + 𝛿5𝑢𝑡𝑡 = 0, (7)
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subject to the compatibility condition 𝑣𝑥 = 𝑢𝑦. This equation includes three sets of nonlinear terms along with five dispersive con-
tributions. Reductions of interest arise when only three dispersive coefficients are non-zero. Specifically, if 𝛿1 = 𝛿4 = 𝛿5 = 1 and the 
other coefficients vanish, the refined Eq. (7) reduces to a rBK-like equation involving the 𝑢𝑡𝑥, 𝑢𝑦𝑦 and 𝑢𝑡𝑡 terms:

𝜎1
(

3𝑢𝑥𝑢𝑥𝑥 + 3𝑢𝑢2𝑥 +
3
2
𝑢3𝑢𝑥 +

3
2
𝑢2𝑢𝑥𝑥

)

+𝜎2
( 9
8
𝑢2𝑢𝑥𝑣 +

3
8
𝑢3𝑢𝑦 +

3
4
𝑢𝑢𝑥𝑥𝑣 +

3
4
𝑢2𝑥𝑣 +

3
4
𝑢2𝑢𝑥𝑦 +

9
4
𝑢𝑢𝑥𝑢𝑦 +

3
2
𝑢𝑥𝑥𝑢𝑦 +

3
2
𝑢𝑥𝑢𝑥𝑦

)

+𝜎3
( 1
2
𝑢𝑣𝑢𝑥 +

1
4
𝑢2𝑢𝑦 +

1
2
𝑢𝑥𝑥𝑣 +

3
2
𝑢𝑥𝑢𝑦 + 𝑢𝑢𝑥𝑦 + 𝑢𝑥𝑥𝑦

)

+ 𝑢𝑡𝑥 + 𝑢𝑦𝑦 + 𝑢𝑡𝑡 = 0. (8)

If, instead, 𝛿2 = 𝛿3 = 𝛿5 = 1 and the other coefficients vanish, the equation simplifies to a rBK-like equation containing the 𝑢𝑡𝑦, 𝑢𝑥𝑥 and 
𝑢𝑡𝑡 terms:

𝜎1
(

3𝑢𝑥𝑢𝑥𝑥 + 3𝑢𝑢2𝑥 +
3
2
𝑢3𝑢𝑥 +

3
2
𝑢2𝑢𝑥𝑥

)

+𝜎2
( 9
8
𝑢2𝑢𝑥𝑣 +

3
8
𝑢3𝑢𝑦 +

3
4
𝑢𝑢𝑥𝑥𝑣 +

3
4
𝑢2𝑥𝑣 +

3
4
𝑢2𝑢𝑥𝑦 +

9
4
𝑢𝑢𝑥𝑢𝑦 +

3
2
𝑢𝑥𝑥𝑢𝑦 +

3
2
𝑢𝑥𝑢𝑥𝑦

)

+𝜎3
( 1
2
𝑢𝑣𝑢𝑥 +

1
4
𝑢2𝑢𝑦 +

1
2
𝑢𝑥𝑥𝑣 +

3
2
𝑢𝑥𝑢𝑦 + 𝑢𝑢𝑥𝑦 + 𝑢𝑥𝑥𝑦

)

+ 𝑢𝑡𝑦 + 𝑢𝑥𝑥 + 𝑢𝑡𝑡 = 0. (9)

Here, 𝑣𝑥 = 𝑢𝑦 is defined as before.

2.3.  From bilinear to nonlinear form

The bilinear form (5) and the nonlinear Eq. (7) are related through the equation

𝑃r𝐵𝐾−𝑙𝑖𝑘𝑒(𝑢, 𝑣) =
[

𝐹r𝐵𝐾−𝑙𝑖𝑘𝑒(𝑓 )
𝑓 2

]

𝑥
. (10)

Thus, if the tau-function 𝑓 satisfies the bilinear equation, then the fields 𝑢 and 𝑣, as defined in (6), satisfy the corresponding nonlinear 
rBK-like model.

This generalized formulation naturally raises questions about the integrability of the system, especially regarding the existence 
of lump solutions, a key feature of integrable (2+1)-dimensional models. In the next section, we explore such lump wave solutions 
that arise from the nonlinear and dispersive contributions of the model.

