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in the inhomogeneous media are discussed graphically to iilustrate the influences of the
variable coeficients. In the process, a technique by selecting appropriate spectral pa-
rameters instead of the variable inhemogeneities is employed to realize a different type
of one-soliton management. Several novel optical solitons are constructed and their fea-
tures are shown by some specific figures. In addition, four kinds of the special localized
two-soliton solutions are obtained. The solitonic excitations localized both in space and
time, which exhibit the feature of the so-called rogue waves but with a zero background,
are discussed.

Keywords: Darboux transformation; non-autonomous soliton; non-isospectral AKNS
system; nonlinear integro-differential Schridinger equation.

1. Introduction

The standard nonlinear Schrodinger {NLS) equation
1
2
is an important example of physically-significant nonlinear evolntion equations that
can be solved by the inverse scattering transform (IST) method.? It describes the
evolution of generic small-amplitude, slowly varying wave packets in a nonlinear
medium.? The NLS equation has been derived in many branches of sciences such
as deep water waves, nonlinear optical fibers and magnetostatic spin waves.®* In
addition to its importance as a model of physical systems, the NLS equation has
been attracting much attention from mathematicians and physicists due to its rich
mathematical structures (see, e.g. Ref. 5 and references therein). The mathematical
theory of the IST has been profitably extended to the Ablowitz—Kaup-Newell-
Segur (AKNS) hierarchy, which provides a pretty general kind of Lax pairs to find
integrable systems.§

It is noted that the IST method of the AKNS hierarchy can also be applied to
some evolution equations, which allow the time varying spectrum.”™ 4 By modifying
the scheme for the isospectral problem, Zhang et al. constructed the non-isospectral
AKNS hierarchy to generate nonautonomous nonlinear equations.'®® They started
from the 2 x 2 linear eigenvalue problem

iQt + —Qze T _Q_NQ =0 AHV

v, —pg— [0 a1 ¥,

r{z.t)  n(t)

) B (2)
T, = Vo= (z,t) Bz, v,

Clz,t) —A(z,1)

where the spectral parameter nit) is non-isospectral, obeying the equation

ke

Ol 3

=0
To obtain the nth AKNS system, V should be expanded in powers of the spectral
parameter to degree n, and then the zerc curvature condition U; — V; + [U, V] =0
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for the case h(t) # 0, but the parameter of subfigure (a) was i{t) = 0. This is self-
contradictory, besides their wrong analytic expression of solitons.

In view of those facts, we would like to reconsider the integrable nonautonomous
Schridinger equation to revise the existing DT. We will focus on the case of h(£) £ 0.
In this case, the condition (In4), — 2(t) = 0 must be satisfied, which suggests that
g(t) = cf(t)e S, For simpiicity, we take the integral constant ¢ = 2 and get
the equation

ige + (F(t) + h{(t)2) (g + 2/°q)

+{v1(t)z + wo(t))g + 2h(2) m@a + m\‘

0

T

EN%Q =0, (11)

based on the inverse transformation of Eq. (4). The Lax pair of this focusing inte-
grable equation reads

U = U = (—iJA+ U )T,

5 {12)
T, =V¥ = (VA2 + A+ V)T,
where
1 0 0
J= . Th= 7,
0 -1 —g* 0
+h 0
a\m_ = .\.. Hv 3
2i(f + hz)
2q9(f + hz)
W= ’
—2¢* Q + hz) 0
Vo= )
with A and B being given by
A= G+ +ilf + hallgl +in [ gPas,
—00
B = ithg +i(f + ha)g,
and the spectral parameter X satisfying
Ay = 202 — clm (13)

We point out that the case when h = p1, f = jo,vg = v1 = 0 was first con-
sidered in a more general form by Calogero and Degasperis®® as a kind of solv-
able model by the spectral transformation. Moreover, Lakshmanan and Bullough
showed the gauge equivalence between this system and the generalized Heisenberg
ferromagnetic spin equation.?® Furthermore, the inclusions of time-dependent terms
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with 7 and V have the same forms as those of U and V, except replacing ¢l with
a new potential function ¢! in ¥/ and V.

