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1. Introduction

It is always of great interest to find exact solutions to nonlinear partial differential equations especially soliton equations.
The Hirota direct method [1,2] is a powerful tool of finding exact soliton solutions to nonlinear partial differential equations
which take advantage of bilinear derivatives. There are also some other works successfully extending the direct method
[3-6]. For some kind of soliton equations like the Korteweg-de Vries equation [7] (KdV equation for short), Hirota established
nonlinear superposition principles to find multi-soliton solutions.

It is well known that the KdV equation is a mathematical model of shallow water waves on surfaces. The Kadomtsev-
Petviashvili equation [8] (KP equation for short) is a generalization of the KdV equation. Both the KdV equation and the KP
equation are notable as two prototypical examples of exactly solvable models.

The linear superposition principle is very important in studying differential equations. However solutions to a nonlinear
differential equation do not form a linear space. It is valuable that we can find some subset of solutions to a nonlinear
differential equation which forms a linear space. In the Refs. [9,10], the authors discussed the linear superposition principle
of exponential traveling waves. Recently the papers [11,12] extended the results to a special hyperbolic function (cosh(n))
traveling waves and a trigonometric function (cos(n)) traveling waves under certain conditions. Complexiton solutions,
which are combinations of trigonometric function traveling waves and exponential traveling waves, are introduced by W.
X.Main 2002 [13]. The Wronskian technique is an effective method to find complexitons [ 14,15]. However, the complexitons
obtained by the Wronskian technique are very complicated for high dimension. In this paper, we establish the linear
superposition principle for complexiton solutions which is generalization of [11,12].
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The paper is organized as follows. In Section 2, we study the linear superposition principle for generalized bilinear
equations. In Section 3, we present a few illustrative examples, we get mixed resonant multi-soliton and multi-complexiton
solutions, the previous results [4] are special cases of our result. Section 4 consists of conclusions and remarks.

2. Linear superposition principle for Hirota bilinear equations

2.1. Hirota derivatives

Suppose an integer M > 1,x € RM. Let D = (D4, D5, ..., Dy), where Dj, 1 < j < M, are Hirota bilinear derivatives with
respect to x;, 1 < j < M, which are defined as follows.
Let f, g be differentiable functions in RM, x = (%1, X3, ..., X)) and X' = (X7, X5, ..., X). Then

Djf ‘8= DXjf ‘8= (8)(]' - axj’)f(x)g(x/) X =x :fng _ngj- (1)

The higher order Hirota derivatives are defined by

M
DYDY - D' - g = [ [ B — )" f 0Z X, _, (2)
m=1
where ny, ny, ..., ny are non-negative integers.
One of the important properties of Hirota derivatives is that when interchanging the functions f and g, we have
DDy, -+ Dyf -& = (=1)'D;,Dj, -+ D& - f 3)
by which it is easy to see that if k is an odd number, then
D;,D;,---D;f -f =0. (4)
Let us consider the KdV equation
Up + 6ULy + Uy = 0. (5)
We can use the transformation u = 2(log f )« to get the bilinear KdV equation
(DxD; + D)f - f = 0. (6)
The KP equation
(Ur + Bully + Uyye)x + Uyy = 0 (7)
can be expressed as
(D:D: + D¢+ D)f -f =0 (8)

under the transformation u = 2(10g f ) xx.

2.2. Bilinear equations and exponential wave solutions

Suppose that P is a polynomial in M variables with the properties that P(0) = 0 and P(—x) = P(x). Let

NMm = Bm,o + Bm,1X1 + Bm2Xa + -+ BumXm, m=1,2, 9)
where B,j, m=1,2,j=0,1,..., M are constants. Then it is not difficult to prove that for any positive integer k, we have

D]I-{e'“ Lo = (Brj — ,32,j)k€m+n2- (10)
Therefore

P(D)e" - €™ =P(Bi1 — Ba1s---» Bim — Bam)e 2. (11)

In particular, we have
P(D)e™ - e =P(0, ..., 0)e*" =0, (12)

since P(0) = 0. Hence function f; = e” with arbitrary constant coefficients 8, ;, 0 < j < M, is a solution to the bilinear
differential equation

P(D)f -f = 0. (13)

We now know that f; = e’! and f, = e are all solutions of (13).Itis an interesting question whether a linear combination
of fi and f, is still a solution or not. We are going to answer the question later.
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2.3. Generalized Hirota bilinear derivatives

Let p € N be given. For f, g € C>°(RM), the generalized Hirota bilinear derivatives are defined as follows [4]:

M
DDy D f g = [ [ (B + 0y)"f REX) ly—s Nm =0, T<m <M, (14)

m=1
wherex’ = (¥, x5, ..., x;V,)T, ni, ..., Ny are nonnegative integers, and for any integer m, the mth power of « is defined by
Q™ = (_1)r(m)’ (15)

where r(m) = m mod p with 0 < r(m) < p.