3.  Lump waves shaped by nonlinearity and dispersion

We now turn to our main task: explicitly constructing lump wave solutions for the rBK-like Eq. (7) by analyzing its generalized 
bilinear form (5) using symbolic computation. Specifically, we will highlight the critical roles of the nonlinear and dispersive terms 
in facilitating the formation of lump structures and explore the stationary points of the corresponding quadratic function to examine 
the dynamic behavior of the lump waves.

3.1.  Ansatz based on the sum of squares

A standard approach for deriving lump solutions in higher-dimensional nonlinear evolution equations is the sum-of-squares ansatz, 
originally introduced in [11]. The key idea is to express the dependent variable as a logarithmic derivative of a positive quadratic 
function. In particular, we consider the quadratic form

𝑓 = 𝜁21 + 𝜁22 + 𝑎9, 𝜁1 = 𝑎1𝑥 + 𝑎2𝑦 + 𝑎3𝑡 + 𝑎4, 𝜁2 = 𝑎5𝑥 + 𝑎6𝑦 + 𝑎7𝑡 + 𝑎8, (11)

which ensures rational localization in both spatial directions. Substituting (11) into the bilinear Eq. (5) reduces the problem to solving 
an algebraic system for the parameters 𝑎𝑖 and the coefficients 𝛿𝑖. Symbolic computation then yields explicit expressions for 𝑎9, 𝛿1, and 
𝛿2, while the remaining parameters and coefficients are left unspecified. These expressions are: 

𝑎9 = −
3(𝑎21 + 𝑎25)(𝑎

2
3 + 𝑎27)[𝜎1(𝑎

2
1 + 𝑎25) + 𝜎2(𝑎1𝑎2 + 𝑎5𝑎6)]

𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2
, (12)

𝛿1 = − 1
(𝑎23 + 𝑎27)(𝑎1𝑎6 − 𝑎2𝑎5)

{

𝛿3
[

(𝑎21 − 𝑎25)(𝑎2𝑎7 + 𝑎3𝑎6) − 2𝑎1𝑎5(𝑎2𝑎3 − 𝑎6𝑎7)
]

+𝛿4(𝑎22 + 𝑎26)(𝑎2𝑎7 − 𝑎3𝑎6) − 𝛿5(𝑎23 + 𝑎27)(𝑎2𝑎7 − 𝑎3𝑎6)
}

, (13)

and

𝛿2 =
1

(𝑎23 + 𝑎27)(𝑎1𝑎6 − 𝑎2𝑎5)

{

𝛿3(𝑎21 + 𝑎25)(𝑎1𝑎7 − 𝑎3𝑎5) + 𝛿4
[

(𝑎22 − 𝑎26)(𝑎1𝑎7 + 𝑎3𝑎5)

−2𝑎2𝑎6(𝑎1𝑎3 − 𝑎5𝑎7)
]

− 𝛿5(𝑎23 + 𝑎27)(𝑎1𝑎7 − 𝑎3𝑎5)
}

. (14)
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The resulting expressions, (13), (14), and (12), encapsulate the dispersion relations and structural conditions that underlie the 
lump solutions. In particular, 𝑎9 reflects a delicate balance among the wave numbers and dispersion coefficients, while 𝛿1 and 𝛿2
correspond to mixed dispersive coefficients that generate dispersive effects. Similar dispersion relations have been observed in lump 
solutions related to the second flow of the KP hierarchy and in generalized KP-type models (see, e.g., [24–28]). It is also noteworthy 
that 𝜎3 does not appear in the expressions of 𝑎9, 𝛿1, and 𝛿2.

Well-posedness of the solution requires two essential non-degeneracy conditions. The first condition is as follows:
𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2 ≠ 0, (15)

which implies 𝛿23 + 𝛿24 ≠ 0, ensuring nontrivial dispersive contributions. The second condition is

(𝑎23 + 𝑎27)(𝑎1𝑎6 − 𝑎2𝑎5) ≠ 0, (16)

which guarantees that
𝑎1𝑎6 − 𝑎2𝑎5 ≠ 0, (17)

thereby ensuring that the solutions 𝑢 and 𝑣, defined through the logarithmic derivative transformation (6), decay to zero as 𝑥2 + 𝑦2 →
∞, confirming spatial localization.