As pointed in Refs. 45 and 46, the factors p()\} and G(t) here are very important.
For the standard isospectral AKNS hierarchy, they degenerate to vanish, while for
equations with variable spectral parameters, the scalar factor p(A) is introduced to
make V € sl{2). The gauge factor G(t) keeps the integral constants invariant of V
and V. Moreover, the imaginary part of the spectral parameter should be negative
to keep the asymptotic property of the elementary solution of the Lax pair.

Under the DT, it is easy to find out that

U =G, +14S,J)G7 . (21)

Hence, we obtain the representation of one-fold DT

ol = 46 0 TE _ M&EQ . (22)

[F1l* + |g]®
Iterating the transformation N times, N being an arbitrary positive integer, we
can have the Nth iterated potential transformation

Ifel? +1gkl® |
(23)
where A = ap(t) + i8k(t), 1 < k < N, are different non-isospectral parameters

with negative imaginary parts and ¥y = (fg,gz)" is the vector eigenfunction of
Eq. (2) corresponding to the parameter Ay and g = ¢(*~ for each 1 < k& < N. This

formula will be used to construct multi-soliton solutions in the following section.

N
g = ML [l hBsar | fo] %Y AT [ o kbt Mk — AR) fig
=1

3. Nonautonomous Solitons

It is now generally accepted that solitary waves in nonautonomous nonlinear and
dispersive systems can propagate in the form of so-called nonautonomous solitons or
solitonlike similaritons. Nonautonomous solitons interact elastically and generally
move with varying amplitudes and speeds.4™ % In this section, we take ¢ = 0 to
construct soliton solutions in explicit forms.
To cbtain the one-soliton solution for Eq. (1), we take the spectral parameter
A1 = g + 51, which satisfies
UL
a1y = NEQW - mv g Bt = dhan (24)
and obtain the following eigenfunctions by directly solving the corresponding Lax
pair

h=eT, g = (25)

o1 ny?jf\ ?c,m - ewlov&.
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localized both in space and time. It exhibits the feature of the so-called rogue waves,
but with a zero background rather than a plane wave background. This figure indi-
cates a sharp compression and strong amplification of the nenautonomous soliton
under the action of inhomogeneity. Moreover, two different spatial localized solitons
are also presented. Figure 7 exhibits a solution with exponential decay profile and
Fig. 8 shows periodic propagation of the analytic bound localized solitonic excita-
tions. Such localized modes might be useful in explaining nonlinear phencmena in
both BECs and optical systems.

4. Conclusion

In this paper, an integrable nonautonomous nonlinear integro-differential
Schrodinger equation was discussed. The integrability conditions were analyzed
and identified. After that, the representation of a modified DT was given by a
detailed deduction. Based on the DT, the analytic one- and two-soliton solutions
were obtained. All of these solutions have parameters denoting the coniribution of
inhomogeneity, which can be used to control dynamics of the solitons. The charac-
teristic contributions of different control parameters to the soliton dynamics have
been clearly presented, which is of significance to guide experiment to control the
soliton dynamics. We expect that our resulis can have applications in some real
physical cases. However, unlike the homogeneous NLS equation, we cannot get
breather and rogue wave solutions by virtue of the modified DT since the rapidly
vanishing condition of plane seed solutions is not satisfied. Consequently, it is nec-
essary to discuss the existing conditions and solving methods of more solutions for
inhomogeneous NLS-type equations like Eq. (1).

Moreover, by using the Sylvester identity and its generalization, a compact rep-
resentation of the DT for an isospectral AKINS system by determinants has been
obtained.®® The advantage of the determinant representation is more direct and uni-
versal to get the solutions and then soliton surfaces for the AKNS system. We also
hope that the determinant representation of the N-fold DT is applicable for non-
isospectral integrable equations. Furthermore, since the defocusing NLS equation
has dark soliton solutions with nonvanishing boundary, it is a highly nontrivial prob-
lem to get smooth dark N-solitons by using the DT method in the non-isospectral
cases. These problems are left for future research.
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