When p = 2k (k € N), all the general bilinear derivatives become Hirota derivatives, since m — r(m) is even, we have
o™ = (—1)"™ = (—1)™ Therefore Dy j = D; forj = 1,..., M.

Now we consider p = 3, we have

o=-1, o =ad =1, ot = —1, d=ab=1,... (16)
It is easy to get

Dsxf -g =Dif -8 = fxg — fax.

D3.xD3,yf 8= Dnyf -8 :fxyg _fygx _fxgy +fgxy,

D3,xD3,yD3,zf g :f;cyzg _ﬂygz _fngy +f;<gyz _f;/zgx +f;/gxz +fzgxy +fgxy27

D3.xD3,yD3,zD3,tf -8 =fxyztg _fxyzgt _fxytgz +fxygzt _fxztgy “l‘fngyt +fxtgyz
+fxgyzt _f yztgx +f yzgxt +fytgxz +fygxzt "f‘fztgxy "f‘fzgxyt +f tgxyz _fgxyzt~

Therefore, when g = f we have

Dsyf-f=ff —fi =0,

D3,xD3,yf'f = z(fxyf_fxf;/)7

D3.xD3,yD3,zf f = znyva

D3 xD3yD3 ;D3 f - f = 2(fgfua + fufiu + fufj)-

2.4. Linear superposition principle

From the previous discussion, we know the bilinear equation (13) possesses infinitely many exponential function
solutions. We are interested in constructing some subset of such solutions which forms a nonzero linear space. The idea
is to find the conditions such that for some given solutions, their linear combinations will still be solutions.

Suppose that P(x) is a polynomial in x € RM (P may be not an even function). Assume that p is an integer no less than 2.
Consider a generalized bilinear equation

P(Dy)f -f =0. (18)
Let N be a positive integer. We define N-wave variables
Nm = Bmo + Bm1X1 + BmaXa + -+ Bumxy, 1<m=<N (19)
and exponential wave functions
fm=¢e™ 1<m<N, (20)

where B, 1 <m <N, 0 <j < M, are all real constants.
We are interested in finding the conditions for a linear combination of functions

f=eafit+tefr+- - +enfn, (21)

where &, 1 < m < N, are arbitrary real constants, and f,, 1 < m < N, are solutions of bilinear equation (18).
As in [4], we can compute that

N
PD)f -f =) sexP(Dy)e - e’
iexP(Bi1 + B, - .-, Bim + aBem)e’ Tk

1>
&PBa+aBit, ., B +aBme + D sigeHP(B 1 +aBi,
1<j<k<N

k=1
N
k=1
N
=1

Bt aBem) FPBei +aBi, ..., Bom +aBiv)].
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Because gj and g, 1 < j, k < N are arbitrary constants, the function f, defined by (21), solves bilinear equation (18) if and
onlyiffor 1 <j <k < N, itis true that

P(Bi1+aBris .-, Bim +aBim) +P(Bei+aBit, ..., Bum +afim) =0. (22)
When p = 2, since P(0) = 0 and P(—x) = P(x), thus (22) is reduced to
P(Bi1— Brts---» Bim — Bem) =0, (23)

for1 <j<k<N.

The above conditions are a collection of nonlinear algebraic equations, which paves a way of finding exact solutions by
solving a group of algebraic equations rather than a group of nonlinear partial differential equations.

We now summarize our discussion as follows.

Basic fact: (Linear superposition principle [4]) Let P(x) be a polynomial in x € R™ and 5,,, 1 < m < N, be the N-wave

variables 1, = Z]Ai 1 Bmjxj, 1 < m < N, where B 's are all constants. Then any linear combination of the exponential
waves f, = e™, 1 < m < N, solves the bilinear differential equation (18) if and only if the conditions in (22) are satisfied.

Remark 1. In the above linear superposition principle if 8, ;'s are complex, then linear combinations provide a large class
of complex valued function solutions.