The positivity of 𝑓 , and hence the analyticity of the resulting lump waves 𝑢 and 𝑣, is guaranteed by the following necessary and 
sufficient mixed condition involving the wave numbers and dispersion parameters:

𝜎1(𝑎21 + 𝑎25) + 𝜎2(𝑎1𝑎2 + 𝑎5𝑎6)

𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2
< 0. (18)

This can be ensured by either of the two sufficient conditions:
𝜎1

𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2
≤ 0,

𝜎2(𝑎1𝑎2 + 𝑎5𝑎6)
𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2

< 0. (19)

or
𝜎1

𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2
< 0,

𝜎2(𝑎1𝑎2 + 𝑎5𝑎6)
𝛿3(𝑎1𝑎7 − 𝑎3𝑎5)2 + 𝛿4(𝑎2𝑎7 − 𝑎3𝑎6)2

≤ 0. (20)

Condition (18) ensures that 𝑎9 > 0, as seen from (12), thereby guaranteeing that 𝑓 , defined in (11), is strictly positive. Consequently, 
the solutions 𝑢 and 𝑣 are analytic throughout the (𝑥, 𝑦, 𝑡)-domain.

In summary, the construction of lump wave solutions via the logarithmic derivative transformation relies on two essential con-
ditions (17) and (18). The first condition, the determinant condition (17), guarantees spatial localization in all directions, while the 
seond ensures well-posedness and analyticity of 𝑢 and 𝑣 across the spatiotemporal domain. The sufficient conditions, (19) and (20), 
provide explicit criteria for analytic regularity. Under these requirements, the resulting 𝑢 and 𝑣 indeed represent valid lump wave 
solutions.

3.2.  Locus of stationary points

The dynamical behavior of the lump waves can be further explored by analyzing the stationary points of 𝑓 . Setting the spatial 
derivatives to zero, 𝑓𝑥 = 𝑓𝑦 = 0, leads to the linear system

𝑎1𝜁1 + 𝑎5𝜁2 = 0, 𝑎2𝜁1 + 𝑎6𝜁2 = 0, (21)

which, under the non-degeneracy condition (17), simplifies to: 𝜁1 = 0 and 𝜁2 = 0, while 𝜁1, 𝜁2 are defined in (11). Solving this system 
yields explicit linear relations for 𝑥(𝑡) and 𝑦(𝑡): 

𝑥(𝑡) =
[(𝑎21 + 𝑎25)𝛿3 − (𝑎22 + 𝑎26)𝛿4]𝛿1 + 2(𝑎1𝑎2 + 𝑎5𝑎6)𝛿2𝛿3

(𝑎1𝛿1 + 𝑎2𝛿2)2 + (𝑎5𝛿1 + 𝑎6𝛿2)2
𝑡 +

𝑎2𝑎8 − 𝑎4𝑎6
𝑎1𝑎6 − 𝑎2𝑎5

, (22)

𝑦(𝑡) =
2(𝑎1𝑎2 + 𝑎5𝑎6)𝛿1𝛿4 − [(𝑎21 + 𝑎25)𝛿3 − (𝑎22 + 𝑎26)𝛿4]𝛿2

(𝑎1𝛿1 + 𝑎2𝛿2)2 + (𝑎5𝛿1 + 𝑎6𝛿2)2
𝑡 −

𝑎1𝑎8 − 𝑎4𝑎5
𝑎1𝑎6 − 𝑎2𝑎5

. (23)

These parametric equations describe a linear trajectory in the (𝑥, 𝑦)-plane, along which the lump’s amplitude becomes exactly 
zero. Along this path, the lump effectively vanishes; however, it remains rationally localized and non-vanishing in the surrounding 
spatial domain.