By the proved linear superposition principle, we know for some bilinear partial differential equations under certain
conditions, there exist infinite dimensional linear space consists of solutions although all the solutions do not form a linear
space. Such a kind of examples can be seen in the works [9,10]. In subsets of the solutions to bilinear PDEs (18), we are
particularly interested in that spanned by f;; = e with

Nm = bik§1xq + baky?x; + - - - + bykiMxy, 1<m <N, (24)

where b; e R, oj € Z,forj =1, ..., M, are fixed numbers, k, € R, m =1, ..., N, are arbitrary.

Theorem 1. Let P(x) be a polynomial in x € RM and n,,1 < m < N, be the N-wave variables n, = Zj’\il bjko,;{xj, for
1 < m < N, where bj’s are all real constants. Then any linear combination of the exponential waves f, = e™,1 < m < N,
solves the bilinear differential equation P(Dp)f - f = 0if and only if

P(by (K" + k@), ... by (K™ + ake)) + P(br (K% + k™), ... by (KM + ak™)) =0, (25)

for1<j<m<N.
Moreover, (25) is true for arbitrary kq, k, € R if and only if it is also true for arbitrary constants k1, k, € C.

Remark 2. Theorem 1 works also for complex ky,’s, which leads to complex-valued linear combination. However, we are
interested only in real solutions. Is it possible for us to choose suitable coefficients to get real solutions?

From the second part of Theorem 1, we see that if (25) is true for arbitrary kq, k; € R. Then N can be any positive integer
and kp,, 1 <k, < N are arbitrary complex numbers.
Let N € N,i = 4/—1. Suppose ky, = Vm + i8m, Vin» Om,Omn € R,m = 1,2, ..., N.Suppose that (25) is satisfied for any

ki, ka, € R. Let the functions 5, = Z;Ai1 bikniX;, fn = e Tn form = 1,2, ..., N.Itis easy to check that the functions f,,

and f,, are all solutions of the bilinear equation P(Dp)f -f = 0.
By the superposition principle, we know

N N
E -
D U hn) =D eme™™ cos(m(m) + Om) (26)
m=1 m=1
is a real valued solution to (18) for arbitrary &, € R, 1 < m < N.For some m € {1, 2, ..., N}, it may happen that §,, = 0.

This implies that k,, € R and 7, is a real wave function. Then we have a real solution of (18).

ene™ cos(Im(nm) + Om) = ele™, (27)

where &, = &y, c0s(6,) is a real constant.
In general, we have following result.

Theorem 2. Let P(x) be a polynomial in x € RM. Suppose that N;, N, € N,N = Ny + N, bjeRyaje Zforj=1,..., M,
are all fixed. The N-wave variables n,, = Z]Ai T bjk‘,ﬁxj, 1 < m < N with parameters

{kme]R, 1<m<Ny, (28)

kim = ym +1i8m,  Vm,0m € R, 8, #0, Ny <m < N.
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If (25) is true for arbitrary kj, kn € R, 1 < j, m < N. Then any linear (real) combination of the waves f, defined by

; elm, 1<m<Ny,
™ ek cos(Im(n) + 0m), Ny <m <N,

with parameters 0,,, Ny < m < N being arbitrary real constants, solves the bilinear differential equation P(D,)f - f = 0.

Remark 3. For any fixed m, N; < m < N, when we take 8,, = 0, —7 /2, respectively, we have the following two solutions
in the vector space of solutions:

e*eUm) cos(Im(nm)), €™ sin(Im(nm)). B0

Any other linear combinations form the same space of solutions as the one spanned by the functions in (30).
In the case of Re(;,) = 0, Ny < m < N,. Applying the linear superposition principle, we will get linear combinations of
trigonometric traveling waves which are solutions to the bilinear equation.

Remark 4. Suppose p = 2, N, = 0 and N; = 2K is even. Assume that ny; = —ny_1,j = 1,...,K and conditions of
Theorem 2 are satisfied. Then bilinear equation P(D)f - f = 0 possesses solution

Ny

ol —
E gje'l =
j=1

Obviously, this is a generalization of [11].