4.  Concluding remarks

A (2+1)-dimensional refined Bogoyavlensky-Konopelchenko-type model is formulated and analyzed, with lump wave solutions 
studied using symbolic computation and computer algebra systems. The interplay between nonlinearity and dispersion plays a crucial 
role in the formation of lump waves. These lump waves vanish along a characteristic trajectory, which is determined by the stationary 
points of the associated quadratic function.
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It is worth noting that the refined Bogoyavlensky-Konopelchenko-type model exhibits a specific characteristic property. The 
resulting algebraic system determining the lump waves can be solved for the dispersive coefficients 𝛿1 and 𝛿2, together with the 
constant coefficient 𝑎9, whereas it can not be solved for the frequency coefficients 𝑎3 and 𝑎7, together with the constant coefficient 
𝑎9. In contrast, in the general computation of lump waves using the sum-of-squares ansatz, the coefficients 𝑎3, 𝑎7 and 𝑎9 can always 
be uniquely determined (see, e.g., [11]).

Lump waves appear in a wide range of physical and mathematical contexts, demonstrating their versatility and highlighting the 
challenges in modeling nonlinear dispersive phenomena. They have been explored in systems across different dimensions: linear 
[14], nonlinear, and nonintegrable systems in (2+1) [29–35], (3+1) [24,36,37], and even (4+1) dimensions [38]. The construction 
of these waves often relies on Hirota’s bilinear method and its extensions, which are well-suited for capturing localized coherent 
structures [9].

Moreover, nonlinear integrable models that exhibit lump waves may also admit soliton and rogue wave solutions [39–42]. Lump 
waves can further display rich interactions with other nonlinear excitations, making their existence, structure, and dynamics in 
generalized integrable systems an active and significant area of ongoing research.

CRediT authorship contribution statement

Jin-Yun Yang: Writing – review & editing, Visualization, Investigation; Wen-Xiu Ma: Writing – review & editing, Writing – 
original draft, Methodology, Formal analysis, Conceptualization.

Data availability

No data was used for the research described in the article.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Acknowledgment

The work was supported in part by National Natural Science Foundation of China (12271488 and 11975145) and the Ministry of 
Science and Technology of China (G2021016032L and G2023016011L).

References

[1] M.J. Ablowitz, H. Segur, Solitons and the Inverse Scattering Transform, SIAM, Philadelphia, PA, 1981. https://doi.org/10.1137/1.9781611970883
[2] R. Hirota, The Direct Method in Soliton Theory, Cambridge University Press, New York, NY, New York, NY, 2004. https://doi.org/10.1017/CBO9780511543043.
[3] V.E. Zakharov, A.B. Shabat, A scheme for integrating the nonlinear equations of mathematical physics by the method of the inverse scattering problem I, Funct. 

Anal. Appl. 8 (1974) 226–235. https://doi.org/10.1007/BF01075696
[4] M.J. Ablowitz, A.C. Newell, The decay of the continuous spectrum for solutions of the Korteweg-de Vries equation, J. Math. Phys. 14 (1973) 1277–1284. 

https://doi.org/10.1063/1.1666479
[5] R. Hirota, Exact solution of the Korteweg-de Vries equation for multiple collisions of solitons, Phys. Rev. Lett. 27 (1971) 1192–1194. https://doi.org/10.1103/

PhysRevLett.27.1192
[6] J. Manafian, Novel solitary wave solutions for the (3+1)-dimensional extended Jimbo-Miwa equations, Comput. Math. Appl. 76 (2018) 1246–1260. https:

//doi.org/10.1016/j.camwa.2018.06.018
[7] J.Y. Chu, Y.Q. Liu, W.X. Ma, Integrability and multiple-rogue and multi-soliton wave solutions of the (3+1)-dimensional Hirota–Satsuma–Ito equation, Mod. 

Phys. Lett. B 39 (2025) 2550060. https://doi.org/10.1142/S0217984925500605
[8] W.X. Ma, N-soliton solutions and the Hirota conditions in (2+1)-dimensions, Opt. Quantum Electron. 52 (11) (2020) 511. https://doi.org/10.1007/

s11082-020-02628-7
[9] W.X. Ma, Y. Zhou, Lump solutions to nonlinear partial differential equations via Hirota bilinear forms, J. Differ. Equ. 264 (2018) 2633–2659. https://doi.org/

10.1016/j.jde.2017.10.033
[10] W. Tan, H.P. Dai, Z.D. Dai, W.Y. Zhong, Emergence and space-time structure of lump solution to the (2+1)-dimensional generalized KP equation, Pramana – J. 