[(e2j-1 + &2j) cosh(mzj—1) + (&2—1 — &) sinh(n2i_1)]. (31)

K

j=1

If we choose &y; = &3j-1,j =1, ..., K then
Nq K
D ejel =2 ey 1 cosh(ii1). (32)
j=1 =1

If we choose & = —&3—1,j = 1,..., K then
Nq K
D el =2 ey qsinh(i1). (33)
=1 =1

3. Applications to bilinear equations
First, we consider Hirota bilinear equations.

Example 1. We consider the bilinear KP equation
(D + DyD¢ + DA)f - f = 0. (34)

For a fixed positive integer N > 2, consider

Nm = kmX + bik2y + bykt, 1<m<N. (35)
Then by the linear superposition principle, we get

(ki — k) [(kj — ki) 4 ba (k) — k)] + bi(k? —k2)* =0, 1<j<m<N. (36)

The parameters b; and b, should satisfy

2 —
{b1+b2+1—0, (37)

—b, —4=0.

Therefore, we have solutions b; = ~/3, b, = —4and b; = —+/3, b, = —4.
Suppose that Ny, N, € N, N = Ny 4+ N;. The N-wave variables n,, = kpx + b1kfny + bzkit, 1 < m < N with parameters
km, 1 < m < N, defined by (28). Moreover, for N; < m < N, we have

Nm = kmX + bik2y + bok t
= YuX + (y2 — 82)b1y — 4(¥ — 3Ymb2)t + i[8mX + 2YmSmbry — 4(3y,28m — S2)t]. (38)
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By Theorem 2, any linear (real) combination of the exponential and trigonometric waves

Nq N
f= Z g el bRy =kt | Z £y !By —40 = 3ymdi )t
m=1 m=N1+1
X €0S(8mX + 2Ymbmb1y — 4(3Y28m — 82)t + Om) (39)

solves the bilinear KP equation with b; = /3or b, = —\/§.

Example 2. We introduce a polynomial
P(x,y,z, t) = c1x* 4+ %%y + 3%z + Caxt + c5)? (40)
and define weights of the independent variables:

(wx), wy), wz), w()) =(1,2,3,3). (41)

The corresponding Hirota bilinear equation reads
P(Dx, Dy, D;, Do)f - f = 2¢1(ffax — 4fifax + 3f3) + 263(ffe — fif2)
+2¢4(ff — i) + 265 (ffyy — £)
= (c1D§ + ¢3DxD; + caDyD; + ¢sD3)f - f = 0. (42)
Let us take the wave variables
M = kmX + bik2y + byl z + bskit, 1<m<N. (43)

Suppose that a linear subspace of N-wave solutions is given by

N N
f= Zemfm = Zeme"m. (44)
m=1 m=1

Since the solutions of (42) do not depend on c,, taking ﬁ(x, y,z,t) = c1x* 4+ c3xz + caxt + c5y?, applying Theorem 1 for
P, by, m =1, 2, 3, need satisfy

2 _
{C5b1 = 3C1, (45)

C3b2 + C4b3 = —4c;.

We know if cics > 0, c3, ¢4 not all zero, then (45) has real solutions. Thus the corresponding equation (25) is satisfied.
Suppose that k;;, nm, 1 < m < N are defined by (28) and (29), respectively. Moreover, for Ny < m < N, we have

Nm = kmX + bik2y + bak2 z + b3k t

= YmX + (V2 — 82)b1y + (v — 3¥mOp) (baz + b3t) + i[8mX + 2YmSmb1y + (3Y,28m — 8,) (b2z + bst)].  (46)

We can apply Theorem 2. Any linear (real) combination of the exponential and trigonometric waves

Nq N
F=Y ene™+ > ene™ ™ cos(im(nm) + Om) (47)
m=1

m=N1+1

solves the bilinear differential equation (42).

Note this example comes from [9] with c; = 0. We do not need extra conditions for the existence of complexitons. Since
N; and N, are arbitrary, there exist a vector space consists of part of the solutions to the bilinear differential equation (42)
with (uncountably) infinite dimension.

Example 3. Let a polynomial of weight 4 be given by
P=cix*+ c2x2y + 3%°Z + caxt + c5y2 + ceyz + c;22, (48)
with given weights

(W), w), w@), wt) = (1,2, 2,3). (49)
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This example also comes from [9]. We are considering the bilinear equation
P(Dy, Dy, D;, D)f - f = 2c1(ffax — 4fifax + 3f2) + 2ca(ffe — fift) + 2¢5(fFyy — £

+ 2¢5(ffy: — ff2) + 2¢7(ffe — 1)
=0. (50)

The solutions do not depend on ¢, and c3, the discussion in [9] was not correct. Let us define wave variables
Nm = kmx+b1k,2ny+b2k,2nz+b3l<,3nt, 1<m<N. (51)

Suppose that the linear subspace of N-wave solutions is

f= iamfm = isme”"”. (52)
m=1 m=1

Based on Theorem 1, b,,, m = 1, 2, 3, need satisfy

Csbi + C6b1b2 + C7b§ = 3C1,
{C4b3 = —4C1. (53)

It is easy to see that b3 = —4c;/c4 if ¢4 # 0 or bs is arbitrary if c; = ¢4 = 0. Denote A = cé — 4csc7,if A > 0then (bq, by)
form a hyperbola; if A < 0and cic5 > Othen (b, by) form an ellipse; in the case of A = 0and c;cs > Oorcic; > 0, (by, by)
form two straight lines.

In general, there are several cases in which there are non-zero by, b, and b3 solving (53). Suppose that k;,, nn, 1 <m <N
are defined by (28) and (29), respectively. Moreover, for Ny < m < N, we have

M = KngmX + D1ky Y + Dok mZ + bsky ot
= yuX + (y2 — 82)(b1y + b2z) + (¥2 — 3ymb2)bst + il8mX + 2YmSm(bry + baz) + (By26m — 82)bst].  (54)

We can apply Theorem 2. Any linear (real) combination of the waves f;;, 1 < m < N, defined by (29), solves the bilinear
differential equation (50).

Example 4. In this example, we have weights (w(x), w(y), w(z), w(t)) = (1, —1, —2, 3) with negative weight compo-
nents. Then, consider a homogeneous polynomial of weight 2

P = 1ty + Xy + c3x*y? + cax?z + c52%t% + cox°. (55)

This example is similar to but different from Example 5 in [9]. Let us take the wave variables
Mm = kmX + b1k 'y + bok 2z + bskit, 1<m <N. (56)
The corresponding Hirota bilinear equation reads
P(Dx, Dy, Dz, DO)f - f = 2c1(ffiy — fify) + 2¢2(ffsxy — 3fifoy + 3fdy — fouy) + 263 (fayy
— 4 fray + 6fdony — Yy + faxfyy — 2fany + 8fufay — 6£5)

+ 265 (ffitze — 2f2fz + foefie — 2fifoze + 2F2) + 2¢6(fFix — £2). (57)
It possesses an N-wave solution
N N
=) emfn= eme™, (58)
m=1 m=1
where ep’s and ks are arbitrary, and b;, 1 < j < 3, satisfy
3cby = —cs,
C1b1b3 + C2b1 =0, (59)
c3b? = cs(bybs)? = 0.
We have a solution b; = —3%, b; = —% and b, is an arbitrary real number when c3; = ¢s = 0 and cyc; # 0. (Note

c4DiD,f - f = 0.)Eq. (57) reduces to

(c1D:Dy + ¢D2D, + csD)f - f = 0. (60)
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Suppose that k;,, nm, 1 < m < N, are defined by (28) and (29), respectively. Moreover, for N; < m < N we compute

Nm = kmX + b1k, 'y + bok %z + b3k t

= VX + by + y”%‘_s’ib22+(y3—3y 82)bst
" Vi + 0 Vi + 8% mo o
Om 2Ymbm

+i[dmx —

y— baz + (3y28m — 82)bst]. (61)
NZET AT
We use Theorem 2. Any linear (real) combination of waves f;, 1 < m < N, defined by (29), solves the bilinear differential
equation (60).

Now we consider two examples of generalized bilinear equations with the Dy-operators under p = 3.

Example 5. We consider a polynomial

P(x,y,z,t) = X’ + c2x3y + c3xzz + c4xy2 + csxt + cgyz (62)
with weights
(wx), wy), wz), wt)) =(1,2,3,4). (63)

This example is similar to but different from Example 1 in [4]. The corresponding Hirota bilinear equation is

P(D3x, D3y, D34, D3 o)f - f = 2c1(fsxf — Sfaxfr + 10f3xfox) + Gclfxxfxy + 2Cafxxef + 264f;<yy
+2¢5(fuef — fifo) + 2¢6(fyof — fifz) = 0. (64)

Let us take the wave variables
Nm = kmx + b1kr2ny + bZk;Z + b3kﬁlt, 1<j<N. (65)

Suppose that the linear subspace of N-wave solutions is

N N
f= ngfm = ngenmv (66)
m=1 m=1

where ¢, 1 < m < N, are arbitrary constants. The parameters b, b,, b3 satisfy

C5b]b2 — 3C2b1 = 10C1,
C5b3 = —5C], (67)
C4b% + C5b1b2 + C3b2 + C5b3 = —Cq.