Phys. 89 (2017) 77. https://doi.org/10.1007/s12043-017-1474-0
[11] W.X. Ma, Lump solutions to the Kadomtsev-Petviashvili equation, Phys. Lett. A 379 (2015) 1975–1978. https://doi.org/10.1016/j.physleta.2015.06.061
[12] S.V. Manakov, V.E. Zakharov, L.A. Bordag, V.B. Matveev, Two-dimensional solitons of the Kadomtsev-Petviashvili equation and their interaction, Phys. Lett. A 

63 (1977) 205–206. https://doi.org/10.1016/0375-9601(77)90875-1
[13] W.X. Ma, Z.Y. Qin, X. Lü, Lump solutions to dimensionally reduced p-gKP and p-gBKP equations, Nonlinear Dyn. 84 (2) (2016) 923–931. https://doi.org/10.

1007/s11071-015-2539-6
[14] W.X. Ma, Lump and interaction solutions to linear PDEs in (2+1)-dimensions via symbolic computation, Mod. Phys. Lett. B 33 (2019) 1950457. https://doi.

org/10.1142/S0217984919504578
[15] W.X. Ma, Lump and interaction solutions of linear PDEs in (3+1)-dimensions, East Asian J. Appl. Math. 9 (2019) 185–194. https://doi.org/10.4208/eajam.

100218.300318
[16] S. Kumar, B. Mohan, A direct symbolic computation of center-controlled rogue waves to a new Painlevé-integrable (3+1)-D generalized nonlinear evolution 

equation in plasmas, Nonlinear Dyn. 111 (2023) 16395–16405. https://doi.org/10.1007/s11071-023-08683-5
[17] B. Mohan, S. Kumar, Rogue-wave structures for a generalized (3+1)-dimensional nonlinear wave equation in liquid with gas bubbles, Phys. Scr. 99 (2024) 

105291. https://doi.org/10.1088/1402-4896/ad7cd9
[18] W.X. Ma, Dispersion-governed lump waves in a generalized Calogero–Bogoyavlenskii–Schiff-like model with spatially symmetric nonlinearity, Axioms 14 (2025) 

869. https://doi.org/10.3390/axioms14120869

Wave Motion 146 (2026) 103758 

5 

https://doi.org/10.13039/501100001809
https://doi.org/10.1137/1.9781611970883
https://doi.org/10.1137/1.9781611970883
http://refhub.elsevier.com/S0165-2125(26)00060-0/sbref0002
https://doi.org/10.1017/CBO9780511543043
https://doi.org/10.1007/BF01075696
https://doi.org/10.1007/BF01075696
https://doi.org/10.1063/1.1666479
https://doi.org/10.1063/1.1666479
https://doi.org/10.1103/PhysRevLett.27.1192
https://doi.org/10.1103/PhysRevLett.27.1192
https://doi.org/10.1103/PhysRevLett.27.1192
https://doi.org/10.1103/PhysRevLett.27.1192
https://doi.org/10.1016/j.camwa.2018.06.018
https://doi.org/10.1016/j.camwa.2018.06.018
https://doi.org/10.1016/j.camwa.2018.06.018
https://doi.org/10.1016/j.camwa.2018.06.018
https://doi.org/10.1142/S0217984925500605
https://doi.org/10.1142/S0217984925500605
https://doi.org/10.1007/s11082-020-02628-7
https://doi.org/10.1007/s11082-020-02628-7
https://doi.org/10.1007/s11082-020-02628-7
https://doi.org/10.1007/s11082-020-02628-7
https://doi.org/10.1016/j.jde.2017.10.033
https://doi.org/10.1016/j.jde.2017.10.033
https://doi.org/10.1016/j.jde.2017.10.033
https://doi.org/10.1016/j.jde.2017.10.033
https://doi.org/10.1007/s12043-017-1474-0
https://doi.org/10.1007/s12043-017-1474-0
https://doi.org/10.1016/j.physleta.2015.06.061
https://doi.org/10.1016/j.physleta.2015.06.061
https://doi.org/10.1016/0375-9601(77)90875-1
https://doi.org/10.1016/0375-9601(77)90875-1
https://doi.org/10.1007/s11071-015-2539-6
https://doi.org/10.1007/s11071-015-2539-6
https://doi.org/10.1007/s11071-015-2539-6
https://doi.org/10.1007/s11071-015-2539-6
https://doi.org/10.1142/S0217984919504578
https://doi.org/10.1142/S0217984919504578
https://doi.org/10.1142/S0217984919504578
https://doi.org/10.1142/S0217984919504578
https://doi.org/10.4208/eajam.100218.300318
https://doi.org/10.4208/eajam.100218.300318
https://doi.org/10.4208/eajam.100218.300318
https://doi.org/10.4208/eajam.100218.300318
https://doi.org/10.1007/s11071-023-08683-5
https://doi.org/10.1007/s11071-023-08683-5
https://doi.org/10.1088/1402-4896/ad7cd9
https://doi.org/10.1088/1402-4896/ad7cd9
https://doi.org/10.3390/axioms14120869
https://doi.org/10.3390/axioms14120869


J.-Y. Yang and W.-X. Ma

[19] S.K. Naqvi, I. Aldawish, S.T.R. Rizvi, A.R. Seadawy, Bilinear neural network solutions for nonlinear waves in the Sawada–Kotera model studied in heat transfer, 
Eur. Phys. J. Plus 140 (2025) 835. https://doi.org/10.1140/epjp/s13360-025-06781-4

[20] J.Y. Yang, W.X. Ma, Lump-wave structures in an extended KP-like model with spatially balanced nonlinearity and dispersion, Qual. Theory Dyn. Syst. 25 (2026) 
89. https://doi.org/10.1007/s12346-026-01512-1

[21] B. Mohan, S. Kumar, Painlevé analysis, restricted bright-dark N-solitons, and N-rogue waves of a (4+1)-dimensional variable-coefficient generalized KP equation 
in nonlinear sciences, Nonlinear Dyn. 113 (2025) 11893–11906. https://doi.org/10.1007/s11071-024-10645-4

[22] W.X. Ma, Generalized bilinear differential equations, Stud. Nonlinear Sci. 2 (2011) 140–144. https://www.idosi.org/sns/2(4)11/5.pdf.
[23] S.T. Chen, W.X. Ma, Lump solutions to a generalized Bogoyavlensky-Konopelchenko equation, Front. Math. China 13 (2018) 525–534. https://doi.org/10.1007/

s11464-018-0694-z
[24] Y. Sun, B. Tian, X.Y. Xie, J. Chai, H.M. Yin, Rogue waves and lump solitons for a (3+1)-dimensional B-type Kadomtsev-Petviashvili equation in fluid dynamics, 

Wave Random Complex 28 (2018) 544–552. https://doi.org/10.1080/17455030.2017.1367866
[25] W.X. Ma, Lump waves and their dynamics of a spatial symmetric generalized KP model, Rom. Rep. Phys. 76 (2024) 108. https://doi.org/10.59277/RomRepPhys.

2024.76.108
[26] M.M. Liu, J.P. Yu, W.X. Ma, C.M. Khalique, Y.L. Sun, Dynamic analysis of lump solutions based on the dimensionally reduced generalized Hirota bilinear 

KP-Boussinesq equation, Mod. Phys. Lett. B 37 (2023) 2250203. https://doi.org/10.1142/S0217984922502037
[27] L. Cheng, W.X. Ma, Soliton and lump solutions to a fourth-order nonlinear wave equation in (2+1)-dimensions, Qual. Theory Dyn. Syst. 24 (2025) 110. 

https://doi.org/10.1007/s12346-025-01384-x
[28] W.X. Ma, Lump waves and their dynamics in a generalized Kadomtsev-Petviashvili-like model, Mod. Phys. Lett. A 40 (2026) 2550215. https://doi.org/10.1142/

S0217732325502153
[29] T.C. Kofane, M. Fokou, A. Mohamadou, E. Yomba, Lump solutions and interaction phenomenon to the third-order nonlinear evolution equation, Eur. Phys. J. 