By symbolic computation, we get following result.
1.If ¢; = 0, then we have the solution

. _Jo, ifcs #0, _Jo, ifcs #0,
b1 =0, by = :arbitrary, ifc; =0, by = :arbitrary, ifcs = 0. (68)

Moreover, when cg # 0and A = 9c22 — 12cyc5¢4/cs > 0, we have another solution

_ 3¢, _ 0, ifC5 75 0,
b1, by = 6 by = {arbitrary, ifcs =0, (69)

where b is a real solution to the quadratic equation
C4b% + 3C2b1 + 3C2C3/C5 =0. (70)
2.1f cicqc5¢6 # O, then we have the solution

3cb1 + 10c 5¢
_ 2b1 + 10¢, by = -2 (71)

b,
Csbl ’ Cs

where b is a real solution to the equation

caCex> + 30206X% 4+ (3cac3 + 6¢1¢6)x% + 10c1c5 = 0. (72)
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3.1If cicac305 # 0, and ¢ = 0, then we have the solution

b=t 132554, b =32, (73)
Suppose that k;;, nm, 1 < m < N, are defined by (28) and (29), respectively. Moreover, for N; < m < N we have
M = kmX + b1k{, Y + bakiz + bskint
= VX + (V= 8)b1Y + (Vm — 3¥md)baz + (v + 8y — 6,873t
+i[8mX + 2Vmdmb1y + 3Y,28m — 82)b2z + 4(V,28m — Ymdo)bst]. (74)

We can apply Theorem 2. Any linear (real) combination of waves f,, 1 < m < N, defined by (29), solves the bilinear
differential equation (64).

Example 6. In this example, we have weights (w(x), w(y), w(z), w(t)) = (1,—1,—=2,3) with negative weight
components. Then, consider a homogeneous polynomial of weight 2

P =city+ c2x3y + c3x4y2 + cax?z + 522t + cx’. (75)
This polynomial P is the same as the one in Example 4. However, we consider the following generalized bilinear equation
withp = 3:
P(D3x, D3y, D3, D30)f - f = 2¢1(ffyy — fify) + 6cafiudiy + 23 (Faryy + sy + 6£3,)
+2¢4(ffaxe — Aifsxe + 6fixfine + Afanfie — fanf2)
+205 (fufzz + 2f2) + 266 — £ (76)
Let us take the wave variables
Mm = kmX + b1k 'y + bk 2z + bsk2t, 1<m<N. (77)
By Theorem 2, when ¢4 = ¢5 = 0, the parameters by, b,, b3 need satisfy

24c3b? = 4cg,
8c3b? — 2¢1b1b3 = 0, (78)
2C3b% + 2C1b1b3 + 6C2b1 = —2C6.

By using symbolic computation, we have the following solutions.
1.1f cg = 0, then b; = 0 and b,, bs are arbitrary real numbers.
2.1f cic; # 0and 121c3¢6 — 5403 = 0, we have a solution b; = —};—Zg, by = — 292;3;6 and b, is an arbitrary real number.
Suppose that k;;, nm, 1 < m < N, are defined by (28) and (29), respectively. Moreover, for N; < m < N, we have

NMm = ka + b]k;1y + bzk;zz + b3kr3nt

Ym yz — 82 3 2
= YmX + by + ———=rboz + (v;, — 3ymd;,)bst
" 2482 vato: moom
. m 2)’1‘1‘181‘1‘1 2 3
+i[6mx — Wbly - mbzz + B¥mbm — 8,)bst]. (79)

Again we apply Theorem 2. Any linear (real) combination of waves f;, 1 < m < N, defined by (29), solves the bilinear
differential equation (76).

This example, together with Example 4, tells us that for p = 2 and p = 3, the formulation of mixed soliton and
complexiton solutions is similar but by, by, b; should satisfy different algebraic equations. Actually, the corresponding
bilinear equations are different, and they do represent different PDEs.

4. Concluding remarks

In this paper, we established the linear superposition principle to solitons and complexitons of both Hirota and
generalized bilinear PDEs. The key is to take pairs of conjugate complex wave variables in formulating real solutions. By
imposing coefficient conditions, we generated real subspaces of soliton and complexiton solutions to bilinear PDEs. We
presented a few kinds of illustrative examples involving arbitrary coefficients to shed light on the existence of subspaces of
complexitons to bilinear PDEs.
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