Plus 132 (2017) 465. https://doi.org/10.1140/epjp/i2017-11747-6
[30] S. Manukure, Y. Zhou, W.X. Ma, Lump solutions to a (2+1)-dimensional extended KP equation, Comput. Math. Appl. 75 (2018) 2414–2419. https://doi.org/

10.1016/j.camwa.2017.12.030
[31] B. Ren, W.X. Ma, J. Yu, Characteristics and interactions of solitary and lump waves of a (2+1)-dimensional coupled nonlinear partial differential equation, 

Nonlinear Dyn. 96 (2019) 717–727. https://doi.org/10.1007/s11071-019-04816-x
[32] J.P. Yu, Y.L. Sun, Study of lump solutions to dimensionally reduced generalized KP equations, Nonlinear Dyn. 87 (2017) 2755–2763. https://doi.org/10.1007/

s11071-016-3225-z
[33] H.C. Ma, S.P. Yue, Y.D. Gao, A.P. Deng, Lump solution, breather soliton and more soliton solutions for a (2+1)-dimensional generalized Benjamin-Ono equation, 

Qual. Theory Dyn. Syst. 22 (2023) 72. https://doi.org/10.1007/s12346-023-00769-0
[34] W.X. Ma, Lump waves in a generalized Bogoyavlensky-Konopelchenko model with spatially balanced derivatives, Eng. Math. 8 (2026) 140–149. https://doi.

org/10.3934/mine.2026005
[35] L. Cheng, W.X. Ma, Lump structures and their dynamics in a generalized Calogero–Bogoyavlenskii–Schiff-like wave model, Int. J. Theor. Phys. 65 (2026) 20. 

https://doi.org/10.1007/s10773-025-06235-8
[36] W.X. Ma, Lump-type solutions to the (3+1)-dimensional Jimbo-Miwa equation, Int. J. Nonlinear Sci. Numer. Simulat. 17 (2016) 355–359. https://doi.org/10.

1515/ijnsns-2015-0050
[37] Y. Zhou, X.J. Zhang, C. Zhang, J.J. Jia, W.X. Ma, New lump solutions to a (3+1)-dimensional generalized Calogero-Bogoyavlenskii-Schiff equation, Appl. Math. 

Lett. 141 (2023) 108598. https://doi.org/10.1016/j.aml.2023.108598
[38] W.X. Ma, Lump and interaction solutions to linear (4+1)-dimensional PDEs, Acta Math. Sci. 39B (2019) 498–508. https://doi.org/10.1007/s10473-019-0214-6
[39] B. Mohan, S. Kumar, R. Kumar, Higher-order rogue waves and dispersive solitons of a novel P-type (3+1)-D evolution equation in soliton theory and nonlinear 

waves, Nonlinear Dyn. 111 (2023) 20275–20288. https://doi.org/10.1007/s11071-023-08938-1
[40] B. Mohan, S. Kumar, Generalization and analytic exploration of soliton solutions for nonlinear evolution equations via a novel symbolic approach in fluids and 

nonlinear sciences, Chin. J. Phys. 92 (2024) 10–21. https://doi.org/10.1016/j.cjph.2024.09.004
[41] A.R. Seadawy, A. Ali, T. Radwan, W.W. Mohammed, K.K. Ahmed, Solitary wave solutions for the conformable time-fractional coupled Konno-Oono model via 

applications of three mathematical methods, AIMS Math. 10 (2025) 16027–16044. https://doi.org/10.3934/math.2025718
[42] S. Ahmed, I. Aldawish, S.T.R. Rizvi, A.R. Seadawy, Iterative investigation of the nonlinear fractional Cahn–Allen and fractional clannish random walker’s 

parabolic equations by using the hybrid decomposition method, Fractal Fract. 9 (10) (2025) 656. https://doi.org/10.3390/fractalfract9100656

Wave Motion 146 (2026) 103758 

6 

https://doi.org/10.1140/epjp/s13360-025-06781-4
https://doi.org/10.1140/epjp/s13360-025-06781-4
https://doi.org/10.1007/s12346-026-01512-1
https://doi.org/10.1007/s12346-026-01512-1
https://doi.org/10.1007/s11071-024-10645-4
https://doi.org/10.1007/s11071-024-10645-4
http://refhub.elsevier.com/S0165-2125(26)00060-0/sbref0016
https://www.idosi.org/sns/2(4)11/5.pdf
https://doi.org/10.1007/s11464-018-0694-z
https://doi.org/10.1007/s11464-018-0694-z
https://doi.org/10.1007/s11464-018-0694-z
https://doi.org/10.1007/s11464-018-0694-z
https://doi.org/10.1080/17455030.2017.1367866
https://doi.org/10.1080/17455030.2017.1367866
https://doi.org/10.59277/RomRepPhys.2024.76.108
https://doi.org/10.59277/RomRepPhys.2024.76.108
https://doi.org/10.59277/RomRepPhys.2024.76.108
https://doi.org/10.59277/RomRepPhys.2024.76.108
https://doi.org/10.1142/S0217984922502037
https://doi.org/10.1142/S0217984922502037
https://doi.org/10.1007/s12346-025-01384-x
https://doi.org/10.1007/s12346-025-01384-x
https://doi.org/10.1142/S0217732325502153
https://doi.org/10.1142/S0217732325502153
https://doi.org/10.1142/S0217732325502153
https://doi.org/10.1142/S0217732325502153
https://doi.org/10.1140/epjp/i2017-11747-6
https://doi.org/10.1140/epjp/i2017-11747-6
https://doi.org/10.1016/j.camwa.2017.12.030
https://doi.org/10.1016/j.camwa.2017.12.030
https://doi.org/10.1016/j.camwa.2017.12.030
https://doi.org/10.1016/j.camwa.2017.12.030
https://doi.org/10.1007/s11071-019-04816-x
https://doi.org/10.1007/s11071-019-04816-x
https://doi.org/10.1007/s11071-016-3225-z
https://doi.org/10.1007/s11071-016-3225-z
https://doi.org/10.1007/s11071-016-3225-z
https://doi.org/10.1007/s11071-016-3225-z
https://doi.org/10.1007/s12346-023-00769-0
https://doi.org/10.1007/s12346-023-00769-0
https://doi.org/10.3934/mine.2026005
https://doi.org/10.3934/mine.2026005
https://doi.org/10.3934/mine.2026005
https://doi.org/10.3934/mine.2026005
https://doi.org/10.1007/s10773-025-06235-8
https://doi.org/10.1007/s10773-025-06235-8
https://doi.org/10.1515/ijnsns-2015-0050
https://doi.org/10.1515/ijnsns-2015-0050
https://doi.org/10.1515/ijnsns-2015-0050
https://doi.org/10.1515/ijnsns-2015-0050
https://doi.org/10.1016/j.aml.2023.108598
https://doi.org/10.1016/j.aml.2023.108598
https://doi.org/10.1007/s10473-019-0214-6
https://doi.org/10.1007/s10473-019-0214-6
https://doi.org/10.1007/s11071-023-08938-1
https://doi.org/10.1007/s11071-023-08938-1
https://doi.org/10.1016/j.cjph.2024.09.004
https://doi.org/10.1016/j.cjph.2024.09.004
https://doi.org/10.3934/math.2025718
https://doi.org/10.3934/math.2025718
https://doi.org/10.3390/fractalfract9100656
https://doi.org/10.3390/fractalfract9100656

	Lump-wave structures and their dynamic behavior in a refined Bogoyavlensky-Konopelchenko-like model
	1 Introduction
	2 A refined model with spatially balanced dispersions
	2.1  A refined bilinear model
	2.2 Nonlinear form of the model equation
	2.3 From bilinear to nonlinear form

	3 Lump waves shaped by nonlinearity and dispersion
	3.1 Ansatz based on the sum of squares
	3.2 Locus of stationary points

	4 Concluding remarks
	CRediT authorship contribution statement
	Data availability
	Declaration of competing interest
	Acknowledgment
	References


